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This report gives the result of running the computer algebra independent integration test.

The download section in the appendix contains links to download the problems in plain
text format used for all CAS systems.

The number of integrals in this report is [ 62 ]. This is test number [ 195 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1.
2.
3.
4.

Mathematica 13.1 (June 29, 2022) on windows 10.
Rubi 4.16.1 (Dec 19, 2018) on Mathematica 13.0.1 on windows 10.
Maple 2022.1 (June 1, 2022) on windows 10.

Maxima 5.46 (April 13, 2022) using Lisp SBCL 2.1.11.debian on Linux via sagemath
9.6.

5. Fricas 1.3.8 (June 21, 2022) based on sbcl 2.1.11.debian on Linux via sagemath 9.6.
6.

7. Sympy 1.10.1 (March 20, 2022) Using Python 3.10.4 on Linux.

8.

Giac/Xcas 1.9.0-13 (July 3, 2022) on Linux via sagemath 9.6.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows 10.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS
systems.

Sympy was called directly from Python.



1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 100.00 (62 ) | 0.00 (0)
Maple 98.39 (61) | 1.61(1)
Mathematica | 96.77 (60 ) | 3.23(2)
Maxima | 54.84 (34) | 45.16 (28)
Fricas 27.42 (17 ) | 72.58 (45)
Mupad | 27.42 (17) | 72.58 (45)
Giac 2742 (17) | 72.58 (45)
Sympy | 24.19 (15) | 75.81 (47)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100.00 0.00 0.00 0.00
Mathematica 62.90 4.84 29.03 3.23
Maple 35.48 35.48 27.42 1.61
Maxima 25.81 25.81 3.23 45.16
Fricas 8.06 19.35 0.00 72.58
Mupad N/A 24.19 0.00 72.58
Giac 3.23 24.19 0.00 72.58
Sympy 1.61 22.58 0.00 75.81

Table 1.3: Antiderivative Grade distribution of each CAS

The following is a Bar chart illustration of the data in the above table.



Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failure for each CAS.
There are 3 types of reasons why it can fail. The first is when CAS returns back the input
within the time limit, which means it could not solve it. This the typical normal failure F .
The second is due to time out. CAS could not solve the integral within the 3 minutes time
limit which is assigned F(-1).

The third is due to an exception generated. Assigned F(-2). This most likely indicates an
interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima and



Giac) or it could be an indication of an internal error in CAS. This type of error requires
more investigations to determine the cause.

System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure
Rubi 0 0.00 % 0.00 % 0.00 %
Mathematica | 2 100.00 % 0.00 % 0.00 %
Maple 1 100.00 % 0.00 % 0.00 %
Fricas 45 100.00 % 0.00 % 0.00 %
Giac 45 100.00 % 0.00 % 0.00 %
Maxima 28 96.43 % 0.00 % 3.57 %
Sympy 47 80.85 % 19.15 % 0.00 %
Mupad 45 100.00 % 0.00 % 0.00 %

Table 1.4: Failure statistics for each CAS




1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time used
and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization). The
Normalized mean is relative to the mean size of the optimal anti-derivative given in the
input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is 3
times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as the
median leaf size of the optimal.

System Mean  time | Mean size | Normalized Median Normalized
(sec) mean size median
Rubi 0.33 243.21 0.97 166.50 1.00
Mathematica | 2.61 442.33 1.73 218.00 1.30
Maple 4.58 1663.69 5.82 427.00 2.18
Maxima 0.31 331.15 2.06 251.50 1.81
Fricas 0.39 496.71 4.05 348.00 3.51
Sympy 2.61 1952.87 13.06 313.00 3.65
Giac 0.38 605.53 4.98 351.00 4.12
Mupad 1.59 499.06 3.86 237.00 2.50

Table 1.5: Time and leaf size performance for each CAS

The following are bar charts for the normalized leafsize and time used from the above table.
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Mean time used (seconds)

Normalized mean size of antiderivative

Lower is better

Lower is better
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1.4 list of integrals that has no closed form
antiderivative

(50, p1]
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1.5 List of integrals solved by CAS but has
no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Mupad {}
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1.6 list of integrals solved by CAS but failed
verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not mean necessarily that the anti-derivative
is wrong, as additional methods of verification might be needed, or more time is needed (3
minutes time limit was used). These integrals are listed here to make it easier to do further
investigation to determine why it was not possible to verify the result produced.

Rubi {}

Mathematica {{42}[44}[45][49}[57}[61]}

Maple Verification phase not implemented yet.
Maxima Verification phase not implemented yet.
Fricas Verification phase not implemented yet.
Sympy Verification phase not implemented yet.
Giac Verification phase not implemented yet.

Mupad Verification phase not implemented yet.

1.7 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call completed from the time before the call was
made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an F grade. The time used by failed
integrals due to time out was not counted in the final statistics.
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1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not verified
could still be correct, but further investigation is needed on those integrals. These integrals
were marked in the summary table below and also in each integral separate section so they
are easy to identify and locate.

1.9 Important notes about some of the re-
sults

1.9.1 Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what would
result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This percentage can be higher or lower depending on the specific input test file.

Such integrals can be identified by looking at the output of the integration in each section
for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some problems.
So the following code was added to disable this effect.

{ from sage.interfaces.maxima_lib import maxima_lib
| maxima_lib.set('extra_definite_integration_methods', '[1')
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L maxima_lib.set('extra_integration_methods', '[]') J

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-diffdrent-
[from-using-maxima/| for reference.

1.9.2 Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

1.9.3 Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for this
purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative was deter-
mined using the following function, thanks to user slelievre at https://ask.sagemath|
lorg/question/57123/could-we-have-a-leaf count-function-in-base-sagemath/|

def tree_size(expr):
L
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)



https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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For Sympy, which was called directly from Python, the following code was used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count_ ops(anti))

except Exception as ee:
leafCount =1

1.9.4 Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post

processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2




1.10 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification ]
Sam Blake test file

[ Rubi script + grading + verification POST
PROCESSOR
PROGRAM
Test files from Albert : n b
T
8 Rich Rubi web site l aple script + grading
Waldek Hebisch - "
test file [ Python script to run sympy + grading
j\> . - Program that
b Latex repo
’ Matlab script for Mupad/Symbolic toolbox generates the p

Latex report
using input

from the ‘ HTML
result tables

™ Giac

SageMath/Python
script to test
Maxima, Fricas +

grading
Maxima —>

High level overview of the CAS
independent integration test

build system
One record (line) per one integral result. The line is CSV comma'separated. This is description of each record

! Fricas

pe

[ | SageMath

1. integer, the problem number.

2. integer. O for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
3. integer. Leaf size of result.

4. integer. Leaf size of the optimal antiderivative.

5. number. CPU time used to solve this integral. O if failed.

6. string. The integral in Latex format

7. string. The input used in CAS own syntax.

8. string. The result (antiderivative) produced by CAS in Latex format

9. string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not
11. String. The result (antiderivative) in CAS own syntax.

12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
13. String. Small string description of why the grade was given.

14. integer. 1 if result was verified or 0 if not verified.

The following fields are present only in Rubi Table file

15. integer. Number of steps used.

16. integer. Number of rules used.

17. integer. Integrand leaf size.

18. real number. Ratio. Field 16 over field 17

19. String of form “{n,n,..}” which is list of the rules used by Rubi a1 A
20. String. The optimal antiderivative in Mathematica syntx August 26,2022
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2.1 List of integrals sorted by grade for each CAS
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2.1 List of integrals sorted by grade for each
CAS

Local contents

2.1.1
2.1.2
2.1.3
214
2.1.5
2.1.6
2.1.7
2.1.8

Rubi .

Mathematica . . . . . . . . . . e

Maple

Maxima . . . . . . o e e e e e

FriCAS
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2.1.1 Rubi

A grade: { [1}2}[3} 4[5} [6}[7},8) 9} [10} 11} 12}[13} 14} [15} [16} 17, 18} 19} 220} 21} 22} [23} [24} [25) 26} [27]
[28,[29,30, 31}, 82, 33, [34} 35, 36} 37} [38} [39} [0} A1} 42, (43} [44), 45 46} [47} (48} 49} 50} [51} 52} 53} 54 55
56457 58,59} 60} 61}62| }

B grade: { }
C grade: { }
F grade: { }

2.1.2 Mathematica

A grade: { [1}[3) [4,8}[9} [L0}[11} [[3} 14} [I5}[16} [I7} [19} (20} [21} [22} [23} 24} [29} [30} [31} [32} [33} [34} 36} 37)
[B8} 140} |41} [46} (47, [50} b1} 53, [54} 55} 5% (60} 62 }

B grade: { 2,[39/[45) }

C grade: { [5[6}[7}[12[18} 25} 26, [27} [28} 35} [42} 43} |44} [49),[56} 57} 58} 61 }

F grade: { }

2.1.3 Maple

A grade: { [4,[6}[7}[% [L0}[11}[12} 13} [T4, [29} 34} 35} 36} [37) A1} 43} 50} 51} [55 56,59, 6] }
B grace: { 1331567 1920, 122 0, 12 55, L A 6 2
C grade: { [5,[8}[18}[23}[24, [25} 26} [27} 28} [42; |45} |46}, 48} |49} 53, 67} 68 }

F grade: {2 }

2.1.4 Maxima

A grade: { [1,23, 4617} [13} 32} 33} 3436} 37} 50} 5 1} 55} 56] }
B grade: { [9}[L0}[1}[14}[15} 16} 17} [20} 22} 24, 29} 30} 31} 38} 39 0] }
C grade: { p457 }

g{}@@@
,161),162
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2.1.5 FriCAS

A grade: { }
B grade: { O} [10} [L1}[L4}[15}[17} 20} 22| 31} [32} 36,37 }

C grade: { }

F grade: { [1}[2)/3) 4, 5}(6} 7}[8}[12} 16} 18} 19 [2425,26,[27, 28} 29} 30} 35} 38} 139} 40} A1} 42

3 14,5 46,7, 45} 19,52, 53, 54 550,57 b9, 69 66 162 }
2.1.6 Sympy

A grade: {34}

B grade: { [9}[10}[11}13}[14}[15}[17, 20} [22}31}[32}[33}36}[37) }

C grade: { }

DO

7325 77920055 5 5 O 2

F grade: { [1,0,8,,,6, 5,2, [6) (8,10
5,4 15,46, 47 145, ] 50, P11 52, 53 B 5,6

2.1.7 Giac

A grade: { }
B grade: { 010y 13,4 15,7, 20,22, 81 82,3, 80,3687 )

C grade: { }

F grade: { [1123 B ) 5L 12 16, [ 19} 21 23,2, 25 26027, 25, 29 50, 35 35 39 0 L
3, 24 15,6 7,15, 4952, 53,54, 551 56 571 68, 59} 60

2.1.8 Mupad

A grade: { }
B srace: { 50} 11374 15720 23 1, 2,5

C grade: { }

F grade: { [1}/2)[3} 4[5} 6}7, 8)[12} 1618,
[43} [44} 45} 465, 47} 48} (49} [52, [53, [54} [55} 56} 57}

N
B

[SY]
g
S
3=
=
I$
—

[&;]

(@]
B
B
2
5
—

=
S

[\

(@)

, 26, [27}[28}[29}[30} 35} 38, [39} |40} (4T} 42}

(@4
S
3
=
=
—



23

2.2 Detailed conclusion table per each inte-
gral for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is in
seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is given as
F(-2) if the failure was due to an exception being raised, which could indicate a bug in the
system. If the failure was due to integral not being evaluated within the time limit, then it
is given just an F.

In this table,the column N.S. in the table below, which stands for normalized size is de-

fined as —antiderivative leaf size help make the table fit, Mathematica was abbre-
optimal antiderivative leaf size

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A A B A F F F F
) verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
viated to MMA.
size 263 263 187 887 320 0 0 0 -1
N.S. 1 1.00 0.71 3.37 1.22 0.00 0.00 0.00 -0.00

time (sec) N/A 0.237 1.285 2.180 0.265 0.000  0.000 0.000 0.000

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A B B A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 204 204 463 666 259 0 0 0 -1
N.S. 1 1.00 227  3.26 1.27 0.00 0.00 0.00 -0.00
time (sec) N/A 0.190 1.595 0.082 0.260  0.000 0.000 0.000 0.000

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A A B A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 136 136 98 312 202 0 0 0 -1
N.S. 1 1.00 0.72 2.29 1.49 0.00 0.00 0.00 -0.01

time (sec) N/A 0.142 0.204 0.070 0.262 0.000 0.000 0.000 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 81 81 55 91 139 0 0 0 -1
N.S. 1 1.00 0.68 1.12 1.72 0.00 0.00 0.00 -0.01
time (sec) N/A 0.060 0.050 1.846 0.262 0.000  0.000 0.000 0.000
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 148 148 634 931 0 0 0 0 -1
N.S. 1 1.00 4.28 6.29 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.062 2.169 20.375 0.000 0.000 0.000 0.000 0.000
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C A A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 251 251 208 356 244 0 0 0 -1
N.S. 1 1.00 0.83 1.42 0.97 0.00 0.00 0.00  -0.00
time (sec) N/A 0.488 1.020 2.449 0.260  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C A A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 370 370 271 449 360 0 0 0 -1
N.S. 1 1.00 0.73 1.21 0.97 0.00 0.00 0.00  -0.00
time (sec) N/A 0.586 2.091 0.213 0.270  0.000 0.000 0.000 0.000
Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 56 56 75 160 0 0 0 0 -1
N.S. 1 1.00 1.34 2.86 0.00 0.00 0.00 0.00 -0.02
time (sec) N/A 0.093 0.071 10.561  0.000  0.000 0.000 0.000 0.000
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Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A B B B B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 72 72 78 88 349 500 231 363 414
N.S. 1 1.00 1.08 1.22 4.85 6.94 3.21 5.04 5.75
time (sec) N/A 0.045 0.039 1.542 0.260 0.383 1.422 0.450 1.421
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A B B B B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 69 69 59 7 219 348 180 322 237
N.S. 1 1.00 0.86 1.12 3.17 5.04 2.61 4.67 3.43
time (sec) N/A 0.044 0.032 0.562 0.257 0.385 1.074 0.436 0.618
Problem 11 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A B B B B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 48 48 7 65 117 121 95 180 73
N.S. 1 1.00 1.60 1.35 2.44 2.52 1.98 3.75 1.52
time (sec) N/A 0.023 0.022 0.040 0.266 0.344 0.681 0.422 1.842
Problem 12 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C A F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 54 54 288 78 0 0 0 0 -1
N.S. 1 1.00 5.33 1.44 0.00 0.00 0.00 0.00 -0.02
time (sec) N/A 0.031 0.089 0.793 0.000  0.000 0.000 0.000 0.000
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A B B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 63 63 69 75 88 114 235 152 122
N.S. 1 1.00 1.10 1.19 1.40 1.81 3.73 2.41 1.94
time (sec) N/A 0.039 0.078 0.591 0.262 0432 1204 0412 1.369
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Problem 14 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A B B B B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 63 63 100 7 121 166 313 194 67
N.S. 1 1.00 1.59 1.22 1.92 2.63 4.97 3.08 1.06
time (sec) N/A 0.034 0.034 0.577 0.259  0.368 1.464 0.408 1.732
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B B B B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 159 159 148 357 755 1288 581 733 1730
N.S. 1 1.00 0.93 2.25 4.75 8.10 3.65 461  10.88
time (sec) N/A 0.177 0.058 2.698 0459 0379 2.384 0.462 2.124
Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 179 179 150 342 572 0 0 0 -1
N.S. 1 1.00 0.84 1.91 3.20 0.00 0.00 0.00 -0.01
time (sec) N/A 0.168 0.290 4.122 0.452 0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B B B B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 95 95 134 272 320 333 238 351 432
N.S. 1 1.00 1.41 2.86 3.37 3.51 2.51 3.69 4.55
time (sec) N/A 0.091 0.041 0.078 0.443  0.403 1.100 0.423 1.563
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 168 168 424 840 0 0 0 0 -1
N.S. 1 1.00 2.52 5.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.219 0.262 11.776  0.000  0.000  0.000 0.000 0.000
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Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 104 104 126 346 0 0 0 0 -1
N.S. 1 1.00 1.21 3.33 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.131 0.170  1.792 0.000  0.000 0.000 0.000 0.000
Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B B B B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 119 119 136 324 309 348 1102 375 776
N.S. 1 1.00 1.14 2.72 2.60 2.92 9.26 3.15 6.52
time (sec) N/A 0.128 0.116 0.769 0.279  0.385 1.587 0.419 2.418
Problem 21 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 180 180 218 427 0 0 0 0 -1
N.S. 1 1.00 1.21 2.37 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.190 0.359 1.750 0.000  0.000 0.000 0.000 0.000
Problem 22 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B B B B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 172 172 218 375 582 789 3516 730 2746
N.S. 1 1.00 1.27 2.18 3.38 459 2044 424 1597
time (sec) N/A 0.189 0.158 0.790 0.307 0.388 5.387 0.428 3.424
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 263 263 336 1345 0 0 0 0 -1
N.S. 1 1.00 1.28 5.11 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.337 0.445 15.654 0.000  0.000 0.000 0.000 0.000
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Problem 24 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 160 160 213 6414 628 0 0 0 -1
N.S. 1 1.00 1.33  40.09 3.92 0.00 0.00 0.00 -0.01
time (sec) N/A 0.189 0.760 2.888 0.457  0.000 0.000 0.000 0.000
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 257 257 599 1738 0 0 0 0 -1
N.S. 1 1.00 2.33 6.76 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.349 0.561 3.531 0.000  0.000 0.000 0.000 0.000
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 143 143 248 1867 0 0 0 0 -1
N.S. 1 1.00 1.73 13.06 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.208 0.626 2.885 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 166 166 335 5530 0 0 0 0 -1
N.S. 1 1.00 2.02 33.31 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.235 0.829 3.134 0.000  0.000 0.000 0.000 0.000
Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 269 269 393 2080 0 0 0 0 -1
N.S. 1 1.00 1.46 7.73 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.364 0.914 6.384 0.000  0.000 0.000 0.000 0.000
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Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 21 21 31 34 58 0 0 0 -1
N.S. 1 1.00 1.48 1.62 2.76 0.00 0.00 0.00 -0.05
time (sec) N/A 0.017 0.005 0.934 0.251 0.000  0.000 0.000 0.000
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 32 32 52 62 132 0 0 0 -1
N.S. 1 1.00 1.62 1.94 4.12 0.00 0.00 0.00 -0.03
time (sec) N/A 0.022 0.007 0.874 0.260  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B B B B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 168 168 270 982 331 818 644 2336 737
N.S. 1 1.00 1.61 5.85 1.97 4.87 3.83 13.90 4.39
time (sec) N/A 0.238 0.160 1.395 0.256  0.408 2.073 0.460 1.724
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B A B B B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 120 120 174 590 207 421 369 976 381
N.S. 1 1.00 1.45 4.92 1.72 3.51 3.08 8.13 3.18
time (sec) N/A 0.148 0.119 0.699 0261 0405 2258 0430 1.387
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B A A B B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 97 97 138 185 111 177 173 341 136
N.S. 1 1.00 1.42 1.91 1.14 1.82 1.78 3.52 1.40
time (sec) N/A 0.122 0.074 0.194 0.255 0.368 1.037 0429 1.337




30

Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 40 40 48 44 36 61 46 200 48
N.S. 1 1.00 1.20 1.10 0.90 1.52 1.15 5.00 1.20
time (sec) N/A 0.019 0.021 0.584 0.264 0.383 0.235 0.398 1.440
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C A F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 130 130 329 220 0 0 0 0 -1
N.S. 1 1.00 2.53 1.69 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.098 0.365 13.642 0.000 0.000 0.000 0.000 0.000
Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B B B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 115 115 125 170 128 517 1658 474 170
N.S. 1 1.00 1.09 1.48 1.11 4.50 14.42 4.12 1.48
time (sec) N/A 0.118 0.132 0.760 0.259  0.497 4.616 0428 1.638
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B B B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 167 167 174 266 316 2443 19912 2567 417
N.S. 1 1.00 1.04 1.59 1.89 14.63 119.23 15.37  2.50
time (sec) N/A 0.178 0.261 0.844 0.283 1.086 12.566 0.499 3.034
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 562 562 1082 4769 1438 0 0 0 -1
N.S. 1 1.00 1.93 8.49 2.56 0.00 0.00 0.00 -0.00
time (sec) N/A 0.713 5.988 1.096 0.464  0.000 0.000 0.000 0.000




31

Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B B B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 374 374 795 2890 857 0 0 0 -1
N.S. 1 1.00 2.13 7.73 2.29 0.00 0.00 0.00 -0.00
time (sec) N/A 0.438 2.900 0.722 0.452 0.000 0.000 0.000 0.000
Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 221 220 271 812 435 0 0 0 -1
N.S. 1 1.00 1.23 3.67 1.97 0.00 0.00 0.00  -0.00
time (sec) N/A 0.319 0.322 0.317 0.448  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 97 97 107 140 0 0 0 0 -1
N.S. 1 1.00 1.10 1.44 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.080 0.154 1.751 0.000  0.000 0.000 0.000 0.000
Problem 42 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 214 214 2404 1872 0 0 0 0 -1
N.S. 1 1.00 11.23 8.75 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.109 20.621 30.398  0.000 0.000  0.000 0.000 0.000
Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C A F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 480 485 425 857 0 0 0 0 -1
N.S. 1 1.01  0.89 1.79 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 1.241 5.923 4.883 0.000  0.000 0.000 0.000 0.000
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Problem 44 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 750 750 1968 1491 0 0 0 0 -1
N.S. 1 1.00  2.62 1.99 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 1.559 14.704 2.155 0.000  0.000 0.000 0.000 0.000
Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B C F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 546 546 1646 12235 0 0 0 0 -1
N.S. 1 1.00 3.01 2241 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.746 8.067 50.183 0.000  0.000 0.000 0.000 0.000
Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 326 325 566 19935 0 0 0 0 -1
N.S. 1 1.00 1.74 61.15 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.577 0.718 3.832 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 132 132 205 284 0 0 0 0 -1
N.S. 1 1.00 1.55 2.15 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.163 0.178 0.496 0.000  0.000 0.000 0.000 0.000
Problem 48 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A F C F F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD TBD
size 308 308 0 3825 0 0 0 0 -1
N.S. 1 1.00 0.00 12.42 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.132 46.229 7.704 0.000  0.000 0.000 0.000 0.000
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Problem 49 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 1089 1094 2701 5732 0 0 0 0 -1
N.S. 1 1.00 2.48 5.26 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 2.066 20.885 4.011 0.000  0.000 0.000 0.000 0.000
Problem 50 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F(-1) A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 23 0 0 0 0 0 0 0 -1
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.046 3.608 2.539 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F(-1) A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 23 0 0 0 0 0 0 0 -1
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.045 0.235 2.371 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A F F F F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD TBD
size 162 162 0 0 0 0 0 0 -1
N.S. 1 1.00  0.00 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.195 0.048 1.927 0.000  0.000 0.000 0.000 0.000
Problem 53 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C F F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 780 780 623 743 0 0 0 0 -1
N.S. 1 1.00 0.80 0.95 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.978 0.532  5.955 0.000  0.000 0.000 0.000 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B C F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 481 481 365 1289 591 0 0 0 -1
N.S. 1 1.00 0.76 2.68 1.23 0.00 0.00 0.00  -0.00
time (sec) N/A 0.437 0.222 4.041 0.591 0.000 0.000 0.000 0.000
Problem 55 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 120 120 138 184 192 0 0 0 -1
N.S. 1 1.00 1.15 1.53 1.60 0.00 0.00 0.00 -0.01
time (sec) N/A 0.091 0.011 12.585  0.259 0.000  0.000 0.000 0.000
Problem 56 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C A A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 186 186 759 305 192 0 0 0 -1
N.S. 1 1.00 4.08 1.64 1.03 0.00 0.00 0.00 -0.01
time (sec) N/A 0.173 3.163 8.188 0.265 0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C C C F F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 545 545 1456 10288 651 0 0 0 -1
N.S. 1 1.00 2.67 18.88 1.19 0.00 0.00 0.00  -0.00
time (sec) N/A 0.649 20.077 2.897 0.555 0.000  0.000 0.000 0.000
Problem 58 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 832 832 917 638 0 0 0 0 -1
N.S. 1 1.00 1.10 0.77 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 1.103 4.662 1.975 0.000  0.000 0.000 0.000 0.000
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Problem 59 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 585 585 549 773 0 0 0 0 -1
N.S. 1 1.00 094 1.32 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.869 0.380 2.066 0.000  0.000 0.000 0.000 0.000
Problem 60 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 661 661 598 1001 0 0 0 0 -1
N.S. 1 1.00 0.90 1.51 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.790 0.445 1.604 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F(-2) F F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 335 335 1208 2132 0 0 0 0 -1
N.S. 1 1.00 3.61 6.36 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.522 27371 5.385 0.000  0.000 0.000 0.000 0.000
Problem 62 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 83 83 76 168 0 0 0 0 -1
N.S. 1 1.00 0.92 2.02 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.180 0.059 2.027 0.000  0.000 0.000 0.000 0.000
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules
column is the number of unique rules used. The integrand size column is the leaf size of
number of rules
integrand size
the integral was to solve. In this test, problem number [62] had the largest ratio of [32]

the integrand. Finally the ratio is given. The larger this ratio is, the harder

Table 2.1: Rubi specific breakdown of results for each integral

number of numjber of no.rma?lize.d integrand number of rules
# | grade S;seep; uz;g:e antlf;“r:ifzzwe leaf size integrand leaf size
1 A 19 15 1.00 12 1.250
2 A 15 13 1.00 12 1.083
3 A 12 10 1.00 10 1.000
4 A 6 6 1.00 8 0.750
5! A 2 2 1.00 12 0.167
6 A 17 15 1.00 12 1.250
7 A 21 16 1.00 12 1.333
3 A 4 5 1.00 12 0.417
9 A 6 ) 1.00 21 0.238
10 A 6 5 1.00 21 0.238
11 A ) 5 1.00 19 0.263
12 A 3 3 1.00 21 0.143
13 A 7 7 1.00 21 0.333
14 A 5 5 1.00 21 0.238
15 A 13 9 1.00 23 0.391
16 A 11 10 1.00 23 0.435
17, A 8 7 1.00 21 0.333
18 A 8 7 1.00 23 0.304
19 A 6 6 1.00 23 0.261
20 A 10 9 1.00 23 0.391
21] A 10 9 1.00 23 0.391
22 A 15 10 1.00 23 0.435
23] A 14 11 1.00 23 0.478
24 A 10 10 1.00 21 0.476
25) A 10 8 1.00 23 0.348
Continued on next page
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number of

number of

normalized

#|ade| s | i | g | RO | e,
26 A 7 8 1.00 23 0.348
27 A 9 8 1.00 23 0.348
28 A 16 13 1.00 23 0.565
29 A 3 3 1.00 12 0.250
30 A 3 3 1.00 19 0.158
31 A 7 5 1.00 18 0.278
32 A 7 5 1.00 18 0.278
33 A 7 5 1.00 16 0.312
34 A 4 3 1.00 10 0.300
35 A 5 5 1.00 18 0.278
36 A 7 ) 1.00 18 0.278
37 A 5 4 1.00 18 0.222
38 A 20 15 1.00 20 0.750
39 A 16 13 1.00 20 0.650
40j A 13 10 1.00 18 0.556
41 A 6 6 1.00 12 0.500
42 A 2 2 1.00 20 0.100
43 A 21 19 1.01 20 0.950
44 A 26 18 1.00 20 0.900
45 A 21 14 1.00 20 0.700
46 A 15 11 1.00 18 0.611
47 A 6 7 1.00 12 0.583
48 A 2 2 1.00 20 0.100
49 A 30 18 1.00 20 0.900
50 A 0 0 0.00 0 0.000
51 A 0 0 0.00 0 0.000
52 A 6 4 1.00 18 0.222
53 A 23 5 1.00 16 0.312
54 A 17 5 1.00 16 0.312
55 A ) 5 1.00 14 0.357
56 A 15 7 1.00 16 0.438
57 A 25 7 1.00 16 0.438
58 A 31 7 1.00 16 0.438
59 A 31 13 1.00 18 0.722
60 A 37 16 1.00 18 0.889

Continued on next page
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number of number of normalized integrand b ¢ el
. cr . number of rules
# | grade iﬁsfj uz;leze antlfaicrls‘ijzwe leaf size integrand leaf size
61 A 12 8 1.00 19 0.421
62 A 6 5 1.00 32 0.156
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Listing of integrals

Local contents

3.1
3.2
3.3
3.4

3.5
3.6
3.7

3.8
3.9
3.10
3.11

3.12
3.13
3.14

3.15
3.16
3.17

3.18
3.19
3.20
3.21

3.22
3.23

[zPtanh ™ (a+b2)2dr . . ...
[z?tanh™H(a+b2)2dr . . ...
[xtanh ™ (a+bz)2dz . . . . ..

Stanh™ (a+b2)2dx . . . . . .
f tanh~!(a+bx)? dz

z
tanh~!(a+bz)?
f an m(Qa—i— ) dz
tanh~!(a+bz)?
f an x(;.—i— ) dz
ftanh_l(l-l—ba:)z dz

[ (ce+ gcgiew)g’ (a+btanh'(c+dz))dr . ... ...
[(ce +dex)? (a+btanh ™ (c+dz))dz . . . . ... ...

[(ce+dex) (a+btanh ™ (c+dz)) dx .. ... .. ...

a+btanh™?! (c+dzx)

f W dl' ................................
a+btanh™ " (c+dz)

/ s
a+btanh~!(c+dzx)

Ik S eerde dr . . .

[(ce + dex)? (a + btanh ™' (c + dz)
[(ce + dex)? (a + btanh ™' (c + dz)

[(ce+dex) (a+btanh M (c+dz)) dz . . . .. ...

Jlatbtenh etda))” g
Sl )
Sl )
Sl ) g
Jlestmh ) g

[(ce + dex)? (a + btanh ™ (c + dx))3 dr .. ..
39

N — —r
[\
IS8
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6

99
98
L0J)

119
124
129

139



3.24
3.25
3.26
3.27

3.28
3.29
3.30

3.31
3.32
3.33
3.34

3.35
3.36
3.37
3.38
3.39
3.40
3.41

3.42
3.43

3.44
3.45
3.46
3.47

3.48

3.49

3.50

3.51
3.52

3.53
3.54
3.55
3.56

3.57

[(ce + dex) (a+ btanh ™" (c+ dm))3 do . . ..

(a+btanh_1(c+dz))3 dz

et

f S e
a+btanh ™' (c+dzx)

/ ( (ce+df$)3 ; dT . . .
a+btanh™ " (c+dzx)

i (oot dea’ AT . . .
tanh™ " (1+x)

f W AT . . . e
tanh ™" (a+bzx

f(e+ fz)? (a+btanh™ (c+dz)) dz . . . ... ...

f(e+ fz)?(a+btanh (c+dz))dz . . ... ...

f(e+ fz)(a+btanh ™ (c+dz))dr . . ... ... . ... ... ... ...

/ (a + btalunh_l(c + dx)) dT . . . e
a+btanh™ ' (c+dzx)
f @ ;li .................................
f @% T
erfz)®  OF « v o v e s e

[(e+ fz)® (a+ btanh™" (c + dz)
[(e+ fz)?(a+btanh™'(c + dz)
f(e+ fz)(a+btanh ™ (c+dz)) dz . . ... ... .

[ (a+btanh™ (c+ dalc))2 dT . . .

(a+btanh~! (c+dz)) 2

Ik o 2 dT . . . e
(a+btanh~!(c+dx))

/ P dz . . . . e
(a+btanh~!(c+dx))

/ (et72)° dr. ...

[(e+ fz)? (a+ btanh™" (c + dz)
f(e+ fz) (a+btanh M(c+dz)) dz . . ... ... .

[ (a+btanh™'(c+ da:))3 dT . .

a+btanh~!(c+dzx) 3

i ( P )3 dT . . .
(a+btanh~!(c+dz))

Ik e Fa)? dz . . .

[(e+ fz)™ (a+ btanh ' (c+ dac))3 dre . . ..

[(e+ fz)™ (a+btanh™'(c + clac))2 de . . ..

f(e+ fz)™ (a+btanh '(c+dz))dr ... .. ... ... ...

tanh 1 (a+bx)
f C-i-lT AT . . . . s
tanh™ " (a+bzx)
i N dT . . . . e e e e e
tanh™ - (a+bx)
f 6_11_7 dX . . . e e
tanh™ b
[ fanh_(atbT) jpy
et
tanh~!(a+b
[ fanh”_(atbo) gy
c+m—2

N — —
[\V]
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S
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3.58

3.59

3.60

3.61
3.62

tanh ™' (a+b
f an (g-l— ) dz
ct+—3
x
f tanh~!(a+bx) dz
c+d\/T
tanh~1 (a+bx)
Ik e i dz

X

tanh 1 (d+-ex)
f a+bz+cx? dx

f (ce+dex)

(a+btanh~!(c+dx)) d

1—(c+dzx)?

X
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3.1 [ z3tanh™(a + bzx)? dzx

Optimal. Leaf size=263

_az_ (a+bz) +atanh_1(a + bzx) N (14 6a?) (a+ bx) tanh™" (a + bz) a(a + bx)* tanh™ (a + bz) N (a+b
b3 1264 b* 2b* b*

[Out] -a*x/b~3+1/12*x(b*x+a) ~2/b~4+a*arctanh(b*x+a)/b~4+1/2*%(6*a~2+1)*(b*x+a)*arct
anh (b*x+a) /b~4-a* (b*x+a) “2*arctanh (b*x+a) /b~ 4+1/6%* (b*x+a) ~3*arctanh (b*x+a)/
b~4-a*(a~2+1)*arctanh(b*x+a) "2/b~4-1/4*(a~4+6*a"2+1) *arctanh (b*x+a) ~2/b"4+1
/4*x~4xarctanh (bxx+a) ~2+2*a* (a~2+1) *arctanh (b*x+a)*1n(2/ (-b*x-a+1)) /b~ 4+1/1
2%1n(1-(b*x+a) "2) /b~4+1/4%(6%a~2+1) *1n(1- (b*x+a) ~2) /b~4+ax(a~2+1) *polylog(2

, (-b*x-a-1)/(-b*x-a+1))/b~4

Rubi [A]
time = 0.24, antiderivative size = 263, normalized size of antiderivative = 1.00, number of

steps used = 19, number of rules used = 15, integrand size = 12, number of rules _ 1.250,
integrand size

Rules used = {6246, 6065, 6021, 266, 6037, 327, 212, 272, 45, 6195, 6095, 6131, 6055, 2449,
2352}

Antiderivative was successfully verified.
[In] Int[x"3*ArcTanh[a + b*x]~2,x]

[Out] -((a*x)/b~3) + (a + b*x)~2/(12%b"4) + (a*ArcTanh[a + b*x])/b"4 + ((1 + 6*a”
2)*(a + b*x)*ArcTanh[a + b*x])/(2*%b"4) - (ax(a + b*x) 2*ArcTanh[a + b*x])/b

~4 + ((a + bxx)"3xArcTanh[a + b*x])/(6%b"4) - (a*(1 + a"2)*ArcTanh[a + b*x]
~2)/b"4 - ((1 + 6*%a”2 + a~4)*ArcTanh[a + b*x]~2)/(4*b"4) + (x"4*ArcTanh[a +
bxx]~2)/4 + (2xax(1 + a"2)*ArcTanh[a + b*x]*Log[2/(1 - a - b*x)])/b"4 + Lo

gll - (a + b*x)"2]/(12%b~4) + ((1 + 6*a"2)*Log[1l - (a + b*x)~2])/(4%b~4) +

(ax(1 + a~2)*PolyLog[2, -((1 + a + b*x)/(1 - a - b*x))])/b~4

Rule 45

Int[((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)“n, x], x] /; FreeQ[{a, b, c, d, n},
x] &% NeQ[b*c - a*d, 0] && IGtQ[m, O] && ( !'IntegerQ[n] || (EqQ[c, 0] && Le
Q[7*m + 4%n + 4, 0]) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh([Rt[-b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qfa, 0] Il LtQ[b, 01)
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Rule 266

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + bxx"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 272

Int[(x_)~"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)~"p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 327

Int[((c_.)*(x_))"(m_ )*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[c~(n

- Dx(c*x)"(m - n + D*((a + bxx™n) " (p + 1)/(b*(m + nxp + 1))), x] - Dist[
axc™n*((m - n + 1)/(b*(m + nxp + 1))), Int[(c*x)"(m - n)*(a + bxx"n)"p, x],
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] & IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 2352

Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQ[{c, d, e}, x] && EqQ[e + cxd, 0]

Rule 2449

Int[Logl(c_.)/((d.) + (e_.)*x(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Log[2*d*x]/(1 - 2%d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] & EqQ[c, 2*d] && EqQ[e~2*f + d~2xg, 0]

Rule 6021

Int[((a_.) + ArcTanh[(c_.)*(x_)~(n_.)]*(b_.))"(p_.), x_Symbol] :> Simp[x*(a
+ bxArcTanh[c*x"n])"p, x] - Dist[b*c*n*p, Int[x"n*((a + bxArcTanh[c*x"n])~
(p - 1D/ - c™2*xx~(2*n))), x], x] /; FreeQ[{a, b, c, n}, x] && IGtQ[p, O]
&& (EqQ[n, 11 || EqQlp, 11D

Rule 6037

Int[((a_.) + ArcTanh[(c_.)*(x_)~(n_.)]*(b_.)) " (p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + b*ArcTanh[c*x"n])"p/(m + 1)), x] - Dist[b*c*n*(p/(m
+ 1)), Int[x"(m + n)*((a + bxArcTanh[c*x"n])~(p - 1)/(1 - c2*x"(2%n))), x]
, x] /; FreeQ[{a, b, ¢, m, n}, x] & IGtQ[p, 0] && (EqQlp, 1] || (EqQ[n, 1]
&& IntegerQ[m])) && NeQ[m, -1]

Rule 6055
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Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
1 :> Simp[(-(a + b*ArcTanh[c*x]) “p)*(Log[2/(1 + ex(x/d))]1/e), x] + Dist[b*c
*x(p/e), Int[(a + b*ArcTanh[c*x])~(p - 1)*(Log[2/(1 + ex(x/d))]1/(1 - c™2xx~2
)), x1, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQlp, 0] && EqQ[c~2*d"2 - e~2,
0]

Rule 6065

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_)*((d_) + (e_.)*(x_))"(q_.), x_S
ymbol] :> Simp[(d + e*x)~(q + 1)*((a + bxArcTanh[c*x])~p/(ex(q + 1))), x] -
Dist [bxc*(p/(ex(q + 1))), Int[ExpandIntegrand[(a + b*ArcTanh[c*x])~(p - 1)
, (A + exx)"(q+ 1)/(1 - c™2%x~2), x], x], x] /; FreeQ[{a, b, c, d, e}, x]

&& IGtQ[p, 1] && IntegerQlql && NeQ[q, -1]

Rule 6095

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d.) + (e_.)*(x_)"2), x_Symb
0l] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(b*c*xd*x(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] && EqQ[c™2*d + e, 0] && NeQ[p, -1]

Rule 6131

Int[(((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.)*(x_))/((d) + (e_.)*(x_)"2),

x_Symbol] :> Simp[(a + b*ArcTanh([c*x])~(p + 1)/(b*ex(p + 1)), x] + Dist[1/
(cxd), Int[(a + bxArcTanh[c*x])"p/(1 - c*x), x], x] /; FreeQ[{a, b, c, d, e
}, x] && EqQ[c™2+d + e, 0] && IGtQ[p, O]

Rule 6195

Int[(((a_.) + ArcTanh[(c_.)*(x_)I*(b_.)) (p_.)*((f_) + (g_.)*(x_))"(m_.))/(
(@) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + bxArcTanh[c*x])
“p/(d + exx"2), (f + g*x)"m, x], x] /; FreeQ[{a, b, c, d, e, £, g}, x] & I
GtQlp, 0] && EqQ[c~2*d + e, 0] && IGtQ[m, O]

Rule 6246

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)]*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[((d*e - cxf)/d + f*(x/d)) " m*x(a + bxA
rcTanh[x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGt
Qlp, 0]

Rubi steps
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Subst (f (-2 + %)3 tanh™!(z)2 dz, z,a + bx)

/z3 tanh ™' (a + bz)* dz = 5

(1+ 6a?)tanh™'(z) = 4aztanh™'(z)

_Lla o1 / _ _
=47 tanh™ (a + bx) 2Subst( x + x

1+6a2
Subst ([ 2% tanh™'(z) dz, z, a + bz) Subst (f et

1
= Zx4 tanh™*(a + bx)? +

2b*

(14 6a) (a+ bz) tanh™"(a + bz)  a(a + bx) tanh™" (a + bx) N (a + bz)3 tar

2b* bt 6

_a (1 + 6a?) (a + bz) tanh™*(a + bz) _ a(a+bx)*tanh ™ (a + bx) N (a+
b3 2b* b*

arx atanh™'(a+bz) (14 6a?)(a+bzx)tanh™'(a+bx) a(a+ bz)?tar

e T b * 2b - z

_ e (a+bx)? atanh™'(a+ bx) N (1 + 6a?) (a + bz) tanh™*(a + bz) _a
» 120 b 2b*

__9% (a+bx)?> atanh™'(a+ bz) + (1 + 6a?) (a + bz) tanh™'(a + bx) _a
b 120 bt 2b*

__e (a+bx)?> atanh™'(a+ bz) N (1464®) (a + bz) tanh™'(a + bz) a
b 120 bt 2b*

Mathematica [A]
time = 1.28, size = 187, normalized size = 0.71

14 11a® + 10abe — b22? + 3(1 — 4a + 6a® — 4a® + a* — biz*) tanh™(a + bz)? — 2tanh ™" (a + bx) (90 +130° + 3bz + 9a%bz — 3aba? + % + 12(a + o) log (1 4 2t

) 81 ) s M P
)+ Dg(v'*(a+br)1 +30alog | g H1er ) olyLog(2 - )

12b°

Antiderivative was successfully verified.

[In] Integrate[x~3*ArcTanh[a + b*x]~2,x]

[Out] -1/12%(1 + 11%a”™2 + 10%a*bxx - b™2%x"2 + 3*(1 - 4%a + 6%a”2 - 4*a™3 + a™4 -
b~4*x~4)*ArcTanh[a + b*x]~2 - 2*%ArcTanh[a + b*x]*(9%a + 13%a”3 + 3*b*x + 9
*a"2%b*x - 3*a*xb”"2*x"2 + b~3*x"3 + 12x(a + a~3)*Log[l + E~(-2xArcTanh[a + b
*x])]) + 8xLog[1/Sqrt[1l - (a + b*x)~2]] + 36%xa~2+Log[1/Sqrt[1 - (a + b*x)~2

1] + 12%(a + a~3)#*PolyLog[2, -E~(-2%ArcTanh[a + bx*x])])/b~4

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 886 vs.

2(251) = 502.
time = 2.18, size = 887, normalized size = 3.37
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method result

derivativedivides | Expression too large to display

default Expression too large to display

: 1 5ax In(—bz—a+1)(—bz—a+1)3 In(—bz—a+1)(—bz—a+1)2 13In(—bz—a—1)a? (—b*z?+a-
risch Tt T b 1267 + 8b + 126 -

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"3*arctanh(b*x+a)~2,x,method=_RETURNVERBOSE)

[Out] 1/b~4%(1/3*1n(b*x+a+1)+1/12*%(b*x+a) “2-arctanh(b*x+a)*1n(b*x+a-1)*a+3/2*arct

anh (b*x+a) *1n(b*x+a-1)*a~2+1/4*arctanh (b*x+a)*1n (b*x+a-1)*a~4-arctanh (b*x+a
)*1n(b*x+a-1)*a~3+3*arctanh(b*x+a)*a~2* (b*x+a)-arctanh (b*xx+a) * (bxx+a) ~2*a+1
/3*%1n(b*x+a-1)+1/16*1n(b*x+a+1) "2+1/16*%1n(b*x+a-1) ~2- (b*x+a) *a+3/2*1n (b*xx+a
-1)*a~2+3/2*1n (b*x+a+1)*a~2-1/2*1n(b*x+a-1) *a+1/2*1n (b*x+a+1) *a+1/6*arctanh
(b*x+a) * (b*x+a) ~3+1/2*arctanh (bxx+a) * (b*x+a)+1/4*arctanh (bxx+a) *1n (b*x+a-1)
-1/4*arctanh(b*x+a)*1n(b*x+a+1)+1/4*arctanh(b*xx+a) ~2*xa~4+1/4*arctanh (b*x+a)
~2x (b*x+a) ~4-1/8*1n(-1/2*bxx-1/2*a+1/2) *1n (b*x+a+1)+1/8*%1n(-1/2*b*x-1/2*a+1
/2)*1n(1/2*xbxx+1/2*a+1/2)+1/16*1n(b*x+a+1) “2*xa~4+1/4*1n (b*x+a+1) "2*a~3+3/8x*
1n(b*x+a+1) "2*%a~2+1/4*1n (b*x+a+1) "2*a-1/8*1n(b*x+a-1)*1n(1/2*b*x+1/2*a+1/2)
+1/16%1n(b*x+a-1) "2*%a~4-1/4*x1n(b*x+a-1) "2*xa~3+3/8*1n(b*x+a-1) "2*%a~2-1/4*1n(
b*x+a-1) "2*a+dilog(1/2*%b*xx+1/2%a+1/2)*a~3+dilog(1/2xbxx+1/2%a+1/2)*a-1/4*ar
ctanh (b*x+a) *1n(b*x+a+1)*a~4-arctanh (b*x+a) *1n(b*x+a+1)*a~3-3/2*arctanh (b*x
+a) *1n(b*x+a+1)*a~2-arctanh (b*x+a) *1n (b*x+a+1)*a-arctanh (b*x+a) ~2*a”3* (b*x+
a)+3/2*arctanh (b*x+a) ~2*a~2* (b*x+a) ~2-arctanh (b*x+a) “2*a* (b*x+a) ~3-1/8*1n(b
*x+a+1)*1n(-1/2%bxx-1/2*%a+1/2)*a~4-1/2x1n(b*x+a+1) *1n(-1/2xb*x-1/2*a+1/2) *a
~3-3/4*1n(b*x+a+1) *1n(-1/2xb*xx-1/2*a+1/2) *a"~2-1/2*1n(b*x+a+1)*1n(-1/2*b*xx-1
/2*a+1/2) *a+1/8*1n(-1/2%b*x-1/2*%a+1/2)*1n(1/2%b*x+1/2*a+1/2)*a~4+1/2*%1n(-1/
2%bxx-1/2%a+1/2) *1n(1/2%b*x+1/2*%a+1/2)*a~3+3/4*1n(-1/2*b*x-1/2*a+1/2) *1n(1/
2%b*x+1/2*%a+1/2)*a~2+1/2*%1n(-1/2*%b*x-1/2%a+1/2) *1n (1/2*b*x+1/2*a+1/2) *a-1/8
*1n (b*x+a-1) *1n(1/2xbxx+1/2*a+1/2) *a~4+1/2*%1n (b*x+a-1)*1n(1/2*b*x+1/2*a+1/2
Y*a~3-3/4*1n(b*x+a-1) *1n(1/2xbxx+1/2*a+1/2) *a~2+1/2*1n(b*x+a-1)*1n(1/2*b*x+
1/2%a+1/2)*a)

Maxima [A]
time = 0.27, size = 320, normalized size = 1.22

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arctanh(b*x+a)~2,x, algorithm="maxima")

[Out] 1/4*x~4xarctanh(b*x + a)~2 + 1/48%b"2%(48%(a~3 + a)*(log(b*x + a - 1)*log(l

/2xbxx + 1/2xa + 1/2) + dilog(-1/2*bxx - 1/2*a + 1/2))/b"6 + 4*(13*a"3 + 18
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*a~2 + 9%a + 4)xlog(b*x + a + 1)/b"6 + (4*%b~2*x"2 - 40*axb*x + 3*x(a"4 + 4xa
"3 + 6%a”2 + 4xa + 1)*log(b*x + a + 1)72 - 6%x(a”4 + 4%¥a”3 + 6%xa”2 + 4*xa + 1
)*xlog(b*xx + a + 1)*log(b*x + a - 1) + 3*(a”™4 - 4%a”3 + 6%a”2 - 4xa + 1)*log
(b*xx + a - 1)72 - 4x(13%a”3 - 18*%a"2 + 9%a - 4)*log(b*x + a - 1))/b"6) + 1/
12%b* (2% (b™2%x"3 - 3%a*b*x"2 + 3*(3*%a”2 + 1)*x)/b"4 - 3%(a"4 + 4*a”3 + 6%a”
2 + 4xa + 1)*log(b*x + a + 1)/b”5 + 3x(a"4 - 4%a~3 + 6%xa”2 - 4*xa + 1)xlog(b
*x + a — 1)/b~5)*arctanh(b*x + a)

Fricas [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(x~3*arctanh(b*x+a)~2,x, algorithm="fricas")
[Out] integral(x~3*arctanh(b*x + a)~2, x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ x® atanh® (a + bx) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3*atanh (b*x+a)**2,x)
[Out] Integral(x**3*atanh(a + b*x)**2, x)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arctanh(b*x+a)~2,x, algorithm="giac")
[Out] integrate(x~3*arctanh(b*x + a)~2, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ z® atanh(a + bx)® dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"3*atanh(a + b*x)~2,x)
[Out] int(x~3*atanh(a + b*x)~2, x)
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3.2 [ x?tanh™(a + bzx)? dx
Optimal. Leaf size=204

z tanh™'(a+bz) 2a(a+ bz)tanh™ (a + bz) N (a + bz)?tanh ™ (a + bx) +a(3 + a?) tanh™*(a + bz)?

3b? 363 b3 363 363

[Out] 1/3%x/b~2-1/3*arctanh(b*x+a)/b~3-2*a*(b*x+a)*arctanh(b*x+a)/b~3+1/3*(b*x+a)
~2xarctanh (b*x+a) /b~3+1/3*a*(a~2+3) *arctanh (b*x+a) ~"2/b~3+1/3%(3*a"2+1) *arct

anh (b*x+a) “2/b~3+1/3*x"3*arctanh (b*x+a) "2-2/3* (3*xa~2+1) *arctanh (b*x+a) *1n (2

/ (~b*x-a+1)) /b~3-a*1ln(1-(b*x+a) ~2) /b~3-1/3*(3*a~2+1) *polylog(2, (-b*x-a-1)/(
-b*x-a+1))/b"3

Rubi [A]

time = 0.19, antiderivative size = 204, normalized size of antiderivative = 1.00, number of

_ _ : o number of rules
steps used = 15, number of rules used = 13, integrand size = 12, integrand size 1.083,

Rules used = {6246, 6065, 6021, 266, 6037, 327, 212, 6195, 6095, 6131, 6055, 2449, 2352}

(3a? + 1) Lip (—2etl) . a(a® + 3) tanh ™! (a + bz)? . (30> +1)tanh~*(a + bo)?  2(3a> +1)log (—;3) tanh ' (a+b2)  alog(1— (a +bx)?) G bz)?tanh~(a+bz)  2a(a+bz)tanh~'(a+ ba)  tanh'(a+ ba)
B 3b 3p* B b 36 b B

L3 tanh-t 2, T
+37 tanh™ (a + bz)”® + 3

Antiderivative was successfully verified.
[In] Int[x"2*ArcTanh[a + b*x]~2,x]

[Out] x/(3%*b~2) - ArcTanh[a + b*x]/(3*%b~3) - (2*a*x(a + b*x)*ArcTanh[a + b*x])/b"3
+ ((a + b*x)~2*%ArcTanh[a + b*x])/(3*b~3) + (a*x(3 + a~2)*ArcTanh[a + b*x]~2
)/(3%b~3) + ((1 + 3*a~2)*ArcTanh[a + b*x]~2)/(3*%b~3) + (x"3*ArcTanh[a + b*x
172)/3 - (2x(1 + 3*a~2)*ArcTanh[a + b*x]*Log[2/(1 - a - b*x)])/(3*b~3) - (a
xLog[l - (a + b*x)~2])/b~3 - ((1 + 3*a~2)*PolyLog[2, -((1 + a + b*x)/(1 - a

- b*x))]1)/(3%b~3)

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]1))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 266

Int[(x_)~"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + bxx™n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 327

Int [((c_.)*(x_)) " (m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[c~(n
- D*(c*x)"(m - n + D*((a + bxx™n) " (p + 1)/(bx(m + n*xp + 1))), x] - Dist[
axc™nx((m - n + 1)/(b*(m + nxp + 1))), Int[(c*x)"(m - n)*(a + b*x"n)"p, x],
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p

(
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+ 1, 0] & IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 2352

Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQ[{c, 4, e}, x] && EqQle + cx*d, 0]

Rule 2449

Int[Logl(c_.)/((d_) + (e_.)*(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Log[2*d*x]/(1 - 2%d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] && EqQ[c, 2*d] && EqQle~2xf + d~2*g, 0]

Rule 6021

Int[((a_.) + ArcTanh[(c_.)*(x_)~(n_.)1*(b_.))"(p_.), x_Symbol]l :> Simp[x*(a
+ bxArcTanh[c*x"n])"p, x] - Dist[b*c*n*p, Int[x"n*((a + bxArcTanh[c*x"n])~
(p - 1)/ - c™2*xx~(2*n))), x], x] /; FreeQ[{a, b, c, n}, x] && IGtQ[p, O]
& (EqQ[n, 1] || EqQlp, 11)

Rule 6037

Int[((a_.) + ArcTanh[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + b*ArcTanh[c*x"n])"p/(m + 1)), x] - Dist[b*c*n*(p/(m
+ 1)), Int[x"(m + n)*((a + bxArcTanh[c*x"n])~(p - 1)/(1 - c™2*%x"(2%n))), x]
, Xx] /; FreeQ[{a, b, c, m, n}, x] & IGtQ[p, 0] && (EqQlp, 1] || (EqQ[n, 1]
&% IntegerQ[m])) && NeQ[m, -1]

Rule 6055

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d.) + (e_.)*(x_)), x_Symbol
1 :> Simp[(-(a + b*ArcTanh[c*x]) “p)*(Log[2/(1 + ex(x/d))]1/e), x] + Dist[bx*c
*x(p/e), Int[(a + b*ArcTanh[c*x])~(p - 1)*(Log[2/(1 + ex(x/d))]/(1 - c™2xx~2
)), x]1, x] /; FreeQ[{a, b, c, 4, e}, x] && IGtQ[p, 0] && EqQlc~2%d~2 - e~2,
0]

Rule 6065

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_)*((d_) + (e_.)*(x_))"(q_.), x_S
ymbol] :> Simp[(d + exx)~(q + 1)*((a + bxArcTanh[c*x]) p/(ex(q + 1))), x] -
Dist [b*c*(p/(e*x(q + 1))), Int[ExpandIntegrand[(a + bxArcTanh[c*x])~(p - 1)
, (d + exx)~(q + 1)/(1 - c™2%x~2), x], x], x] /; FreeQ[{a, b, c, d, e}, x]

&& IGtQ[p, 1] && IntegerQlql && NeQ[q, -1]

Rule 6095
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Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d)) + (e_.)*(x_)"2), x_Symb
0l] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(b*c*dx(p + 1)), x] /; FreeQ[{a, b
, €, d, e, p}, x] && EqQ[c™2*d + e, 0] && NeQ[p, -1]

Rule 6131

Int[(((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))~(p_.)*(x_))/((d)) + (e_.)*(x_)"2),
x_Symbol] :> Simp[(a + b*ArcTanh([c*x])~(p + 1)/(b*ex(p + 1)), x] + Dist[1/
(cxd), Int[(a + bxArcTanh[c*x])~"p/(1 - c*x), x], x] /; FreeQ[{a, b, c, d, e
}, x] & EqQlc™2#d + e, 0] && IGtQ[p, O]

Rule 6195

Int[(((a_.) + ArcTanh[(c_.)*(x_)I*(b_.)) " (p_.)*((f_ ) + (g_.)*(x_))"(m_.))/(
(@) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + bxArcTanh[c*x])
“p/(d + exx"2), (f + gxx)"m, x], x] /; FreeQ[{a, b, c, d, e, f, g}, x] & I
GtQlp, 0] && EqQlc™2#d + e, 0] && IGtQ[m, O]

Rule 6246

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)]1*x(b_.))"(p_.)*x((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[((d*e - cxf)/d + f*(x/d)) "m*(a + bxA
rcTanh[x])"p, x], x, c + d*x], x] /; FreeQ[{a, b, ¢, d, e, f, m}, x] && IGt
Qlp, 0]

Rubi steps



o1

Subst <f (-2 + %)2 tanh™!(z)? dz, z,a + ba:)

/x2 tanh™'(a + bx)? dz =

b
1, 1 s 2 / 3atanh™*(z) B xtanh™(z) _ (a(3+a?
=32 tanh™" (a + bx) 3Subst( 73 =
— (a(3~|—a

_ 1353 tanh~(a + bz)? + 2Subst ([ z tanh ™' (z) dz, z, a + bz) N 2Subst, <f

3 363

2a(a + bz)tanh ' (a + bz) (a+bz)?tanh '(a+bx) 1 , 1
=— 73 + 353 + 3” tanh™ (a + bx’
r  2a(a+bz)tanh™'(a+bx) (a+bxr)’tanh™'(a+bx) 1 , 1

- = _ - h~(a -

352 & + 353 + 3% tanh™ (a
T tanh™'(a + bz) _ 2a(a+b2) tanh™'(a + bx) N (a + bx)?tanh ™ (a + bx
- 3p? 33 b3 33

¢z  tanh'(a+bx) 2a(a+ bx)tanh™ (a + bz) N (a + bz)?tanh ™' (a + bx

3b? 3b3 b3 3b3
_ z  tanh"'(a+bx) 2a(a+ bx)tanh™(a + bx) N (a+ bz)?tanh ™' (a + b
302 3b3 b3 3b3
T tanh™'(a + bz) _ 2a(a + bz) tanh™'(a + bz) N (a + bz)?tanh ™ (a + bz
302 3b3 b3 3b3

Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 463 vs. 2(204) =
408.
time = 1.60, size = 463, normalized size = 2.27

Antiderivative was successfully verified.

[In] Integrate[x~2xArcTanh[a + b*x]~2,x]

[Out] -1/12%x((1 - (a + b*x)~2)"(3/2)*(-((a + b*x)/Sqrt[1l - (a + bxx)~2]) + (6xax(
a + bxx)*ArcTanh[a + b*x])/Sqrt[1 - (a + bxx)~2] + (3*%(a + b*x)*ArcTanh[a +
bxx]~2)/Sqrt[1 - (a + b*x)~2] - (3*a"2x(a + b*x)*ArcTanh[a + b*x]~2)/Sqrt[
1 - (a + b*x)~2] + ArcTanh[a + b#*x] 2*Cosh[3*ArcTanh[a + b*x]] + 3*a~2xArcT
anh[a + b*x]~2*Cosh[3*ArcTanh[a + b*x]] + 2%ArcTanh[a + b*x]*Cosh[3*ArcTanh
[a + bxx]]*Log[1l + E~(-2*%ArcTanh[a + b*x])] + 6*a~2*%ArcTanh[a + b*x]*Cosh[3
xArcTanh[a + b*x]]*Log[l + E~(-2*ArcTanh[a + b*x])] - 6%a*Cosh[3*ArcTanh[a
+ bxx]]*Log[1/Sqrt[1 - (a + b*x)~2]] + (3*(1 - 4*a + 3*a~2)*ArcTanh[a + b*x
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172 + 2%ArcTanh[a + b*x]*(2 + (3 + 9*%a~2)*Log[1l + E~(-2*ArcTanh[a + bx*x])])
- 18*a*Log[1/Sqrt[1 - (a + b*x)~2]]1)/Sqrt[l - (a + bxx)~"2] - (4*%(1 + 3*a~2
)*PolyLog[2, -E~(-2xArcTanh[a + b*x])])/(1 - (a + b*x)~2)~(3/2) - Sinh[3*Ar
cTanh[a + b*x]] + 6*a*ArcTanh[a + b*x]#*Sinh[3*ArcTanh[a + b*x]] - ArcTanh[a
+ bxx] “2xSinh[3*ArcTanh[a + b*x]] - 3*a~2*%ArcTanh[a + b*x] 2*Sinh[3*ArcTan
h[a + b*x]]))/b"3

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 665 vs.

2(190) = 380.
time = 0.08, size = 666, normalized size = 3.26 Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*arctanh(b*x+a)~2,x,method=_RETURNVERBOSE)

[Out] 1/b~3%(1/3*a-1/6*1n(b*x+a+1)+1/3*b*x—arctanh(b*x+a)*1ln(b*x+a-1)*a+arctanh(b
*x+a) *1n(b*x+a-1) *a~2-1/3*arctanh (b*x+a) *1n (b*x+a-1)*a~3+1/6*1n (b*x+a-1)-1/
12%1n(b*x+a+1) "2+1/12%1n(b*x+a-1) "2-1/3*dilog(1/2*b*x+1/2*%a+1/2) -1n(b*x+a-1
)*a-1n(b*x+a+1) *a+1/3*arctanh (b*x+a)*1n (b*x+a-1)+1/3*arctanh (b*x+a)*1n (b*x+
a+1)+1/6*x1n(-1/2xbxx-1/2*a+1/2) *1n(b*x+a+1)-1/6*%1n(-1/2*b*x-1/2*a+1/2) *1n(1
/2%bxx+1/2%a+1/2)-1/12%1n(b*x+a+1) “2*a~3-1/4*1n(b*x+a+1) "2*a~2-1/4*1n(b*x+a
+1) ~2*a-1/6*1n(b*x+a-1) *1n(1/2*b*x+1/2*a+1/2)-1/12*%1n(b*x+a-1) "2*a~3+1/4*1n
(bxx+a-1) "2*a~2-1/4*1n(b*x+a-1) "2*a+1/3*arctanh (b*x+a) *1n(b*x+a+1) *a~3+arct
anh (b*x+a) *1n (bxx+a+1) *a~2+arctanh (bxx+a) *1n (b*x+a+1) *a+1/6%1n(b*x+a+1)*1n(
-1/2xbxx-1/2%a+1/2)*a"~3+1/2*x1n(b*x+a+1)*1n(-1/2%b*x-1/2*%a+1/2)*a~2+1/2*1n(b
*x+a+1) *1n(-1/2xb*xx-1/2*a+1/2) *a-1/6*1n(-1/2%b*x-1/2*%a+1/2) *1n(1/2*b*x+1/2%
a+1/2)*a"~3-1/2*1n(-1/2*b*x-1/2%a+1/2) *1n(1/2*b*x+1/2*a+1/2)*a~2-1/2*1n(-1/2
*b*x-1/2%a+1/2) *1n(1/2xbxx+1/2*a+1/2) *a+1/6*%1n(b*x+a-1)*1n(1/2*¥b*x+1/2%a+1/
2)*xa~3-1/2x1n(b*x+a-1)*1n(1/2*xb*x+1/2*a+1/2)*a~2+1/2*1n(b*x+a-1)*1n(1/2*b*x
+1/2*a+1/2)*a-2*arctanh (b*x+a) * (bxx+a) *a+arctanh (b*x+a) ~2*a~2* (b*x+a) -arcta
nh (bxx+a) “2xa* (bxx+a) “2-dilog(1/2*b*x+1/2*a+1/2) *a~2+1/3*arctanh (b*x+a) * (b*
x+a) "2-1/3*arctanh (b*x+a) "2%a~3+1/3*arctanh (b*x+a) ~2* (b*x+a) ~3)

Maxima [A]
time = 0.26, size = 259, normalized size = 1.27

4o - (A0 Dl 0o (e + a3 + L~ $at3) | 256 60 gl b +1) (o430 S )kog b v 1) =260 508+ 0+ gl ot g ) (s =30+ S g '~ dbe 20568 G+ Diogle va=1)| 1, (b —dur | (604 0eh 3t Dloglle vt ) (2 S0 Dleglirra )
o) - G " v T G G Jorenh ez

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*arctanh(b*x+a)~2,x, algorithm="maxima")

[Out] 1/3*x"3*arctanh(b*x + a)~2 - 1/12%b"2%(4*(3*%a"2 + 1)*(log(b*x + a - 1)*log(
1/2%b*x + 1/2%a + 1/2) + dilog(-1/2%b*x - 1/2%a + 1/2))/b"5 + 2x(5*%a~2 + 6%

a + 1)*xlog(b*x + a + 1)/b75 + ((a”3 + 3*%a”2 + 3xa + 1)*log(b*x + a + 1)72 -
2x(a”3 + 3*a”™2 + 3%a + 1)*log(b*x + a + 1)*log(b*x + a - 1) + (2”3 - 3xa"2

+ 3*%a - 1)xlog(b*x + a - 1)72 - 4%b*x - 2%(5%a”2 - 6%a + 1)*log(b*x + a -
1))/b75) + 1/3*bx((b*x~2 - 4xa*x)/b~3 + (2”3 + 3*xa”2 + 3*a + 1)*xlog(b*x + a

+ 1)/b74 - (a”3 - 3*%a"2 + 3*a - 1)*log(b*xx + a - 1)/b"4)*arctanh(b*x + a)



Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(x~2*arctanh(b*x+a)”~2,x, algorithm="fricas")
[Out] integral(x~2*arctanh(b*x + a)~2, x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ x? atanh® (a + bx) dz

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(x**2*atanh (b*x+a)**2,x)
[Out] Integral(x**2*atanh(a + b*x)**2, x)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(x~2*arctanh(b*x+a)”~2,x, algorithm="giac")
[Out] integrate(x~2*arctanh(b*x + a)~2, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ z? atanh(a + bx)® dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*atanh(a + b*x)~2,x)
[Out] int(x~2%atanh(a + b*x)~2, x)
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o4

3.3 [ xtanh™(a + bz)? dx

Optimal. Leaf size=136

(a+bz)tanh™'(a + bz) atanh™'(a+bx)*> (14 a?)tanh™'(a + bx)? 2atanh™ (a -

b? b2 2b2

1
—|—§x2 tanh ™' (a+bx)?+

[Out] (b*x+a)*arctanh(b*x+a)/b~2-a*arctanh(b*x+a)~2/b"2-1/2*(a"2+1)*arctanh (b*x+a
) "2/b"2+1/2xx”2*arctanh (b*x+a) “2+2*a*arctanh (bxx+a) *1n(2/ (-b*x-a+1) ) /b~2+1/
2%1n(1-(b*x+a) ~2) /b~ 2+a*polylog(2, (-b*x-a-1)/(-b*x-a+1))/b~2

Rubi [A]

time = 0.14, antiderivative size = 136, normalized size of antiderivative = 1.00, number of

_ _ : o number of rules
steps used = 12, number of rules used = 10, integrand size = 10, integrand size 1.000,

Rules used = {6246, 6065, 6021, 266, 6195, 6095, 6131, 6055, 2449, 2352}

(a® + 1) tanh*(a + bz)?  aLiz(— etetl ) log (1-(a+bz)?) atanh™'(a+bz)®  (a+bz)tanh™(a+bz)  2alog (,a!‘,’,zﬂ) tanh™'(a +bz) 1 2 = 2
o5 + B L4 o - 7 + 7 + 2 + 52" tanh™ (o + bz)

Antiderivative was successfully verified.
[In] Int[x*ArcTanh[a + b*x]~2,x]

[Out] ((a + b*x)*ArcTanh[a + b*x])/b"2 - (a*xArcTanh[a + b*x]~2)/b"2 - ((1 + a~2)*
ArcTanh[a + b*x]~2)/(2*¥b"2) + (x"2*ArcTanh[a + b*x]~2)/2 + (2*a*ArcTanh[a +
b*x]*Log[2/(1 - a - b*x)])/b~2 + Logl[l - (a + b*x)~2]/(2%b~2) + (a*PolyLog

[2, -((1 + a+ bxx)/(1 - a - b*x))])/b"2

Rule 266

Int[(x_ )" (m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
t[a + bxx"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 2352

Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQ[{c, d, e}, x] && EqQle + c*d, 0]

Rule 2449

Int[Logl(c_.)/((d)) + (e_.)*x(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Log[2*d*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] & EqQ[c, 2*d] && EqQle~2xf + d~2*g, 0]

Rule 6021

Int[((a_.) + ArcTanh[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.), x_Symbol] :> Simp[x*(a
+ bxArcTanh[c*x"n])"p, x] - Dist[b*c*n*p, Int[x"n*((a + bxArcTanh[c*x"n])~
(p - 1)/ - c™2%xx~(2*n))), x], x] /; FreeQ[{a, b, c, n}, x] && IGtQ[p, O]
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& (EqQ[n, 11 || EqQlp, 11)

Rule 6055

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
1 :> Simp[(-(a + bxArcTanh[c*x]) “p)*(Log[2/(1 + ex(x/d))]/e), x] + Dist[bxc
*(p/e), Int[(a + b*ArcTanh[c*x])~(p - 1)*(Log[2/(1 + ex(x/d))]/(1 - c™2*x~2
)), x1, x] /; FreeQ[{a, b, c, 4, e}, x] && IGtQ[p, 0] && EqQ[c~2xd"2 - e~2,
0]

Rule 6065

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_)*((d_) + (e_.)*(x_))"(q_.), x_S
ymbol] :> Simp[(d + exx)~(q + 1)*((a + bxArcTanh[c*x]) p/(ex(q + 1))), x] -
Dist [b*c*(p/(e*x(q + 1))), Int[ExpandIntegrand[(a + bxArcTanh[c*x])~(p - 1)
, (d+ exx)"(q+ 1)/l - c™2%x~2), x], x], x] /; FreeQ[{a, b, c, d, e}, x]

&& IGtQ[p, 1] && IntegerQlql && NeQ[q, -1]

Rule 6095

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d)) + (e_.)*(x_)"2), x_Symb
0l] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(b*c*dx(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] && EqQ[c™2*d + e, 0] && NeQ[p, -1]

Rule 6131

Int[(((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.)*(x_))/((d.) + (e_.)*(x_)"2),

x_Symbol] :> Simp[(a + b*ArcTanh([c*x])~(p + 1)/(b*ex(p + 1)), x] + Dist[1/
(c*d), Int[(a + b*ArcTanh[c*x])~p/(1 - c*x), x], x] /; FreeQ[{a, b, c, d, e
}, x] & EqQlc™2*d + e, 0] && IGtQ[p, O]

Rule 6195

Int[(((a_.) + ArcTanh[(c_.)*(x_)I*(b_.)) " (p_.)*x((£f_) + (g_.)*(x_))"(m_.))/(
(@) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + bxArcTanh[c*x])
“p/(d + exx"2), (f + gxx)"m, x], x] /; FreeQ[{a, b, c, d, e, f, g}, x] & I
GtQlp, O] && EqQlc™2*d + e, 0] && IGtQ[m, O]

Rule 6246

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)I*(b_.)) " (p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[((d*e - cxf)/d + f*(x/d)) " m*x(a + bxA
rcTanh[x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGt
Qlp, 0]

Rubi steps



/ztanh_l(a +bz)?dx = Subst(/ (=5 + %) tf’“;h_l(ﬂc)2 dz,z,a + bx)

B tanh ™' (z)

o6

1 -1
= 5352 tanh ™' (a + bx)? — Subst (/ ( B

(1 + a® — 2ax) tanh_l(x)) i

b2 (1 — z2?)

Subst( [ tanh ™' (z) dz, 2, a + bz) Subst (f

(H—a2 —2ax) tan

1—22

L, -1 2
=% tanh™" (a + bx)* + 52

(a4 bx)tanh™'(a+bz) 1

= + —z*tanh ™ (a + bx)* —

b? 2
(a4 bz) tanh™(a + b2)

1
= + —z*tanh ™ (a + bx)? +

b? 2

b2

Subst( [ %5 dz,z,a + bx)

b2
log (1 — bz)?
og(1-(a+ba)®) |

(2a)Subs

2b?

b? b?

2b?

(a+bx)tanh™ (a +bz) atanh™'(a+bz)®  (1+d?) tanh™'(a + bz)® N 1

(a+bx)tanh™ (a +bz) atanh™'(a+bx)® (1 +d?) tanh™'(a + bz)® N 1,

2
-
2

b? b?

2b2

—“1
2x

-

b? b?

2b2

(a +bz)tanh™(a + bz) atanh™'(a+bx)® (1 +d?) tanh™'(a + bx)® N 1,

b? b?

Mathematica [A]
time = 0.20, size = 98, normalized size = 0.72

2b2

(a+bz)tanh™'(a+bz) atanh™(a+bz)® (14 a®) tanh”'(a + bz)® N 1,

(=14 2a — a® + b*z?) tanh ™' (a + bz)? 4 2tanh~!(a + bx) (a + bz + 2alog (1 + 6‘2“”‘]“’1(“*’”))) —2log (+> - 2aPolyL0g(2, —e‘“a“hfl(“*"z’)

1—(a+bz)?

2b?
Antiderivative was successfully verified.

[In] Integrate[x*ArcTanh[a + b*x]~2,x]

—T°1
293

[Out] ((-1 + 2%a - a”2 + b™2*x"2)*ArcTanh[a + b*x]~2 + 2xArcTanh[a + b*x]*(a + bx*
x + 2%a*xLog[l + E~(-2*ArcTanh[a + b*x])]) - 2xLog[1/Sqrt[1 - (a + bxx)~2]]

- 2xaxPolyLog[2, -E~(-2*ArcTanh[a + b*x])])/(2%b"2)

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 311 vs.

2(132) = 264.
time = 0.07, size = 312, normalized size = 2.29

] method \ result




o7

derivativedivides

default

risch

2 2 ‘
arcmnh(bi';a) (bz+a) —arctanh(bz+a)? (bz+a)a-+arctanh (bz+a) (bz-+a) —arctanh(bz+a) ln(bx-l—a—l)a—l—ww

2 2 :
amtanh(bxza) (bz+a) —arctanh(bz+a)? (bz+a)a+arctanh(bz+a) (bz+a)—arctanh(bz+a) ln(b:c—i—a—l)a—}-ww

_ (=2®b*+a+2a+1) In(bz4a+1)> + (_1n(—ba:—a+1)x2 _ —In(=bz—a+1)a®+2In(—bz—a+1)a—2bz—In(—bz

8b2 4 4b2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*arctanh(b*x+a)~2,x,method=_RETURNVERBOSE)

[Out] 1/b~2%(1/2*arctanh(b*x+a) ~2*(b*x+a) “2-arctanh(b*x+a) ~2%(b*x+a)*a+arctanh (b*
x+a)* (bxx+a)-arctanh (b*x+a) *1n(b*x+a-1) *a+1/2*arctanh (b*x+a) *1n (b*x+a-1) -ar
ctanh (b*x+a) *1n (b*x+a+1)*xa-1/2*arctanh (b*x+a) *1n(b*x+a+1)+1/2%1n(b*x+a-1)+1
/2%1n(b*x+a+1)-1/4*1n(b*x+a-1) “2*xa+dilog(1/2*b*x+1/2*a+1/2) *a+1/2*1n(b*x+a-
1) *1n(1/2*b*xx+1/2*a+1/2) *a+1/8*1n(b*x+a-1) "2-1/4*1n(b*x+a-1) *1n(1/2xb*xx+1/2
*xa+1/2)-1/2*1n(b*xx+a+1)*1n(-1/2*b*x-1/2*a+1/2) *a+1/2*x1n(-1/2*bxx-1/2*a+1/2)
*1n (1/2%b*x+1/2%a+1/2)*a+1/4*1n(b*x+a+1) "2*a-1/4*1n(-1/2*b*x-1/2*a+1/2) *1n(
bxx+a+1)+1/4*%1n(-1/2*%b*x-1/2*a+1/2)*1n(1/2*b*x+1/2*a+1/2)+1/8*1n (b*x+a+1) "2

)

Maxima [A]

time = 0.26, size = 202, normalized size = 1.49

+3))a 4(@a+)log(bz+a+1) (> +2a+1)log(br+a+1)* —2(a*+2a+1)log(br+a+1)log(bz +a—1) + (a —2a+1)log(br+a—1)* —4(a—1)log (bz +a—1) 1,72z (a®+2a+1)log(br+a+1)  (a*—2a+1)log(br+a—1)
* O i G v G

1 o 180 (br+a— 1o (br+a+) + Lip(-3br—1a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arctanh(b*x+a)~2,x, algorithm="maxima")

[Out] 1/2*x"2*arctanh(b*x + a)~2 + 1/8%b~2x(8*(log(b*x + a - 1)*log(1/2*b*x + 1/2
*a + 1/2) + dilog(-1/2xb*xx - 1/2%a + 1/2))*a/b~4 + 4x(a + 1)*log(b*xx + a +

1)/p74 + ((a"2 + 2xa + 1)*log(b*x + a + 1)72 - 2x(a”"2 + 2xa + 1)*log(b*x +

a + 1)*xlog(b*x + a - 1) + (2”2 - 2%a + 1)*log(b*xx + a - 1)72 - 4x(a - 1)*lo
g(bxx + a - 1))/b"4) + 1/2%bx(2*x/b~2 - (2”2 + 2*a + 1)*log(b*x + a + 1)/b~

3 + (a”2 - 2xa + 1)*log(b*x + a - 1)/b~3)*arctanh(b*x + a)

Fricas [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arctanh(b*x+a)~2,x, algorithm="fricas")

[Out] integral(x*arctanh(b*x + a)~2, x)



Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ ratanh® (a + bx) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*atanh(b*x+a)**2,x)

[Out] Integral(x*atanh(a + b*x)**2, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(x*arctanh(b*x+a)~2,x, algorithm="giac")
[Out] integrate(x*arctanh(b*x + a)~2, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/x atanh(a 4 bz)” dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*atanh(a + b*x)~2,x)

[Out] int(x*atanh(a + b*x)~2, x)

o8
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3.4 [tanh™(a + bx)? dx

Optimal. Leaf size=81

tanh™'(a + bx)? N (a + bz)tanh™'(a 4 bx)® 2 tanh™" (a + bz) log (1=25;) _ PolyLog(2, —tete)
b b b b

[Out] arctanh(b*xx+a) ~2/b+(b*x+a)*arctanh(b*x+a) ~2/b-2%arctanh (b*x+a)*1n(2/(-b*x-a
+1)) /b-polylog(2, (-b*x-a-1) /(-b*x-a+1)) /b

Rubi [A]
time = 0.06, antiderivative size = 81, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.750,

steps used = 6, number of rules used = 6, integrand size = 8,
Rules used = {6238, 6021, 6131, 6055, 2449, 2352}

Lip (= 525%) | (a-+ba)tanh ™ (a+ bo)?  tanh(a+ bo)? _ 2108 (-5 3sy) tanh ™" (o + ba)

b b b b

Antiderivative was successfully verified.
[In] Int[ArcTanh[a + b*x]~2,x]

[Out] ArcTanh[a + b*x]~2/b + ((a + b*x)*ArcTanh[a + b*x]"2)/b - (2*%ArcTanh[a + b*
x]*Log[2/(1 - a - b*x)])/b - PolyLog[2, -((1 + a + b*x)/(1 - a - b*x))]/b

Rule 2352

Int[Logl(c_.)*(x_)1/((d.) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQ[{c, d, e}, x] && EqQle + c*d, 0]

Rule 2449

Int[Logl(c_.)/((d.) + (e_.)*(x_))1/((f_ ) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Logl[2*d*x]/(1 - 2%d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] & EqQ[c, 2*d] && EqQ[e~2*f + d~2xg, 0]

Rule 6021

Int[((a_.) + ArcTanh[(c_.)*(x_)~(n_.)I*(b_.))"(p_.), x_Symbol]l :> Simp[x*(a
+ b*ArcTanh[c*x"n])“p, x] - Dist[bxc*n*p, Int[x"n*((a + b*ArcTanh([c*x"n])~
(p - 1)/(1 - c~2*x~(2%n))), x], x] /; FreeQ[{a, b, c, n}, x] && IGtQ[p, O]

& (EqQ[n, 11 || EqQlp, 11)

Rule 6055

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d.) + (e_.)*(x_)), x_Symbol
1 :> Simp[(-(a + bxArcTanh[c*x]) “p)*(Log[2/(1 + ex(x/d))]1/e), x] + Dist[bx*c
*x(p/e), Int[(a + b*ArcTanh[c*x])~(p - 1)*(Log[2/(1 + ex(x/d))]/(1 - c™2xx~2
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)), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d"2 - e~2,
0]

Rule 6131

Int[(((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.)*(x_))/((d)) + (e_.)*x(x_)"2),
x_Symbol] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(b*ex(p + 1)), x] + Dist[1/
(c*d), Int[(a + b*ArcTanh[c*x])~p/(1 - c*x), x], x] /; FreeQ[{a, b, c, d, e
}, x] && EqQ[c™2*d + e, 0] && IGtQ[p, O]

Rule 6238

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)1*(b_.))"(p_.), x_Symbol] :> Dist[1/d
, Subst[Int[(a + b*ArcTanh[x])~p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, d}
, x] & IGtQlp, 0]

Rubi steps

Subst( [ tanh~*(z)2 d b
/tanh_l(a+bx)2dx: ubs (f anh™ (z)*dz,z,a + x)

b
z tanh~!(z)

_ (a+bx) tanh™(a + bz)? ~ 2Subst (f = dz,T,0+ bz)
N b b

tanh~1(x
_ tanh™'(a + bz)? N (a + bz)tanh™(a 4 bz)* 2Subst (f e de,z,a + bz)
N b b b
_ tanh™'(a + bz)? N (a +bzx) tanh™ (a + bz)* 2 tanh ™" (a + bz) log (—2+-) N 2_S
N b b b
_ tanh™'(a + bx)? N (a + bz)tanh~'(a + bz)?  2tanh™'(a + bz)log (—2+) 28
B b b - b -
B tanh™*(a + bx)? N (a+ bz)tanh™'(a + bz)? 2 tanh™'(a + bx) log (=25) Li
B b b - b o

Mathematica [A]
time = 0.05, size = 55, normalized size = 0.68

tanh™'(a + bz) ((—1 + a + br) tanh™'(a + bx) — 2log (1 + e‘“anh_l(“*bz))) + PolyLog (2, —e‘2tanh_l(a+bz))
b

Antiderivative was successfully verified.

[In] Integrate[ArcTanh[a + bxx]~2,x]
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[Out] (ArcTanh[a + b*x]*((-1 + a + b*x)*ArcTanh[a + b*x] - 2xLog[l + E~(-2*ArcTan
h[a + b*x])]) + PolyLog[2, -E~(-2*ArcTanh[a + b*x])])/b

Maple [A]
time = 1.85, size = 91, normalized size = 1.12

method result
2 2
derivativedivides arctanh(bz+a)? (bz+a—1)+2 arctanh(bz+a)?—2 arctanh (bz+a) In (1-1- %) —polylog (2,— %)
b
2 2
default arctanh(bz+a)? (bz+a—1)+2 arctanh(bz+a)? —2 arctanh(bz+a) In (l-l— %) —polylog (2,— %)
b
: b 1) In(b 1)? In(—bz—a+1 —In(—bz—a+1)a+In(—bz—a+1 1
risch (botast )fb( wtetl) 4 (— n( m2a+ Jo 4 —In(Cbo—at )2ab+n( G )) In(bz +a+ 1) + =2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arctanh(b*x+a)~2,x,method=_RETURNVERBOSE)

[Out] 1/bx(arctanh(b*x+a) 2% (b*x+a-1)+2%arctanh(b*x+a) ~2-2%arctanh(b*x+a)*1n(1+(b
xx+a+1) ~2/ (- (b*x+a) "2+1) ) -polylog(2, - (b*x+a+1) ~2/ (- (b*x+a) "2+1)))

Maxima [A]
time = 0.26, size = 139, normalized size = 1.72

r 2 — ; c+a— — a —1) 4(log(bz+a—1)log (1bzr+La+1) +Liz(~Lbz—3a+} — 0w+ a—
lbz((a+l)lng(ln+a+l) 2((1+1)log(b1+ab3+l)log(b1+a Dt (a=Dlog(hrta=1)? 4(log(brta )og(21+zbr+2)+ ip(—3 bz gﬂ+g))>+b((u+l)log;2hr+u+l)7(a 1)1ogb(2m+u 1))mmh(blM)Hmm(bﬂa)z

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)~2,x, algorithm="maxima")

[Out] -1/4%b"2%x(((a + 1)*log(b*x + a + 1)72 - 2*(a + 1)*1log(b*x + a + 1)*log(b*x
+a-1) + (a- Dxlog(b*x + a - 1)72)/b"3 + 4*(log(b*x + a - 1)*1log(1l/2xbx
X + 1/2%a + 1/2) + dilog(-1/2%b*x - 1/2%a + 1/2))/b"3) + b*((a + 1)*1log(b*x
+a+ 1)/b”2 - (a - 1)*log(b*x + a - 1)/b~2)*arctanh(b*x + a) + x*arctanh(

b*x + a)~2

Fricas [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)~2,x, algorithm="fricas")

[Out] integral(arctanh(b*x + a)~2, x)



Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ atanh? (a + br) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atanh(b*x+a)**2,x)
[Out] Integral(atanh(a + b*x)**2, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(arctanh(b*x+a)~2,x, algorithm="giac")
[Out] integrate(arctanh(b*x + a)~2, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/atanh(a +bz)’ d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(atanh(a + b*x)~2,x)
[Out] int(atanh(a + b*x)~2, x)

62
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35 f tanh ™1 ia+bx)2 dx

Optimal. Leaf size=148

2bx
(1-a)(14a+ bx)

— tanh™!(a+bz)? log ( ) +tanh ™! (a+bz)? log ( ) +tanh ™! (a+bz)PolyLog (i

l1+a+ bz

[Out] -arctanh(b*x+a) ~2*1n(2/(b*x+a+1))+arctanh(b*x+a) ~2*1n(2*b*x/(1-a)/ (bxx+a+1)
)+arctanh (b*x+a) *polylog(2,1-2/ (b*x+a+1))-arctanh(b*x+a)*polylog(2,1-2xb*x/
(1-a)/ (b*x+a+1))+1/2*polylog(3,1-2/ (b*x+a+1))-1/2xpolylog(3,1-2xb*x/(1-a) /(
b*x+a+1))

Rubi [A]

time = 0.06, antiderivative size = 148, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.167,

steps used = 2, number of rules used = 2, integrand size = 12,
Rules used = {6246, 6059}

1 2 1 P ) 2 . ) e » 2 . s 2be » X
Lo —2 ) (i — 2 (1o — 2 Ve a4+ be) —Lig1— 2% ) tanh(a + be) — log (———— ) tanh~"(a+ ba)? +log | 25 ) tanh}(a + b
2 ”( a+bz+1) 2 ‘3< (lfa)(a+bz+l)>+ ‘2( a+bz+1> anh™(a + ba) ‘2< (lfa)(a+bx+l)> anh™(a + bo) Og(a+bz+l> anh™ e+ be)* +log | gy gy ) e (@ b0)

Antiderivative was successfully verified.
[In] Int[ArcTanh[a + b*x]~2/x,x]

[Out] -(ArcTanh[a + b*x]~2xLog[2/(1 + a + b*x)]) + ArcTanh[a + b*x] ~2*Log[(2*b*x)
/((1 - a)*(1 + a + bxx))] + ArcTanh[a + b*x]*PolyLog[2, 1 - 2/(1 + a + b*x)

] - ArcTanh[a + b*x]*PolyLogl[2, 1 - (2*%b*x)/((1 - a)*x(1 + a + b*x))] + Poly
Logl3, 1 - 2/(1 + a + bxx)]/2 - PolyLogl[3, 1 - (2%b*x)/((1 - a)*(1 + a + bx
x))]1/2

Rule 6059

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))"2/((d_) + (e_.)*(x_)), x_Symbol] :>
Simp[(-(a + bxArcTanh[c*x])~2)*(Log[2/(1 + c*x)]/e), x] + (Simp[(a + b*Arc
Tanh [c*x]) “2* (Log[2*c*((d + e*x)/((cxd + e)*(1 + c*x)))]/e), x] + Simp[bx(a
+ bxArcTanh[c*x])*(PolyLog[2, 1 - 2/(1 + c*x)]/e), x] - Simp[bx(a + b*ArcT
anh[c*x])*(PolyLog[2, 1 - 2%c*((d + exx)/((c*d + e)*(1 + c*x)))]/e), x] + S
imp [b~2*(PolyLog[3, 1 - 2/(1 + c*x)]1/(2%e)), x] - Simp[b~2*(PolyLog[3, 1 -
2%cx((d + e*x)/((c*xd + e)*(1 + c*x)))]1/(2%e)), x]) /; FreeQ[{a, b, c, d, e}
, x] && NeQ[c™2%d"2 - e~2, 0]

Rule 6246

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)I*x(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[((d*e - cxf)/d + f*(x/d)) m*x(a + bxA
rcTanh([x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, 4, e, f, m}, x] && IGt
Qlp, 0]



64

Rubi steps

tanh~1 ()2

/ tanh™(a + bz)?2 i Subst (f oy dz,z,a + bx)
x b
= —tanh'(a + bz)?log (

) + tanh ™' (a + bz)? log ( 2b )

l1+a+bz (1—-a)(1+a+bx)

Mathematica [C] Result contains complex when optimal does not.
time = 2.17, size = 634, normalized size = 4.28

Antiderivative was successfully verified.

[In] Integrate[ArcTanh[a + bx*x]~2/x,x]

[Out] (-4*ArcTanh[a + b*x]~3)/3 - (2*ArcTanh[a + bxx]~3)/(3*a) + (2xSqrt[1 - a~2]
*E"ArcTanh[a]*ArcTanh[a + b*x]~3)/(3%a) - ArcTanh[a + b*x]“2*Log[l + E~(-2*
ArcTanh[a + b*x])] - I*PixArcTanh[a + b*x]*Log[(E~(-ArcTanh[a + b*x]) + E"A
rcTanh[a + b*x])/2] + ArcTanh[a + b*x] 2xLog[(1 + a - E"(2xArcTanh[a + b*x]
) + axE~(2%ArcTanh[a + b*x]))/(2*E"ArcTanh[a + b*x])] - ArcTanh[a + b*x]~2*
Log[l + ((-1 + a)*E~(2*ArcTanh[a + b*x]))/(1 + a)] + ArcTanh[a + b*x]~2*Log
[1 - E"(-ArcTanh[a] + ArcTanh[a + b*x])] + ArcTanh[a + b*x]~2*Log[1 + E~(-A
rcTanh[a] + ArcTanh[a + b*x])] - 2%ArcTanh[a]*ArcTanh[a + b*x]*Log[(I/2)*(-
E~(ArcTanh[a] - ArcTanh[a + b*x]) + E~(-ArcTanh[a] + ArcTanh[a + b*x]))] +
ArcTanh[a + b*x]~2xLog[l - E~(-2%ArcTanh[a] + 2%ArcTanh[a + b*x])] + I*Pix*A
rcTanh[a + b*x]*Log[1/Sqrt[1 - (a + b*x)~2]] - ArcTanh[a + b*x] ~2*xLog[-((b*
x)/Sqrt[1 - (a + b*x)~2])] + 2xArcTanh[a]*ArcTanh[a + b*x]*Log[(-I)*Sinh[Ar
cTanh[a] - ArcTanh[a + b*x]]] + ArcTanh[a + b*x]*PolyLog[2, -E~(-2*ArcTanh[
a + bxx])] - ArcTanh[a + b*x]*PolyLog[2, -(((-1 + a)*E~(2xArcTanh[a + b*x])
)/(1 + a))] + 2%ArcTanh[a + b*x]*PolyLog[2, -E~(-ArcTanh[a] + ArcTanh[a + b
*x])] + 2%ArcTanh[a + b*x]*PolyLog[2, E~(-ArcTanh[a] + ArcTanh[a + b*x])] +
ArcTanh[a + b*x]*PolyLog[2, E~(-2xArcTanh[a] + 2*ArcTanh[a + b*x])] + Poly
Log[3, -E~(-2*ArcTanh[a + b*x])]/2 + PolyLogl[3, -(((-1 + a)*E~(2*ArcTanh[a
+ bxx]))/(1 + a))]/2 - 2xPolyLog[3, -E~(-ArcTanh[a] + ArcTanh[a + b*x])] -
2*PolyLog[3, E~(-ArcTanh[a] + ArcTanh[a + b*x])] - PolyLog[3, E~(-2*ArcTanh
[a] + 2*ArcTanh[a + b*x]1)]1/2

Maple [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 20.38, size = 931, normalized size = 6.29

’ method result ‘ size ‘




65

derivativedivides | Expression too large to display | 931
default Expression too large to display | 931

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arctanh(b*x+a)~2/x,x,method=_RETURNVERBOSE)

[Out] 1n(-b*x)*arctanh(b*x+a) 2-arctanh(b*x+a) " 2*x1n(-(bxx+a+1)~2/(-(b*x+a) ~2+1)+1
+a* (1+(bxx+a+1) ~2/ (- (b*x+a) "2+1)) ) +1/2xIxPixcsgn (I* (- (bxx+a+1) ~2/ (- (b*x+a)~
2+1) +1+a*x (1+(b*x+a+1) "2/ (- (bxx+a) “2+1) ) ) / (1+(b*x+a+1) “2/ (- (b*x+a) "2+1) ) ) *(c
sgn (I*(-(bxx+a+1) "2/ (- (b*xx+a) “2+1) +1+a* (1+(b*x+a+1) “2/ (- (b*x+a) “2+1)))) *csg
n(I/(1+(bxx+at+1)~2/(-(b*x+a) ~2+1)))-csgn(I*(-(b*x+a+1) ~2/(-(b*x+a) "2+1)+1+a
* (1+(b*x+a+1) "2/ (- (b*x+a) ~2+1))) / (1+(b*x+a+1) "2/ (- (b*x+a) “2+1)) ) *csgn(I/(1+
(bxx+a+1) ~2/ (- (b*x+a) "2+1)) ) -csgn (I* (- (b*x+a+1) "2/ (- (b*x+a) “2+1) +1+ax* (1+(b*
x+a+1) "2/ (- (bxx+a) “2+1) )) ) *csgn (I* (- (bxx+a+1) “2/ (- (b*x+a) “2+1) +1+a* (1+(bxx+
at+1)~2/(-(b*x+a) ~2+1)) )/ (1+(b*x+a+1) "2/ (- (b*x+a) "2+1) ) ) +csgn (I* (- (b*x+a+1) "~
2/ (- (b*x+a) "2+1) +1+a* (1+(b*x+a+1) "2/ (- (b*x+a) "2+1) ) ) / (1+(b*x+a+1) "2/ (- (b*x+
a)~2+1)))~2)*arctanh(b*x+a) “2-arctanh (b*x+a) *polylog(2, - (b*x+a+1) 2/ (- (b*x+
a)~2+1))+1/2*polylog(3,-(b*x+a+1) "2/ (-(b*x+a) “2+1))+a/(a-1) *arctanh (b*x+a)~
2x1n(1-(a-1) *(bxx+a+1) ~2/ (- (b*x+a) "2+1) /(-a-1))+a/(a-1) *arctanh (b*x+a) *poly
log(2, (a-1) *(b*x+a+1) ~2/ (- (b*x+a) “2+1) /(-a-1))-1/2*a/(a-1) *polylog(3, (a-1)*
(b*x+a+1) "2/ (- (b*x+a) ~2+1) /(-a-1) )-1/(a-1) *arctanh (b*x+a) “2*1n(1-(a-1) * (b*x
+a+1) "2/ (- (b*x+a) "2+1) /(-a-1))-1/(a-1) *arctanh(b*x+a) *polylog(2, (a-1) * (bxx+
a+1)~2/(-(b*x+a)~2+1)/(-a-1))+1/2/(a-1) *polylog(3, (a-1) * (b*x+a+1) 2/ (- (b*x+
a)~2+1)/(-a-1))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)~2/x,x, algorithm="maxima")
[Out] integrate(arctanh(b*x + a)~2/x, x)

Fricas [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)~2/x,x, algorithm="fricas")

[Out] integral(arctanh(b*x + a)~2/x, x)



Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ atanh? (a + br) i
z

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atanh(b*x+a)**2/x,x)
[Out] Integral(atanh(a + b*x)**2/x, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)~2/x,x, algorithm="giac")

[Out] integrate(arctanh(b*x + a)~2/x, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

2
/ atanh(c;-i— bz) i

Verification of antiderivative is not currently implemented for this CAS.

[In] int(atanh(a + b*x)~2/x,x)
[Out] int(atanh(a + b*x)~2/x, x)
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3.6 f tanh ! (a+bx)? dx

x2
Optimal. Leaf size=251

_tanh_l(a + bx)? +btanh_1(a + bz) log (=2+) +btanh_1(a + bz) log (2 _ 2btanh ™" (a + bz) log (
x l1—a 1+a 1—a?

[Out] -arctanh(b*x+a)~2/x+b*arctanh(b*x+a)*1n(2/(-b*x-a+1))/(1-a)+b*arctanh(b*x+a
)*1n(2/ (bxx+a+1))/(1+a)-2*b*arctanh (b*x+a) *1n(2/ (b*x+a+1))/(-a~2+1) +2*b*arc

tanh (b*x+a) *1n(2xbxx/(1-a) / (b*x+a+1))/(-a~2+1)+1/2xb*polylog(2, (-b*x-a-1)/(
-b*x-a+1))/(1-a)-1/2xbxpolylog(2,1-2/(b*x+a+1))/(1+a)+b*polylog(2,1-2/ (b*xx+
at+1))/(-a"2+1)-b*polylog(2,1-2xb*x/(1-a)/(b*x+a+l))/(-a~2+1)

Rubi [A]
time = 0.49, antiderivative size = 251, normalized size of antiderivative = 1.00, number of

_ _ : e number of rules _
steps used = 17, number of rules used = 15, integrand size = 12, integrand size 1.250,

Rules used = {6244, 378, 720, 31, 647, 6873, 6256, 6820, 12, 6857, 6057, 2449, 2352, 2497,
6055}

BLis(1 — ) bLi;(l - (.,uﬂ’iwn) _ 2b10g () tanh (@t br) 2blog ((.,@Zfib,“)) tanh~'(a+b2) Lip(—22E)  bLip(1— 22)  tanh)(a+ba)? D108 () tanh ™ (o bo)  blog () tanh™(a + )
3

__°\ Oaetber) 29708 \aapeyy) YN WA TOT) TR \O-a)etbern)) T 7 7Y MR T Cachert) 212\ T Gabedt

1-a? 1-d 1-a2 1-a2 tToi-a 0 2@+ z 1-a a+1

Antiderivative was successfully verified.
[In] Int[ArcTanh[a + b*x]~2/x"2,x]

[Out] -(ArcTanh[a + b*x]~2/x) + (b*ArcTanh[a + b*x]*Log[2/(1 - a - b*x)])/(1 - a)
+ (b*ArcTanh[a + b*x]*Log[2/(1 + a + b*x)])/(1 + a) - (2*¥b*ArcTanh[a + b*x
1*Log[2/(1 + a + b*x)])/(1 - a~2) + (2¥bxArcTanh[a + b*x]*Logl[(2*b*x)/((1 -
a)*x(1 + a + bxx))])/(1 - a~2) + (b*PolyLogl[2, -((1 + a + b*x)/(1 - a - b*x
1N1)/(2x(1 - a)) - (bxPolyLogl[2, 1 - 2/(1 + a + b*x)])/(2*%(1 + a)) + (b*Pol
yLog[2, 1 - 2/(1 + a + b*x)])/(1 - a~2) - (b*PolyLogl[2, 1 - (2xb*x)/((1 - a

)¥(1 + a + bxx))])/(1 - a”2)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !'Match
QLu, (b_)*(v_) /; FreeQ[b, x]]

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]]1/b, x] /; FreeQ[{a, b}, x]

Rule 378

Int[((a)) + (b_.)*(v_)"(n_ )~ (p_.)*(x_)"(m_.), x_Symbol] :> With[{c = Coeff
icient[v, x, 0], d = Coefficient[v, x, 1]}, Dist[1/d"(m + 1), Subst[Int[Sim
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plifyIntegrand[(x - c)“m*(a + b*x"n)~p, x], x], x, vl, x] /; NeQlc, 011 /;
FreeQ[{a, b, n, p}, x] &% LinearQ[v, x] && IntegerQ[m]

Rule 647

Int[((d_) + (e_.)*(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> With[{q = Rt[(-
a)*c, 2]}, Dist[e/2 + cx(d/(2*%q)), Int[1/(-q + c*x), x], x] + Dist[e/2 - cx*
(d/(2*q)), Int[1/(q + c*x), x], x]1] /; FreeQl{a, c, 4, e}, x] && NiceSqrtQ[
(-a)*cl

Rule 720

Int[1/C((d)) + (e_.)*(x_))*((a_) + (c_.)*(x_)"2)), x_Symbol] :> Dist[e~2/(c
*d"2 + a*e”2), Int[1/(d + e*x), x], x] + Dist[1/(c*xd"2 + axe”2), Int[(cxd -
cxexx)/(a + c*xx~2), x], x] /; FreeQ[{a, c, d, e}, x] && NeQ[c*xd"2 + a*e”2,
0]

Rule 2352

Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQ[{c, d, e}, x] && EqQle + c*d, 0]

Rule 2449

Int[Logl(c_.)/((d_ ) + (e_.)*(x_)1/((£_) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Logl[2*d*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] && EqQ[c, 2*d] &% EqQle~2xf + d~2*g, 0]

Rule 2497

Int[Loglu_J*(Pq_)~(m_.), x_Symbol] :> With[{C = FullSimplify[Pq m*((1 - u)/

D[u, x1)1}, Simp[C*PolyLog[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&

PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
x] [[2]], Expon[Pq, x]]

Rule 6055

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d.) + (e_.)*(x_)), x_Symbol
1 :> Simp[(-(a + b*ArcTanh[c*x]) “p)*(Log[2/(1 + ex(x/d))]1/e), x] + Dist[bx*c
*(p/e), Int[(a + bk*ArcTanh[c*x])~(p - 1)*(Logl[2/(1 + e*x(x/d))]/(1 - c™2%x72
)), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d"2 - e~2,
0]

Rule 6057

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> S
imp[(-(a + b*ArcTanh[c*x]))*(Log[2/(1 + c*x)]/e), x] + (Dist[b*(c/e), Int[L
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ogl2/(1 + c*xx)]1/(1 - c~2%x72), x], x] - Dist[b*(c/e), Int[Log[2*c*((d + e*x
)/((cxd + e)*(1 + c*x)))]1/(1 - c"2*x~2), x], x] + Simp[(a + b*ArcTanh[c*x])
*(Log[2*%cx((d + exx)/((cxd + e)*(1 + c*x)))1/e), x]1) /; FreeQl{a, b, c, d,

e}, x] && NeQ[c™2*xd"2 - e~2, 0]

Rule 6244

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)]*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_), x_Symbol] :> Simp[(e + f*x)“(m + 1)*((a + bxArcTanh[c + d#*x]) p/(£f*(m
+ 1))), x] - Dist[b*d*(p/(f*(m + 1))), Int[(e + f*x)"(m + 1)*((a + b*ArcTan
hic + d*x])~(p - 1)/(1 - (c + d*x)"2)), x], x] /; FreeQ[{a, b, c, d, e, £},
x] && IGtQ[p, O] && ILtQ[m, -1]

Rule 6256

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)I*(b_.)) " (p_.)*((e_.) + (£_.)*(x_))"(
m_)x((A_.) + (B_.)*(x_) + (C_.)*(x_)"2)"(q_.), x_Symbol] :> Dist[1/d, Subs
t[Int[((d*e - c*f)/d + f*(x/d)) m*x(-C/d"2 + (C/d"2)*x"2) g*(a + b*ArcTanh[x
D°p, x1, x, ¢ + d*x], x] /; FreeQ[{a, b, ¢, d, e, £, A, B, C, m, p, q}, x]
&& EqQ[Bx(1 - c~2) + 2xA*c*d, 0] && EqQ[2*c*C - Bxd, 0]

Rule 6820

Int[u_, x_Symbol] :> With[{v = SimplifyIntegrand[u, x]}, Int[v, x] /; Simpl
erIntegrandQ[v, u, x]]

Rule 6857

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]}, Int[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rule 6873
Int[u_, x_Symbol] :> With[{v = NormalizeIntegrand[u, x]}, Int[v, x] /; v =!

=u]

Rubi steps
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dx

z? x
_tanh™'(a + bz)® (@) / tanh™'(a + bx)
x z (1 — a? — 2abx — b?z?)

-1 2 -1
_ _tanh™ (a +bz) +2Subst< / ( tanh) (z) da:,x,a+bx>

/ tanh™ (a + bx) s — _tanh™ (a + bx) +(2) / ;z(iiﬂf(c(ba—i_:i):)?)

dz

z (1 —z2?)
btanh™'(z)
(—a+1z)(1—22)

tanh™'(a + br)? tanh ™' ()
- — " + (2b)Subst (/ Cato)( ) dr,z,a+ bx)

_ tanh™'(a + bz)? tanh ™ (z) tanh ™' ()
=T, +(2b)SubSt(/ ((—1+a2) o-2) T 2Cita(-lto) 2

tanh~!(a + bx)? bSubst (f tanh m) dz, a—i—bx) bSubst (fde T,

-1 2
= _ tanh (;L + bz) + 2Subst (

dr,z,a+ bm)

1+
T 1—a 14+a

_tanh™'(a + bz)? N btanh™'(a + bz) log (—2) N btanh™(a + bz)log (524
T 1—a 14+a

_tanh™'(a + bz)? N btanh™'(a + bz) log (—2+) N btanh™(a + bz)log (524

z l1—a l1+a
_ _tanh™'(a + bz)? N btanh™'(a + bz) log (—2) N btanh™(a + bz)log (524
x l1—a l1+a

Mathematica [C] Result contains complex when optimal does not.
time = 1.02, size = 208, normalized size = 0.83

~((~o+at+athr-+b( =1+ VI w7 2) a0+ b)) + abe tanh™ o+ ba) (i + 2tank~ () — 2o (1 - e~ 2k o1 ) ) Mm(m(mg(, + et erin) —1og (2‘ — )) + 2tani™ (o) (g (1 202000 04) g (s (an™'(0) ~ tanh™(a+ 62))) ) + abePoiyLog(2, 2”021
o

Antiderivative was successfully verified.

[In] Integrate[ArcTanh[a + b*x]~2/x72,x]

[Out] (-((-a + a”3 + a~2*b*x + b*(-1 + Sqrt[1 - a"2]*E~ArcTanh[a])*x)*ArcTanh[a +
b*x]~2) + axb*x*ArcTanh[a + b*x]*((-I)*Pi + 2xArcTanh[a] - 2xLog[l - E~(2x%
ArcTanh[a] - 2*ArcTanh[a + b*x])]) + axbxx*(I*xPix(Logl[1l + E~(2xArcTanh[a +

b*x])] - Log[1/Sqrt[1 - (a + b*x)~2]]) + 2+ArcTanh[al*(Log[1l - E~(2*ArcTanh

[a] - 2*%ArcTanh[a + b*x])] - Log[(-I)*Sinh[ArcTanh[a] - ArcTanh[a + bx*x]]1])

) + axbxxxPolyLog[2, E~(2*%ArcTanh[a] - 2%ArcTanh[a + b*x])])/(ax(-1 + a~2)*

x)
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Maple [A]
time = 2.45, size = 356, normalized size = 1.42
method result
. . P arctanh(bz+a)? 2 arctanh(bz+a) In(bz+a+1) 2 arctanh(bz+a) In(—bx) 2 arctanh(bz+a) In(bz+a—!
derivativedivides | b (— - — 3012 = (@D (at]) + )
arctanh(bz+a)? 2 arctanh(bz+a) In(bz+a+1) 2 arctanh(bz+a) In(—bzx) 2 arctanh(bz+a) In(bz+a—!
default b (_ b - 2a+2 - (a—1)(at1) + 2a—2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arctanh(b*x+a)~2/x"2,x,method=_RETURNVERBOSE)

[Out] b*(-arctanh(b*x+a) ~2/b/x-2*arctanh(b*x+a)/(2*a+2)*1n(b*x+a+1)-2*arctanh (b*x
+a)/(a-1)/(a+1) *1n(-b*x)+2*arctanh (b*x+a) / (2*a-2) *1n(b*x+a-1)+1/4/(a-1) *1n(
bxx+a-1)"2-1/2/(a-1)*dilog(1/2*b*x+1/2*a+1/2)-1/2/(a-1) *1n(b*x+a-1) *1n(1/2%
b*x+1/2%a+1/2)-1/2/(a+1)*1n(-1/2*%bxx-1/2*a+1/2) *1n(b*x+a+1)+1/2/(a+1) *1n(-1
/2¥b*x-1/2%a+1/2) *1n(1/2%b*x+1/2*a+1/2)+1/2/(a+1)*dilog(1/2*b*x+1/2*%a+1/2)+
1/4/(a+1)*1n(b*x+a+1)~2-1/(a-1)/(a+1) *dilog(1/(-a+1) *(-b*x-a+1))-1/(a-1)/(a
+1)*1n(-b*x) *1n(1/(-a+1) *(-bxx-a+1) )+1/(a-1)/(a+1)*dilog((-b*x-a-1)/(-a-1))
+1/(a-1)/(a+1)*1n(-b*x)*1n((-b*x-a-1) /(-a-1)))

Maxima [A]
time = 0.26, size = 244, normalized size = 0.97

lhl((07|Ung(b7+n-]]‘72(a*|)lng(hz+n+]]\ng()n+a*\)+(m+\)lng(h}+n7]]‘ _ A (log(br+a—1)log (3br+3a+3) +Lis(~3br—Ja+3)) +rﬂlog(,"%‘+li]og[t)+le”%N 71110&(%+l'ylog[L)Ame,"‘f‘,H) 7’)('0[;(’)]1»/1*” _log(bz+a—1) zlng(r\,)m b2+ ) artanh (bz +a)*
@b GED @b @b a - @ )remtere s T

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)~2/x"2,x, algorithm="maxima")

[Out] 1/4*b~2x(((a - 1)*log(b*x + a + 1)72 - 2k(a - 1)*log(b*x + a + 1)*log(bxx +
a-1) + (a + 1)*log(b*xx + a - 1)72)/(a"2%b - b) - 4x(log(b*x + a - 1)*log
(1/2%b*x + 1/2%a + 1/2) + dilog(-1/2%b*x - 1/2%a + 1/2))/(a"2xb - b) + 4*x(1
og(b*x/(a + 1) + 1)*log(x) + dilog(-b*x/(a + 1)))/(a"2%b - b) - 4*(log(b*x/

(a - 1) + 1)*log(x) + dilog(-b*x/(a - 1)))/(a"2%b - b)) - b*(log(b*x + a +

1)/(a + 1) - log(b*x + a - 1)/(a - 1) + 2xlog(x)/(a"2 - 1))*arctanh(b*x + a

) - arctanh(b*x + a)~2/x

Fricas [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)~2/x"2,x, algorithm="fricas")



[Out] integral(arctanh(b*x + a)~2/x72, x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ atanh? (a + br) i

22
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atanh(b*x+a)**2/x**2,x)
[Out] Integral(atanh(a + b*x)*x2/x*x2, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(arctanh(b*x+a)~2/x"2,x, algorithm="giac")
[Out] integrate(arctanh(b*x + a)~2/x72, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

2

/ atanh(a + bx)? s

Verification of antiderivative is not currently implemented for this CAS.

[In] int(atanh(a + b*x)~2/x"2,x)
[Out] int(atanh(a + b*x)~2/x"2, %)

72
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3.7 f tanh ! (a+bx)? dx

x3
Optimal. Leaf size=370

_btanh_l(a + bx) _tanh_l(a +bz)? blog(z) b*tanh™'(a+ bz)log (—2+) _b2 log(1 — a — bx) _@
(1—a?)x 212 (1—a?)? 2(1 — a)? 2(1 —a)?(1+a)

[Out] -b*arctanh(b*x+a)/(-a~2+1)/x-1/2*arctanh(b*x+a)~2/x"2+b"2*1n(x)/(-a~2+1) "2+
1/2xb~2*arctanh (b*x+a) *1n(2/(-b*x-a+1))/(1-a) "2-1/2*%b~2*1n(-b*x-a+1) /(1-a)~

2/ (1+a)-1/2*b~2xarctanh (b*x+a) *1n(2/ (b*x+a+1) )/ (1+a) “2-2*a*b~2*arctanh (b*xx+
a)*1n(2/ (bxx+a+1))/(-a~2+1) ~2+2*xa*xb~2*arctanh (b*x+a) *1n(2xb*x/ (1-a) / (bxx+a+

1))/ (-a~2+1)~"2-1/2%b~2*1n(b*x+a+1)/(1-a) /(1+a) "2+1/4%b"2*polylog(2, (-b*xx-a-

1)/ (-bxx-a+1))/(1-a) "2+1/4xb~2*polylog(2,1-2/ (b*x+a+1))/(1+a) “2+axb~2*polyl
0g(2,1-2/ (b*x+a+1))/(-a~2+1) "2-a*b~2*polylog(2,1-2xb*x/(1-a) / (b*x+a+1))/(-a
~2+1)72

Rubi [A]
time = 0.59, antiderivative size = 370, normalized size of antiderivative = 1.00, number of

steps used = 21, number of rules used = 16, integrand size = 12, number of rules _ 1.333,
integrand size

Rules used = {6244, 378, 724, 815, 6873, 6256, 6857, 6063, 720, 31, 647, 6057, 2449, 2352,
2497, 6055}

Antiderivative was successfully verified.
[In] Int[ArcTanh[a + b*x]~2/x"3,x]

[Out] -((b*ArcTanh[a + b*x])/((1 - a~2)*x)) - ArcTanh[a + b*x]~2/(2*%x72) + (b~2+L
oglx])/(1 - a~2)"2 + (b"2xArcTanh[a + b*x]*Log[2/(1 - a - b*x)])/(2x(1 - a)

~2) - (b"2xLogl[l - a - b*x])/(2*%(1 - a)~2*(1 + a)) - (b"2*ArcTanh[a + bxx]*
Logl[2/(1 + a + b*x)])/(2%(1 + a)~2) - (2xa*xb~2*ArcTanh[a + b*x]*Log[2/(1 +

a + bxx)])/(1 - a2)72 + (2%a*b~2*ArcTanh[a + b*x]*Log[(2xb*x)/((1 - a)*(1

+a+ b*xx))])/(1 - a2)72 - (b™2+Logl[l + a + b*x])/(2*x(1 - a)*(1 + a)~2) +
(b~2%PolyLog[2, -((1 + a + b*x)/(1 - a - b*x))])/(4x(1 - a)~2) + (b~2*PolyL

ogl2, 1 - 2/(1 + a + b*xx)])/(4x(1 + a)~2) + (a*b"2*PolyLogl[2, 1 - 2/(1 + a

+ b*xx)])/(1 - a2)72 - (axb~2*PolyLog[2, 1 - (2*b*x)/((1 - a)*(1 + a + b*x)
1)/ - a”2)72

Rule 31

Int[((a_) + (b_.)*(x_))"(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x]1 /; FreeQ[{a, b}, x]

Rule 378
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Int[((a)) + (b_.)*(v_)"(n )" (p_.)*(x_)"(m_.), x_Symbol] :> With[{c = Coeff
icient[v, x, 0], d = Coefficient[v, x, 11}, Dist[1/d"(m + 1), Subst[Int[Sim
plifyIntegrand[(x - c)"m*(a + b*x™n)"p, x], x], x, vl, x] /; NeQlc, 011 /;
FreeQ[{a, b, n, p}, x] && LinearQ[v, x] &% IntegerQ[m]

Rule 647

Int[((d)) + (e_)*(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> With[{q = Rt[(-
a)*c, 2]}, Dist[e/2 + cx(d/(2%q)), Int[1/(-q + c*x), x], x] + Dist[e/2 - c*
(@/(2xq)), Int[1/(q + c*x), x], x]] /; FreeQ[{a, c, 4, e}, x] && NiceSqrtQ[
(-a)*c]

Rule 720

Int[1/(((d_) + (e_.)*(x_))*((a_) + (c_.)*(x_)"2)), x_Symbol] :> Dist[e”2/(c
*d"2 + axe”™2), Int[1/(d + e*x), x], x] + Dist[1/(c*xd”2 + a*xe”2), Int[(cxd -
cxexx)/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e}, x] && NeQ[cxd™2 + axe~2,
0]

Rule 724

Int[((d) + (e_.)*(x_))"(m_)/((a_) + (c_.)*(x_)"2), x_Symbol] :> Simp[ex((d
+ exx)"(m + 1)/((m + 1)*(c*d"2 + a*e”2))), x] + Dist[c/(c*d"2 + a*xe”2), In
t[(d + exx)"(m + 1)*((d - exx)/(a + c*xx~2)), x], x] /; FreeQ[{a, c, d, e, m
}, x] && NeQ[c*xd™2 + axe”2, 0] && LtQ[m, -1]

Rule 815

Int[(((d_.) + (e_)*(x_))"(m )*((f_.) + (g_.)*x(x_)))/((a_) + (c_.)*x(x_)"2),
x_Symbol] :> Int[ExpandIntegrand[(d + e*x) m*x((f + g*x)/(a + c*x72)), x],
x] /; FreeQl{a, c, d, e, f, g}, x] && NeQ[c*d"2 + a*e™2, 0] && IntegerQ[m]

Rule 2352

Int[Logl(c_.)*(x_)1/((d.) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQ[{c, d, e}, x] && EqQle + c*d, 0]

Rule 2449

Int[Logl(c_.)/((d)) + (e_)*x(x_))1/((f_ ) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Logl[2*d*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] && EqQ[c, 2*d] && EqQle~2xf + d~2*g, 0]

Rule 2497

Int[Loglu_J*(Pq_)~(m_.), x_Symbol] :> With[{C = FullSimplify[Pq~m*((1 - u)/
D[u, x1)1}, Simp[C*PolyLog[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&
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PolyQ[Pq, x] &% RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
x] [[2]], Expon[Pq, x]]

Rule 6055

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
1 :> Simp[(-(a + bxArcTanh[c*x]) “p)*(Log[2/(1 + ex(x/d))]/e), x] + Dist[bxc
*x(p/e), Int[(a + b*ArcTanh[c*x])~(p - 1)*(Log[2/(1 + ex(x/d))]/(1 - c™2*x~2
)), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d"2 - e~2,
0]

Rule 6057

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> S
imp[(-(a + b*ArcTanh[c*x]))*(Log[2/(1 + c*x)]/e), x] + (Dist[b*(c/e), Int[L
ogl2/(1 + c*x)]1/(1 - c~2%x72), x], x] - Dist[b*(c/e), Int[Log[2*c*((d + e*x
)/((c*xd + e)*(1 + c*xx)))]/(1 - c”2*%x"2), x], x] + Simp[(a + b*ArcTanh[c*x])
*(Log[2*c*x((d + exx)/((cxd + e)*(1 + c*x)))1/e), x]1) /; FreeQl{a, b, c, d,
e}, x] && NeQ[c™2%d"2 - e~2, 0]

Rule 6063

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol
1 :> Simp[(d + e*x)~(q + 1)*((a + bxArcTanh[c*x])/(ex(q + 1))), x] - Dist[b
x(c/(ex(q + 1)), Int[(d + exx)"(q + 1)/(1 - c"2%x"2), x], x] /; FreeQl{a,
b, c, d, e, q}, x] && NeQ[q, -1]

Rule 6244

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£f_.)*(x_))"(
m_), x_Symbol] :> Simp[(e + f*x)“(m + 1)*((a + bxArcTanh[c + d*x]) p/(f*(m
+ 1))), x] - Dist[bxd*(p/(f*(m + 1))), Int[(e + f*x)~"(m + 1)*((a + b*ArcTan
hlc + d*x])~(p - 1)/(1 - (c + d*x)~2)), x], x] /; FreeQ[{a, b, ¢, 4, e, f},
x] && IGtQ[p, 0] && ILtQ[m, -1]

Rule 6256

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)I*(b_.)) " (p_.)*((e_.) + (£_.)*(x_))"(
m_.)*((A_.) + (B_.)*(x_) + (C_.)*(x_)"2)"(q_.), x_Symbol] :> Dist[1/d, Subs
t[Int[((d*e - c*f)/d + f*(x/d)) "m*x(-C/d"2 + (C/d"2)*x"2)"g*(a + bxArcTanh[x
1D°p, x1, x, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, £, A, B, C, m, p, q}, xl]
&& EqQ[Bx(1 - c~2) + 2xA*c*d, 0] && EqQ[2*c*C - Bxd, 0]

Rule 6857

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]}, Int[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
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[n, 0]
Rule 6873
Int[u_, x_Symbol] :> With[{v = NormalizelIntegrand[u, x]}, Int[v, x] /; v =!
= u]
Rubi steps
/ tanh™ (a + bzx) dp — __tanh” "(a + bz)? b/ tanh™'(a + bz) i
z3 212 22 (1 — (a + bx)?)
tanh™'(a + bx)? tanh ™' (a + bz)
B 222 * b/ 22 (1 — a? — 2abz — b%2?) dz
-1 2 -1
= _ tanh (a2+ be) + Subst / tanh 5 (=) dz,z,a+ br
> (-5+5) (-2
h™! 2 ?tanh ™’ 2ab? tanh ™
_ _tan (az-l— bx) + Subst (/ <_ b tar; (z) - ab tan2 (=)
2% Clta)@-a?  (<1+afa-2) 2
tanh~!(a + bx)? bQSubst<f tanh ("” dz,z a—l—bx) bQSubst<f tanﬁ%dm,a
T 212 a 2(1 —a)? + 2(1+a)?
_btanh_l(a +bz) tanh (a4 bz)?  b*tanh '(a+ bz)log (—2) B b% tanh
(1—a?)zx 212 2(1 —a)?
_btanh™'(a+bz) tanh™'(a + bz) b tanh ™" (a + bz) log (1=2;) B b? tanh
(1-—a?)x 212 2(1—-a)?
_btanh_l(a +bz) tanh (a + bz)?2  b%log(z) = b*tanh™'(a + bx)log (=2
(1-a?)z 2z2 (1—a?)? 2(1 — a)?
_btanh_l(a +bx) tanh~(a +bz)>  b?log(z) b*tanh” Y(a+ bz)log (=2
(1—a?)zx 212 (1—a?)? 2(1—a)?

Mathematica [C] Result contains complex when optimal does not.
time = 2.09, size = 271, normalized size = 0.73

(et (-reav

T 0) £ ) ) + Ao ) (-1 b e~ )+ b (1 - -2 ) g

) +ioetn (i) +

b AP -

) (1og.

(1 -0 1) g i) ™+ ) ) ) oo (3 - )

Antiderivative was successfully verified.

[
e

[In] Integrate[ArcTanh[a + b*x]~2/x73,x]



(s

[Out] (-((1 + a4 - b™2x(-1 + 2xSqrt[1 - a"2]*E~ArcTanh[a])*x"2 - a~2%(2 + b~2*x~
2))*ArcTanh[a + b*x]~2) + 2xb*x*ArcTanh[a + b*x]*(-1 + a™2 + a*b*x + Ixaxb*

Pi*x - 2xaxb*x*ArcTanh[a] + 2*axb*xxLog[l - E~(2*ArcTanh[a] - 2*ArcTanh[a +
b*x])]) + 2xb~2*x"2x((-I)*a*Pi*Log[l + E~(2xArcTanh[a + b*x])] + I*a*Pi*Lo
gl1/Sqrt[1 - (a + b*x)~2]] + Log[-((b*x)/Sqrt[1l - (a + b*x)~2])] - 2*a*xArcT
anh[a]*(Log[1l - E~(2xArcTanh[a] - 2*ArcTanh[a + b*x])] - Log[(-I)*Sinh[ArcT
anh[a] - ArcTanh[a + b*x]]])) - 2*%axb~2%x"2*PolyLog[2, E~(2*ArcTanh[a] - 2*
ArcTanh[a + b*x])])/(2x(-1 + a~2)"2%x"2)

Maple [A]
time = 0.21, size = 449, normalized size = 1.21

method result
. . - 2 _a,rctamh(b:/v—i-a,)2 arctanh(bz+a) In(bz+a+1) arctanh(bz+a) 2arctanh(bz4-a)aln(—bx)  arctanl
derivativedivides | b ( 0247 + 2(at)? + (a=1)(at )bz + (a—12(at1)?
2 _arc‘canh(bz-i—a)2 arctanh(bz+a) In(bz+a+1) arctanh(bz+a) 2arctanh(bz+a)aln(—bzx)  arctanl
default b < 5272 + 2(a+1)? + (a—1)(a+1)bz + (a—1)%(a+1)?

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arctanh(b*x+a)~2/x~3,x,method=_RETURNVERBOSE)

[Out] b~2%(-1/2%arctanh(b*x+a) ~2/b~2/x~2+1/2*arctanh(b*x+a)/(a+1) "2*1ln(b*x+a+1)+a
rctanh(b*xx+a) /(a-1)/(a+1) /b/x+2*arctanh (b*x+a)*a/(a-1) "2/ (a+1) "2*1n(-b*x) -1
/2*arctanh (b*x+a)/(a-1) "2*1n(b*x+a-1)-1/8/(a-1) "2*1n(b*x+a-1)"2+1/4/(a-1)"2
*xdilog(1/2xbxx+1/2*%a+1/2)+1/4/(a-1) "2x1n(b*x+a-1)*1n(1/2*b*x+1/2*a+1/2)+1/4
/(a+1)~2*1n(-1/2*bxx-1/2*a+1/2) *1n(b*x+a+1)-1/4/(a+1) "2*x1n(-1/2*bxx-1/2*a+1
/2)*1n(1/2xb*x+1/2*a+1/2)-1/4/(a+1) "2*dilog(1/2*b*x+1/2*a+1/2)-1/8/(a+1) ~2*
1n(b*x+a+1) ~2+1/(a-1)/(a+1)/(2*a+2) *1n(b*x+a+1)+1/(a-1) "2/ (a+1) "2*1n(-b*x) -
1/(a-1)/(a+1)/(2*xa-2) *1n(b*x+a-1)+a/(a-1)"2/(a+1) "2*dilog(1/(-a+1) * (-b*x-a+
1))+a/(a-1)"2/(a+1) "2*x1n(-b*x) *1n(1/(-a+1) *(-b*x-a+1) )-a/(a-1) "2/ (a+1) "2*di
log((-b*x-a-1)/(-a-1))-a/(a-1)~"2/(a+1) "2*1n(-b*x) *1n((-b*x-a-1)/(-a-1)))

Maxima [A]
time = 0.27, size = 360, normalized size = 0.97

g('mw,»u xvvm{h;‘r;‘ 3t tbr Lot b mm%4”1[»;':1:‘Lm—me« 8 log J%—\iai:‘zv;‘m,w—% Jo _(a = 20+ 1)log (b + a+ 1) — 2(a" — 2a+ 1) ogi
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)~2/x"3,x, algorithm="maxima")

[Out] 1/8%(8*(log(b*x + a - 1)xlog(1/2xbxx + 1/2%a + 1/2) + dilog(-1/2%b*x - 1/2%
a+ 1/2))*a/(a"4 - 2xa”2 + 1) - 8*(log(b*x/(a + 1) + 1)*log(x) + dilog(-b*x
/(a + 1)))*a/(a"4 - 2¥a~2 + 1) + 8*(log(b*x/(a - 1) + 1)*log(x) + dilog(-b*
x/(a - 1)))*a/(a"4 - 2%¥a”2 + 1) - ((a"2 - 2*xa + 1)xlog(b*x + a + 1)72 - 2%(
a"2 - 2%a + 1)*log(b*xx + a + 1)*log(b*x + a - 1) + (2”2 + 2xa + 1)*log(b*x
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+a-1)72)/(@4 - 2¥a”2 + 1) + 4xlog(b*x + a + 1)/(@a"3 + 2”2 - a - 1) - 4x
log(b*xx + a - 1)/(a”3 - a”2 - a + 1) + 8*log(x)/(a"4 - 2¥a”2 + 1))*b"2 + 1/
2% (4*axbxlog(x)/(a"4 - 2*%a"2 + 1) + bxlog(b*x + a + 1)/(a"2 + 2*%a + 1) - bx
log(b*x + a - 1)/(a”2 - 2%xa + 1) + 2/((a”2 - 1)*x))*b*arctanh(b*x + a) - 1/
2*arctanh(b*x + a)”~2/x"2

Fricas [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)~2/x"3,x, algorithm="fricas")
[Out] integral(arctanh(b*x + a)~2/x73, x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00
2
/atanh (;H—bx) i
x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atanh(b*x+a)**2/x**3,x)
[Out] Integral(atanh(a + b*x)*x2/x**x3, x)
Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)~2/x"3,x, algorithm="giac")
[Out] integrate(arctanh(b*x + a)~2/x"3, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

dz

/ atanh(a + bx)?

3
Verification of antiderivative is not currently implemented for this CAS.

[In] int(atanh(a + b*x)~2/x73,x)
[Out] int(atanh(a + b*x)~2/x"3, x)
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3.8 f tanh~1(14-bx)? dx

T

Optimal. Leaf size=56

2 2 1 2
—tanh™'(14-bz)?log [ —— | —tanh™'(1+4bzx)PolyLog( 2,1+ — | + = PolyLog( 3,1 + —
bz bx 2 bx

[Out] -arctanh(b*x+1)~2x1n(-2/b/x)-arctanh(b*x+1)*polylog(2,1+2/b/x)+1/2*polylog(
3,1+2/b/x%)

Rubi [A]
time = 0.09, antiderivative size = 56, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.417,

steps used = 4, number of rules used = 5, integrand size = 12,
Rules used = {6246, 6055, 6095, 6205, 6745}

1_. 2 ) 2 -1 2 -1 2
2L13 (1 + bz) Lis (1 + bx) tanh™" (bzx + 1) — log ( bx) tanh™ (bz + 1)

Antiderivative was successfully verified.
[In] Int[ArcTanh[1 + b*x]~2/x,x]

[Out] -(ArcTanh[1 + b*x]~2*Log[-2/(b*x)]) - ArcTanh[1 + b*x]*PolyLog[2, 1 + 2/(b*
x)] + PolyLog[3, 1 + 2/(b*x)]/2

Rule 6055

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
1 :> Simp[(-(a + b*ArcTanh[c*x]) “p)*(Log[2/(1 + ex(x/d))]1/e), x] + Dist[b*c
*x(p/e), Int[(a + b*ArcTanh[c*x])~(p - 1)*(Log[2/(1 + ex(x/d))]/(1 - c"2xx~2
)), x1, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQlp, 0] && EqQ[c~2*d"2 - e~2,
0]

Rule 6095

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symb
0l] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(b*cxd*(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] && EqQ[c™2+d + e, 0] && NeQ[p, -1]

Rule 6205

Int[(Loglu_l*((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.))/((d_) + (e_.)*(x_)"
2), x_Symbol] :> Simp[(-(a + bxArcTanh[c*x]) “p)*(PolyLogl[2, 1 - ul/(2xc*d))
, x] + Dist[b*(p/2), Int[(a + b*ArcTanh[c*x])~(p - 1)*(PolyLogl[2, 1 - ul/(d
+ exx~2)), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQlp, 0] && EqQ[c~2*d
+ e, 0] && EqQ[(1 - w~2 - (1 - 2/(1 - c*x))"2, 0]
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Rule 6246

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)I*(b_.))"(p_.)*((e_.) + (f_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[((d*e - cxf)/d + f*(x/d)) " m*x(a + bxA
rcTanh[x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGt

Qlp, 0]
Rule 6745
Int[(u_)*PolyLog[n_, v_], x_Symbol] :> With[{w = DerivativeDivides[v, u*v,

x]}, Simp[w*PolyLog[n + 1, vl, x] /; !FalseQ[wl]l /; FreeQ[n, x]

Rubi steps

tanh~!(z)?2
/ tanh™'(1 + bz)? i Subst <f Tiz dz,z,1+ bx)
x b

tanh ™ (z) log (£
= —tanh (1 + bz)*log (—%) + 2Subst (/ anh™ (@) log (=) dx,z,1+ bx)

2 2 Lis (1 -
— _ -1 2 I -1 . &
= —tanh™ " (1 + bx)“ log ( bx) tanh™ (1 + bz)Liy <1 + b:v) + Subst (/ .
2
bx

= —tanh™'(1 4 bz)%log <—£> — tanh ™ (1 4 bz)Li, <1 +

Mathematica [A]
time = 0.07, size = 75, normalized size = 1.34

—% tanh™*(1 4 bz)® — tanh™ (1 + bz)? log (1 + e’zmnhilu”z)) + tanh™*(1 4 bz)PolyLog (2, —e’zta“h71(1+b’”)) + %PolyLog (37 —e’zta"h71(1+b’”))

Antiderivative was successfully verified.

[In] Integrate[ArcTanh[1l + b*x]~2/x,x]

[Out] (-2*ArcTanh[1 + b*x]~3)/3 - ArcTanh[1 + b*x]~2*Log[1 + E~(-2%ArcTanh[1 + bx
x])] + ArcTanh[1 + b*x]*PolyLog[2, -E~(-2*%ArcTanh[1 + b*x])] + PolyLogl[3, -
E~(-2*ArcTanh[1 + b*x])]/2

Maple [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 10.56, size = 160, normalized size = 2.86

’ method ‘ result
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(bz+

. . .. 2 (b13+2)2 polylog (3:— “ (bt
derivativedivides | In (bz) arctanh (bz + 1)° — arctanh (bz + 1) polylog (2, —— (bw+1)2+1> 5
(bz+4
2 (bz+2)2 polylog (3’_ (bt
default In (bx) arctanh (bx + 1) — arctanh (bx + 1) polylog (2, et 1) + 5
risch Expression too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arctanh(b*x+1)~2/x,x,method=_RETURNVERBOSE)

[Out] 1n(b#*x)*arctanh(b*x+1) “2-arctanh(b*x+1)*polylog(2,-(b*x+2) "2/ (-(b*x+1)~2+1)
)+1/2*polylog(3,-(b*x+2) "2/ (- (bxx+1) "2+1) ) - (I*Pi*csgn(I/ (1+(bxx+2) 2/ (- (b*x
+1)72+1)) ) "3-I*Pi*csgn(I/(1+(b*x+2) "2/ (- (b*x+1)"2+1))) "2+I*Pi+1n(2))*arctan

h(b*x+1)~2

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+1)~2/x,x, algorithm="maxima")
[Out] 1/12%1log(-b*x)~3 + 1/4xlog(b*x + 2) 2xlog(-x) - 1/4xintegrate(2*(b*x*log(b)
+ 2x(bxx + 1)xlog(-x) + 2xlog(b))*log(b*x + 2)/(b*x"2 + 2x*x), Xx)

Fricas [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+1)~2/x,x, algorithm="fricas")

[Out] integral(arctanh(b*x + 1)72/x, x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ atanh® (bz + 1) i

T

Verification of antiderivative is not currently implemented for this CAS.



[In] integrate(atanh(b*x+1)**2/x,x)
[Out] Integral(atanh(b*x + 1)**2/x, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+1)~2/x,x, algorithm="giac")

[Out] integrate(arctanh(b*x + 1)72/x, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

T

/atanh(bx +1)° i

Verification of antiderivative is not currently implemented for this CAS.

[In] int(atanh(b*x + 1)°2/x,x)
[Out] int(atanh(b*x + 1)72/x, %)
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3.9 [(ce + dex)® (a + btanh™'(c + dz)) dz

Optimal. Leaf size=72

lbe% N be*(c +dx)®  be® tanh™!(c + dx) N e3(c+ dz)* (a + btanh™'(c + dz))

4 12d 4d 4d

[Out] 1/4xb*xe~3%xx+1/12%b*e”~3*(d*x+c) ~3/d-1/4xb*e~3*arctanh(d*x+c)/d+1/4*e 3% (d*x+
c) ~4x (a+b*arctanh (d*x+c))/d

Rubi [A]
time = 0.05, antiderivative size = 72, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.238,

steps used = 6, number of rules used = 5, integrand size = 21,
Rules used = {6242, 12, 6037, 308, 212}
e3(c+ dz)* (a + btanh ™" (c + dz)) N be’(c+dx)®  be’tanh™'(c+dz) 1

- 3
4d 12d 4d +aber

Antiderivative was successfully verified.
[In] Int[(c*e + d*e*x) 3%(a + bxArcTanh[c + d*x]),x]

[Out] (b*e~3*x)/4 + (b*e”3*(c + d*x)~3)/(12xd) - (b*e~3*ArcTanh[c + d*x])/(4*xd) +
(e73*(c + d#*x)"4x(a + bxArcTanh[c + d*x]))/(4%d)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !Match
QLu, (b_)*(v_) /; FreeQ[b, x]]

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))=*
ArcTanh([Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rule 308

Int[(x_ )" (m_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Int[PolynomialDivide[x
“m, a + b*x"n, x], x] /; FreeQ[{a, b}, x] && IGtQ[m, 0] && IGtQ[n, 0] && Gt
Q[m, 2*xn - 1]

Rule 6037

Int[((a_.) + ArcTanh[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + bxArcTanh[c*x"n])"p/(m + 1)), x] - Dist[b*c*n*(p/(m
+ 1)), Int[x"(m + n)*((a + bxArcTanh[c*x"n])~(p - 1)/(1 - c™2*x~(2*n))), x]
, x] /; FreeQ[{a, b, c, m, n}, x] & IGtQ[p, 0] && (EqQlp, 1] || (EqQ[n, 1]
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&& IntegerQ[m])) && NeQ[m, -1]

Rule 6242

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[(f*(x/d)) m*(a + b*ArcTanh[x]) p, x]
, X, ¢ + dxx], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && EqQ[d*e - c*f, 0] &
& 1GtQlp, 0]

Rubi steps

bst 3.3 bt h—l d d
/(ce+dew)3 (a+btanh™'(c + dz)) dz = Subst([ e°2®(a + btanh™ (z)) dz, 2, c + dz)

d
_ €’Subst([ 2 (a+ btanh™'(z)) dz,z,c+ dz)
B d

x4

_ €(c+dz)* (a+ btanh ™' (c+ dz)) (be) Subst (f Tz dz, 7, C
B 4d B 4d
_ é¥c+dz)* (a+btanh ' (c+dz))  (be®)Subst([ (-1 -2+
a 4d B 4d
1,5 beé¥c+dr)®  €(c+dr)* (a+btanh T (c+dz)) (t
B T 4d T
1, 5 be*(c+dz)® betanh'(c+dz) | €(c+dz) (a+b
ST B 4d * 4

Mathematica [A]
time = 0.04, size = 78, normalized size = 1.08

€3 (6b(c + dz) + 2b(c + dz)® + 6a(c + dx)* + 6b(c + dz)* tanh ™" (c + dz) + 3blog(1 — ¢ — dz) — 3blog(1 + ¢ + dx))
24d

Antiderivative was successfully verified.

[In] Integrate[(c*e + d*exx) 3%(a + b*ArcTanh[c + d*x]),x]

[Out] (e~3*%(6%bx(c + d*xx) + 2xb*(c + d*x)~3 + 6*xax(c + d*x)~4 + 6*xbx(c + d*xx) "4x*xA
rcTanh[c + d*x] + 3*bxLogl[l - c - d*x] - 3*b*Logl[l + c + d*x]))/(24xd)

Maple [A]

time = 1.54, size = 88, normalized size = 1.22

’ method ‘ result
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eS(dw+c)4a + b 63(dw+c)4 arctanh(dz+c) + es(dz+c)3b+ b eS(dw+c) + bed In(dz+c—1) b e3 In(dz+c+1)
4 4 12 4 8 8

derivativedivides <
3 4 3 4 3 3 3 3 3
e?(dz+c)*a | be®(dz+c)® arctanh(dz+c) | e (dz+c)®b | be®(dz+c) , be® In(dz+c—1) be® In(dz+c+1)
default 4 + 4 + 12 + 4 + 8 — 8
d
risch 3 (dz+c)*bIn(dz+c+1) _ e3d3bx* In(—dx—c+1) _ e3d?bcx® In(—dz—c+1) + e3dazt 3e3dbc?z? In(—dz—
8d 8 2 4 4

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*exx+c*e) 3*(at+b*arctanh(d*x+c)),x,method=_RETURNVERBOSE)
[Out] 1/d*(1/4*e”~3*(d*x+c) “4*xa+1/4xbxe”3%(d*x+c) “4*arctanh(d*xx+c)+1/12%e” 3% (d*x+c
) "3%b+1/4%b*xe” 3% (d*x+c)+1/8*b*xe”~3*1n(d*x+c-1)-1/8*b*e~3%1n (d*x+c+1))

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 349 vs.
2(60) = 120.
time = 0.26, size = 349, normalized size = 4.85

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*exx+c*e) 3*(at+tb*arctanh(d*x+c)),x, algorithm="maxima")

[Out] 1/4*a*xd~3*x"4*e”3 + akckd™2*%x"3%e”3 + 3/2%a*c”2*d*x"2%e”3 + 3/4*(2*x"2*arct
anh(d*x + c) + d*(2*x/d"2 - (c72 + 2%c + 1)*log(d*x + ¢ + 1)/d"3 + (c™2 - 2

xc + 1)*log(d*x + ¢ - 1)/d"3))*b*c"2xd*e”~3 + 1/2x(2xx”"3*arctanh(d*x + c) +
d*x((d*x"2 - 4xc*x)/d"3 + (c”™3 + 3*c”2 + 3*%c + 1)*log(d*x + c + 1)/d"4 - (c~

3 - 3xc”2 + 3xc - 1)xlog(d*x + c — 1)/d"4))*bxcxd"2*e”3 + 1/24x(6*x"4*arcta
nh(d*x + c) + d*(2%(d"2*x"3 - 3*cxd*x™2 + 3*%(3%c™2 + 1)*x)/d"4 - 3x(c™4 + 4

*C"3 + 6%c”2 + 4*c + 1)*log(d*x + ¢ + 1)/d”5 + 3%(c™4 - 4*c™3 + 6%c”2 - 4xc

+ 1)*log(d*x + ¢ - 1)/d”5))*b*d"3*e~3 + a*c™3*x*xe”3 + 1/2x(2x(d*x + c)*arc
tanh(d*x + c) + log(-(d*x + c)~2 + 1))*bxc~3*e~3/d

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 500 vs.
2(60) = 120.
time = 0.38, size = 500, normalized size = 6.94

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*e*x+c*e) ~3*(atb*arctanh(d*x+c)),x, algorithm="fricas")

[Out] 1/24%(2*x(3*a*xd”~4*x"4 + (12%a*c + b)*d~3*x"3 + 3*(6*a*xc”™2 + b*c)*d"2*x"2 + 3
*(4*a*c”3 + b*c"2 + b)*d*x)*cosh(1)~3 + 6*%(3*kaxd~4*xx~4 + (12*a*c + b)*d"3*x

3 + 3*%(6*a*xc”2 + b*c)*d"2*xx"2 + 3*(4*xaxc”3 + b*c~2 + b)*d*x)*cosh(1) "2*sin

h(1) + 6x(3*axd”4*x~4 + (12%a*c + b)*d"3*x"3 + 3*(6*a*xc™2 + b*c)*d " 2*xx"2 +
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3*(4xaxc™3 + b*c”2 + b)*d*x)*cosh(1)*sinh(1)72 + 2x(3*a*d”4*x~4 + (12*a*c +
b) *d"3*x"3 + 3*(6*a*xc”2 + b*c)*d"2*xx"2 + 3*x(4*xaxc”3 + b*xc~2 + b)*d*x)*sinh
(1)73 + 3*x((b*d"4*x"4 + 4xbkc*d~3*x"3 + 6*b*c™2*xd"2*x"2 + 4xbkc~3*d*x + b*c
~4 - b)*cosh(1)~3 + 3*(b*d~4*x"4 + 4*b*c*d"3*x"3 + 6xb*xc”2xd"2*%x"2 + 4*b*c”
3*%d*x + b*c”™4 - b)*cosh(1) 2*xsinh(1) + 3*(b*d"4*x"4 + 4*b*c*d~3*x"3 + 6%*b*c
“2xd"2*%x"2 + 4xbxc”3*d*x + b*c"4 - b)*cosh(1)*sinh(1)72 + (b*d~4*x"4 + 4xbx*
c*d"3*x"3 + 6*%bxcT2%d"2*%x"2 + 4*b*c~3*d*x + b*c"4 - b)*sinh(1)~3)*log(-(d*x
+c+ 1)/(d*x + c - 1)))/4d

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 231 vs.

2(61) = 122.
time = 1.42, size = 231, normalized size = 3.21

2deia? Be3gh Iy 3bcdeia? 243 de?s? Bedzt 2e3gh 3 3 ata
{ac3531+ 3ac 'f 2 4 ged?edz® + o < +"”“ﬁw + bcSeSz atanh (c + dz) + MJF be e + bed®e3a® atanh (c + dz) + bxd:r *M + bd{:}z + MT, _ b amr;l;(c+dx) ford #0

c*e*z(a + batanh (c)) otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*exx+c*e)**3x(atb*atanh(d*x+c)),x)

[Out] Piecewise((a*xcx*3*e**3*x + Jkakck*2xdxex*k3*x**2/2 + akckd**x2xex*k3*x**3 + ax
d**3*xexx3xx*k*4/4 + bxckkd*xexx3xatanh(c + d*xx)/(4*d) + bxck*k3*e*x*3xx*atanh(c

+ d*xx) + 3xbkckkx2kdke**x3kx*kx2katanh(c + d*x)/2 + bkc**2ke*x*3*x/4 + bkckd**
2%e*x*3kxkk3katanh(c + d*x) + bkckd*e**3*kx*k*2/4 + bxd*x*3xex*3*x**4*atanh(c +

d*x) /4 + b¥d*x2%e*x3*x*x3/12 + bke**3%x/4 - bxex*3xatanh(c + d*x)/(4*xd), N

e(d, 0)), (c**3xexx3*xx*x(a + bxatanh(c)), True))

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 363 vs. 2(64) =

128.
time = 0.45, size = 363, normalized size = 5.04

1 (dztc—1)° dote—1 (dzte—1) date—1 (dz+c—1) (dz+c—1) date—1
6 ((c+1)d—(c—1)d) ((dz+c+1)4d2 _ 4(datet @ | G(datetld _ A(datetD)d | + (@otetl)'d _ (doter)’d | 6(dotet)’d _ d(dntetd | p
(dz+c—1)% (dz+c—1) (dz+c—1) dzt+c—1 (dz+c—1)* (dz+c—1) (dz+c—1) dz+c—1

3 ((dz+c+1)3be3 + (d?i:iplbe&) log (7 detetl) G(datet)’ac’ | 6(drtetlac’ | 3(dotet1)’be’ _ G(detet)’be? | 5(dztetlbe’ o be3>

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*e*x+cxe) " 3x(atbxarctanh(d*x+c)),x, algorithm="giac")

[Out] 1/6%((c + 1)*d - (c - 1)*d)*(3*((d*x + c + 1) 3*bxe"3/(d*x + ¢ - 1)73 + (dx*
x + ¢ + 1)*bxe”3/(d*x + ¢ - 1))*log(-(d*x + c + 1)/(d*x + ¢ - 1))/((d*x + ¢
+ 1)74xd"2/(d*x + ¢ - 1)74 - 4%(d*x + ¢ + 1)73%*d"2/(d*x + ¢ - 1)73 + 6x(dx*
X+ c+ 1)72%¥d72/(d*x + ¢ - 1)72 - 4%(d*x + ¢ + 1)*d"2/(d*x + ¢ - 1) + 4d72)
+ (6x(d*x + ¢ + 1)"3*xa*e”3/(d*x + ¢ - 1)73 + 6%(d*x + c + 1)*a*e”3/(d*x +
c - 1) + 3%(d*x + ¢ + 1)"3*xb*e”3/(d*x + ¢ - 1)73 - 6x(d*x + ¢ + 1) 2%b*xe~3/
(d*x + ¢ - 1)72 + 5x(d*x + c + 1)*b*xe”3/(d*x + ¢ - 1) - 2*xb*xe”3)/((d*x + c
+ 1)74xd"2/(d*x + ¢ - 1)74 - 4x(d*x + ¢ + 1)73%d"2/(d*x + ¢ - 1)73 + 6x(d*x
+ ¢+ 1)"2%xd"2/(d*x + ¢ - 1)72 - 4x(d*x + ¢ + 1)*d"2/(d*x + ¢ - 1) + d72))

Mupad [B]
time = 1.42, size = 414, normalized size = 5.75
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((c*e + d*e*x) 3*(a + b*atanh(c + d*x)),x)

[Out] x73*((d"2%e"3*(b + 20%a*c))/12 - (2xaxcxd~2*e~3)/3) + log(c + d*x + 1)*((bx
d"3*e"3*x74) /8 + (b*c"3*%e"3*x)/2 + (3*b*xc"2*xd*e"3*x72)/4 + (b*ckd"2*xe~3*x"3

)/2) - log(l - d*x - c)*((b*d"3*xe~3%x74)/8 + (b*c™3*e"3%x)/2 + (3*b*c~2*d*e
~3%x"2) /4 + (b*cxd"2%e”~3%x73)/2) - x"2%x((cx((d~2*e~3*(b + 20%axc))/4 - 2xax
cxd"2*e”3))/d - (d*e”3*(bxc - a + 10*axc”2))/2 + (axd*e 3*(4xc”2 - 4))/8) +

x* ((cxe”3*%(3*b*c - 6*%a + 20%axc”2))/2 - ((4*c™2 - 4)*x((d"2*e"3*(b + 20*a*c

))/4 - 2xaxcxd"2%e”3))/(4xd"2) + (2xcx((2*c*x((d"2*e"3*(b + 20%a*xc))/4 - 2*a
xcxd~2*%e"3))/d - d*e”3*x(bxc - a + 10*xaxc”2) + (axdxe~3*(4*xc~2 - 4))/4))/d)

+ (log(c + d*x - 1)*(bxe”3 - b*c™4*e~3))/(8%d) + (a*d"3*e"3*x74)/4 + (b*e”3
*log(c + d*x + 1)*(c”2 + 1)x(c - 1)x(c + 1))/(8%d)
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3.10 [(ce + dex)? (a + btanh™'(c + dz)) dz

Optimal. Leaf size=69

be?(c + dx)? N e*(c+dz)® (a + btanh™'(c + dz)) N be?log (1 — (¢ + dx)?)
6d 3d 6d

[Out] 1/6%*b*xe~2x(d*x+c) ~2/d+1/3*%e~ 2% (d*x+c) ~3* (at+b*arctanh(d*x+c))/d+1/6*%b*xe~2%1n
(1-(d*x+c)~2)/d

Rubi [A]
time = 0.04, antiderivative size = 69, normalized size of antiderivative = 1.00, number of

number of rules _
> integrand size 0.238,

steps used = 6, number of rules used = 5, integrand size = 21
Rules used = {6242, 12, 6037, 272, 45}

e?(c+ dz)® (a + btanh™'(c + dz)) N be?(c + dz)? N be?log (1 — (c+ dx)?)
3d 6d 6d

Antiderivative was successfully verified.
[In] Int[(c*e + d*e*x) 2*%(a + bxArcTanh[c + d*x]),x]

[Out] (bxe~2x(c + d*x)~2)/(6%d) + (e"2*%(c + d*x)~3*(a + b*ArcTanh[c + d*x]))/(3*d
) + (bxe~2*xLog[1 - (c + d*x)~2])/(6%d)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !Match
QLu, (b_)*(v_) /; FreeQ[b, x]]

Rule 45

Int[((a_.) + (b_.)*(x))"(m_.)*((c_.) + (d_)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)°n, x], x] /; FreeQ[{a, b, ¢, d, n},
x] &% NeQ[bxc - a*d, 0] && IGtQ[m, O] && ( !'IntegerQ[n] || (EqQ[c, 0] && Le
Q[7*m + 4*n + 4, 0]) || LtQ[9*m + 5%¥(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 272

Int[(x_)"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQ[{a, b
, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 6037

Int[((a_.) + ArcTanh[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + b*ArcTanh[c*x"n])"p/(m + 1)), x] - Dist[b*c*n*(p/(m
+ 1)), Int[x~(m + n)*((a + b*ArcTanh[c*x™n])~(p - 1)/(1 - c~2*x~(2*n))), x]
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, x] /; FreeQ[{a, b, ¢, m, n}, x] & IGtQ[p, 0] && (EqQlp, 1] || (EqQ[n, 1]
&& IntegerQ[m])) && NeQ[m, -1]

Rule 6242

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)]1*x(b_.))"(p_.)*x((e_.) + (£f_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[(f*(x/d)) m*(a + b*ArcTanh[x]) p, x]
, X, ¢ +dxx], x] /; FreeQ[{a, b, ¢, d, e, f, m}, x] && EqQld*e - cxf, 0] &
& 1GtQlp, O]

Rubi steps
Subst( [ €?z*(a + btanh™ (z)) d d
/(ce+dex)2 (a+btanh_1(c+dz)) de = ubs (fe T (a+ az (Z')) .'E,Z',C-i- Z')
_ €*Subst([ 2?(a+ btanh™'(z)) dz,z,c+ dz)
N d
_ €*(c+dz)® (a+ btanh ™' (c+ dz)) (be?) Subst <f o7 47, 7,
B 3d 3d
_ €*(c+dx)® (a+btanh '(c+dz))  (be?)Subst([ 12 dz, z, (
B 3d 6d
_ €*(c+dz)’ (a+btanh ™ (c+dx))  (be®)Subst (f(-1+ %
B 3d 6d
be?(c+dz)?  e*(c+dz)® (a+btanh ' (c+dz))  be?log (1
= 6 3d -

Mathematica [A]
time = 0.03, size = 59, normalized size = 0.86

e?((c+ dz)*(b+ 2a(c + dz)) + 2b(c + dz)® tanh ™" (c + dz) + blog (1 — (c + dz)?))
6d

Antiderivative was successfully verified.

[In] Integrate[(c*e + dxe*x)~2x(a + b*ArcTanh[c + d*x]),x]
[Out] (e”2*%((c + d*x)~2x(b + 2*xax(c + d*x)) + 2*%bx(c + d*x) "3xArcTanh[c + d*xx] +
bxLog[1l - (c + d*x)~2]))/(6%d)

Maple [A]
time = 0.56, size = 77, normalized size = 1.12

’ method ‘ result
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62(dw+c)3a + b 62(dw+c)3 arctanh(dz+c) + 62(dz+c)2b+ be? In(dz+c—1) + be? In(dz+c+1)
3 3 6 6 6

derivativedivides 5
2 3 2 3 2 2 2 2
e“(dz+c)®a |, be“(dz+c)® arctanh(dz+c) |, e“(dz+c)“b | be” In(dz+c—1) |, be In(dz+c+1)
+ + + +
default 3 3 T ¢ 6
. e2(dz+c)®bIn(dz+c+1) e2d?bx® In(—dz—c+1) e2dbc z? In(—dx—c+1) e2aqd?z3 e2bc?zIn(—dz—c+1)
risch 6d - 6 - 2 + 75 - 2 ’

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*exx+cxe) 2x(a+b*arctanh(d*x+c)),x,method=_RETURNVERBOSE)
[Out] 1/d*(1/3*%e~2%(d*x+c) ~3*a+1/3xbxe” 2% (d*x+c) ~3*arctanh (d*xx+c)+1/6%e”2x (d*x+c)
~2%b+1/6%b*e”2x1n(d*x+c-1)+1/6*b*xe”2*1n (d*x+c+1))

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 219 vs.
2(60) = 120.
time = 0.26, size = 219, normalized size = 3.17

(@204 ) (@-2e4 _13 (4s? —des 2 43e e 2 _ -
Ladarer + .1;2»171(ummmmzw)w(%f(””‘ ‘)i;g(“”‘ 1, (@-2c+Dlog(dre l)))b(dr2+%(Qz‘ummh[d.rf(]+ri(<7lz der | (@43 +3, *dl‘)b“d' +1)_(@-3d+3c dll)l"“d“‘ 1))>lnfr2+4u,’n2+

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*e*x+cxe) 2x(atbxarctanh(d*x+c)),x, algorithm="maxima")

[Out] 1/3*%a*d~2*x"3*%e”2 + a*xcxd*x~2*e”2 + 1/2*%(2*x”2*arctanh(d*x + c) + d*(2*x/d~
2 - (c72 + 2%c + 1)*log(d*x + ¢ + 1)/d"3 + (c”2 - 2%c + 1)*log(d*x + ¢ - 1)
/d"3)) *bkcxd*xe~2 + 1/6%(2*x"3*arctanh(d*x + c) + d*x((d*x"2 - 4*c*x)/d"3 + (

c™3 + 3xc”2 + 3*c + 1)xlog(d*x + c + 1)/d"4 - (c”3 - 3*c™2 + 3*c - 1)*log(d

*X + ¢ - 1)/d74))*b*d"2*%e"2 + a*c 2xx*e”2 + 1/2x(2x(d*x + c)*arctanh(d*x +

c) + log(-(d*x + c)~2 + 1))*bxc"2*e”2/d

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 348 vs.
2(60) = 120.
time = 0.39, size = 348, normalized size = 5.04

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*e*x+cxe) 2x(atb*arctanh(d*x+c)),x, algorithm="fricas")

[Out] 1/6*%((2*a*d~3*x"3 + (6*a*xc + b)*d"2*xx"2 + 2% (3*a*xc”™2 + b*c)*d*x)*cosh(1)~2
+ 2% (2*xaxd"3*x"3 + (6*a*xc + b)*d"2*x"2 + 2x(3*a*c”2 + b*c)*d*x)*cosh(1)*sin
h(1) + (2*a*d"3*x"3 + (6*a*xc + b)*d"2*x"2 + 2*(3*a*c™2 + b*c)*d*x)*sinh(1)~
2 + ((b*c”™3 + b)*cosh(1)"2 + 2%(b*c”3 + b)*cosh(1)*sinh(1) + (b*c™3 + b)x*si
nh(1)~2)*log(d*x + ¢ + 1) - ((b*xc™3 - b)*cosh(1)~2 + 2*(b*c™3 - b)*cosh(1)*
sinh(1) + (bxc™3 - b)*sinh(1)~2)*log(d*x + c - 1) + ((b*d~3*x~3 + 3%b*cxd~2
*x72 + 3*b*c 2xd*x)*cosh(1) "2 + 2% (b*d~3*x"3 + 3*bxcxd"2*x"2 + 3*xbkc 2*d*x)
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xcosh(1)*sinh(1) + (b*d~3*x"3 + 3%b*c*d~2%x"2 + 3*bxc~2*d*x)*sinh(1)~2)*log
(-(d*x + ¢ + 1)/(d*x + c - 1)))/d

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 180 vs.
2(56) = 112.
time = 1.07, size = 180, normalized size = 2.61

2 <. 1
{aczezz + acde®a? + 2L 'Mmsw + beez atanh (c + dz) + bede*z? atanh (c + dz) + 222 + biea? stonh(etdr) | bdee? | be Lo (3‘;“") e atanb () for d # 0

c*e*z(a + batanh (c)) otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*e*x+cxe)**2*(a+b*atanh(d*x+c)),x)

[Out] Piecewise((axcx*2ke**2xx + akckdkex*x2xx*k*2 + axdxx2ke*x*2*x**x3/3 + bkck*3xex*
*2xatanh(c + d*x)/(3*d) + bxck*2*exx2xx*atanh(c + d*x) + b¥xckxdxe*x*2*x**x2xat

anh(c + d*x) + bxckxe*x*2*x/3 + bkd**2*exx2xx**3*atanh(c + d*x)/3 + bkd*e*x*2x
x**2/6 + bxex*2xlog(c/d + x + 1/d)/(3*d) - bxex*2*atanh(c + d*x)/(3*d), Ne(

d, 0)), (c**2xe*x*2xx*(a + b*atanh(c)), True))

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 322 vs. 2(63) =
126.
time = 0.44, size = 322, normalized size = 4.67

3 (dz+ct1)?be? c 3 (dz+ct1)?ae? dz+c+1)%be? dz-+c+1)be?
1 g [P loE (CEE +1)  bellog (—iet) (et 4 per)log (—deietl) o (Mtetad g oty et i)
6 ((c+1)d=(c=1)d) a2 - a2 T (dotet )’ _ 3(dater)’d? 4 BldztetDd T ([detet )’ 3(dater 1)’ 4 BldztetDd g
(dz+e—1)* (dzt+c—1)% dztc—1 (dz+e—1)% (dz+c—1)? dztc—1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*e*x+cxe) 2x(atb*arctanh(d*x+c)),x, algorithm="giac")

[Out] -1/6%((c + 1)*d - (c - 1)*d)*(b*e"2*xlog(-(d*x + ¢ + 1)/(d*x + ¢ - 1) + 1)/d
~2 - b*e"2xlog(-(d*x + c + 1)/(d*x + ¢ - 1))/d"2 - (3*%(d*x + c + 1) 2%bxe~2

/(d*x + ¢ - 1)72 + bxe"2)*xlog(-(d*x + ¢ + 1)/(d*x + ¢ - 1))/((d*x + c + 1)~
3%¥d"2/(d*x + ¢ - 1)73 - 3*%(d*x + ¢ + 1)72%d"2/(d*x + ¢ - 1)72 + 3*%(d*x + ¢

+ 1)*%d"2/(d*x + ¢ - 1) - d72) - 2x(3*(d*x + ¢ + 1)"2%axe”2/(d*x + ¢ - 1)72

+ axe™2 + (d*x + ¢ + 1)"2%b*e”2/(d*x + ¢ - 1)72 - (d*x + c + 1)*b*e”~2/(d*x
+c¢c-1))/((@*x + ¢ + 1)73%d"2/(d*x + ¢ - 1)73 - 3*%(d*x + c + 1)72xd"2/(d*x
+¢c-1)"2 + 3*%(d*x + ¢ + 1)*d"2/(d*x + ¢ - 1) - d72))

Mupad [B]
time = 0.62, size = 237, normalized size = 3.43

adés®  bees b In(c+dr—1) beln(ct+dz+1)
te et

bde?s? béezhn(ct+dr+1) bl n(c+ds—1) béeln(c+dr+1) blePzl(l—ds—c) bde*s’ln(c+dr+1) bdler’ln(l—dz—c) bedefz’ln(c+dz+1) bedez? In(l—dz—¢
2,2
3 3 d G tecdest+ 3 - + - + 5 - + 3 - 3

6d 6d 2

+actelz+

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c*e + d*e*x) 2*(a + b*atanh(c + d*x)),x)

[Out] (axd~2*e”~2*xx~3)/3 + (bxcxe~2*x)/3 + (b*e"2xlog(c + d*x - 1))/(6%d) + (bxe~2
xlog(c + dxx + 1))/(6%d) + a*c™2xe”2+x + (b*d*e"2xx"2)/6 + akxckxdxe™2*x"2 +



92

(bxc~2%e~2xx*log(c + d*x + 1))/2 - (b*c™3xe~2xlog(c + d*x - 1))/(6xd) + (bx
c~3*e"2xlog(c + d*x + 1))/(6%d) - (bkc™2xe 2*x*log(l - d*x - ¢))/2 + (b*d~2
*xe"2+x"3xlog(c + d*x + 1))/6 - (bxd"2*e"2xx"3*log(l - d*x - c))/6 + (b*c*dx
e"2xx"2xlog(c + d*x + 1))/2 - (bxc*d*e™2*x"2xlog(l - d*x - c))/2
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3.11 [(ce + dex) (a + btanh™'(c + dz)) dz

Optimal. Leaf size=48

bex betanh™'(c+ dx) N e(c+dz)? (a + btanh ™' (c + dz))

2 2d 2d

[Out] 1/2*b*x*e-1/2*%b*exarctanh(d*x+c)/d+1/2*xe*(d*x+c) 2% (a+b*arctanh(d*x+c))/d

Rubi [A]
time = 0.02, antiderivative size = 48, normalized size of antiderivative = 1.00, number of

number of rules __
' integrand size 0.263,

steps used = 5, number of rules used = 5, integrand size = 19
Rules used = {6242, 12, 6037, 327, 212}

e(c+dz)* (a+btanh " (c+dw)) betanh'(c+dx)  bex

2d 2d 2

Antiderivative was successfully verified.
[In] Int[(c*e + d*e*xx)*(a + bxArcTanh[c + d*x]),x]

[Out] (b*exx)/2 - (b*exArcTanh[c + d*x])/(2xd) + (ex(c + d*x) 2*(a + b*ArcTanhl[c
+ dx*x]))/(2xd)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist([a, Int[u, x], x] /; FreeQl[a, x] && !Match
QLu, (b )*(v_ ) /; FreeQ[b, x]]

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh [Rt[-b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qfa, 0] Il LtQ[b, 01)

Rule 327

Int[((c_.)*(x_)) " (m_)*((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> Simp[c~(n
- D*(c*xx)"(m - n + 1)*((a + bxx™n)"(p + 1)/(bx(m + nxp + 1))), x] - Distl[
axc’n*x((m - n + 1)/(bx(m + nxp + 1))), Int[(c*x)"(m - n)*(a + b*x"n)"p, x],
x] /; FreeQl[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] & IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 6037

Int[((a_.) + ArcTanh[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + b*ArcTanh[c*x"n])"p/(m + 1)), x] - Dist[b*c*n*(p/(m
+ 1)), Int[x~(m + n)*((a + b*ArcTanh[c*x™n])~(p - 1)/(1 - c~2*x~(2*n))), x]
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, x] /; FreeQ[{a, b, ¢, m, n}, x] & IGtQ[p, 0] && (EqQlp, 1] || (EqQ[n, 1]
&& IntegerQ[m])) && NeQ[m, -1]

Rule 6242

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)]*x(b_.))"(p_.)*x((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[(f*(x/d)) m*(a + b*ArcTanh[x]) p, x]
, X, ¢ +dxx], x] /; FreeQ[{a, b, ¢, d, e, f, m}, x] && EqQld*e - cxf, 0] &

& IGtQ[p, 0]

Rubi steps
Subst btanh™! de,z,c+d
/(ce+dem) (a +btanh™ (c + dz)) da = ubst(/ ex(a+ and (z)) do,z,c + dr)
_ eSubst( [ z(a+ btanh™'(z)) dz, z,c+ dz)
B d
_e(c+dz)? (a+btanh ™' (c + dz)) (be)Subst (f 1og7 42,7, ¢+
B 2d 2d
_ bex N e(c+dz)? (a + btanh ' (c + dz)) B (be)Subst ( [ - dz,
2 2d 2d
_bez  betanh™'(c + dx) N e(c+ dz)? (a + btanh ™' (c + dz))
2 2d 2d

Mathematica [A]

time = 0.02, size = 77, normalized size = 1.60

e(2bc + 2ac? + 2bdz + 4acdz + 2ad?z® 4 2b(c + dz)? tanh ™" (c + dz) + blog(1l — ¢ — dz) — blog(1 + ¢ + dz))

4d

Antiderivative was successfully verified.

[In] Integrate[(c*e + d*exx)*(a + bxArcTanh[c + d*x]),x]

[Out] (ex(2%b*c + 2xaxc™2 + 2xbxd*xx + 4*axckxd*xx + 2%axd~2*%x~2 + 2xbx(c + d*x) ~2%A
rcTanh[c + d*x] + b*Log[l - ¢ - d*x] - bxLogl[l + c + d*x]))/(4xd)

Maple [A]

time = 0.04, size = 65, normalized size = 1.35

method

result

derivativedivides

e(dz+c)2a + be(dz+c)2 arctanh(dz+c) + e(dz+c)b + beln(dz+c—1) beln(dz+c+1)
2 2 2 4 4
d
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e(dw+c)2a + be(dx+c)2 arctanh(dz+c) + e(dz+c)b + beln(dz+c—1) beln(dztc+1)
2 2 2 4 4

default <
risch ebx(dw+2c)41n(dx+c+1) __ edba? ln(;dm—c—}-l) _ ebx ln(—téz—c+1)c + ad;mz + t—zln(—dav:4—dc—1)bc2 __ eln(d:

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*exx+cxe)* (at+b*arctanh(d*x+c)),x,method=_RETURNVERBOSE)

[Out] 1/d*(1/2%ex(d*x+c) "2*a+1/2*xb*xe* (d*x+c) “2*arctanh (d*x+c)+1/2xe*x (d*x+c)*b+1/4
*b*xe*x1n(d*x+c-1)-1/4xbxex1n (d*x+c+1))

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 117 vs.

2(45) = 90.
time = 0.27, size = 117, normalized size = 2.44
(2 (dz + c) artanh (dz + c) + log (—(dz +¢)* + 1) ) bee

1 0, 1 N 2z (P+2c+1)log(dz+c+1)  (2—2c+1)log(dz+c—1)
5adz e+1 (2z artanh(dz-%—c)-%—d(? B + B bde + acwe + 2d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*e*x+c*e)*(at+b*arctanh(d*x+c)),x, algorithm="maxima")
g g

[Out] 1/2*axd*x"2%e + 1/4%(2%x"2%arctanh(d*x + c) + d*(2*x/d"2 - (c”2 + 2%c + 1)x*

log(d*x + ¢ + 1)/d"3 + (c72 - 2%c + 1)*log(d*x + ¢ - 1)/d”3))*b*d*e + axc*x
xe + 1/2%(2*%(d*x + c)*arctanh(d*x + c) + log(-(d*x + c)~2 + 1))*Db*c*xe/d
Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 121 vs.
2(45) = 90.
time = 0.34, size = 121, normalized size = 2.52

dotetl) 4 2 (ad’z? + (2ac + b)dz) sinh (1)

2 (ad?z + (2ac + b)dz) cosh (1) + ((bd?z® + 2bedz + be? — b) cosh (1) + (bd?z? + 2 bedz + be® — b) sinh (1)) log (—42+et;
4d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*e*x+cxe)*(atb*arctanh(d*x+c)),x, algorithm="fricas")

[Out] 1/4%(2%(axd~2*x"2 + (2*%a*c + b)*d*x)*cosh(1l) + ((b*d~2*x~2 + 2%xb*ckd*x + bx*
c”2 - b)*cosh(1l) + (b*d™2*x"2 + 2%b*cxd*x + b*c™2 - b)*sinh(1))*log(-(d*x +
c+1)/(d*x + ¢ - 1)) + 2x(a*d"2*xx"2 + (2*a*xc + b)*d*x)*sinh(1))/d

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 95 vs.
2(41) = 82.
time = 0.68, size = 95, normalized size = 1.98

{acem + “dgzz + bc2eata1213 (c+d2) 4 peeg atanh (c + dz) + w + e % ford #0

cez(a + batanh (c)) otherwise

Verification of antiderivative is not currently implemented for this CAS.



96

[In] integrate((d*exx+c*e)*(at+b*atanh(d*x+c)),x)

[Out] Piecewise((a*ckexx + axd*exx*x*2/2 + bxckx*2xexatanh(c + d*x)/(2*%d) + b*ckex*x
xatanh(c + d*x) + bxdxexx**2*xatanh(c + d*x)/2 + b*xexx/2 - bxexatanh(c + d*x
)/ (2%d), Ne(d, 0)), (ckexx*(a + b*atanh(c)), True))

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 180 vs. 2(42) =

84.
time = 0.42, size = 180, normalized size = 3.75

dz4ct1 2 (dz+c+1)ae (dz+c+1)be
1 ((C + ].)d _ (C _ ].)d) ( (dm +c+ ]‘)be log (_dzictl) + dr+c—1 + dztc—1 be )
2 (dz+c+1)%2d2 2 (dztc+1)d? (dot+c+1)?d?  2(dz+et1)d?
< (dotc—1)7 ~  dote-1 + dz) (do +c—1) (da+c—1)2 dote—1 T d?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*e*xx+c*e)*(atb*arctanh(d*x+c)),x, algorithm="giac")

[Out] 1/2%((c + 1)*d - (c - 1)*d)*((d*x + c + 1)*bxexlog(-(d*x + c + 1)/(d*x + c
- 1))/(((d*x + ¢ + 1)72%d"2/(d*x + ¢ - 1)72 - 2x(d*x + ¢ + 1)*d"2/(d*x + ¢
- 1) + d”2)*%(d*x + ¢ - 1)) + (2%(d*x + ¢ + 1)*a*xe/(d*x + ¢ - 1) + (d*x + c
+ 1)*bxe/(d*x + ¢ - 1) - b*e)/((d*x + ¢ + 1)72xd"2/(d*x + ¢ - 1)72 - 2x(d*x
+ ¢+ 1)xd"2/(d*x + ¢ - 1) + 4d72))

Mupad [B]
time = 1.84, size = 73, normalized size = 1.52

bdex?atanh(c + dx)

bex _beatanh(c+dz)  adez® bc’eatanh(c+dw)
2

g tacez 2d 2 2d

+bcezatanh(c+dz) +

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c*e + d*exx)*(a + b*atanh(c + d*x)),x)

[Out] (bxexx)/2 + axckxexx - (bxexatanh(c + d*x))/(2*%d) + (axdxexx"2)/2 + (bxc " 2x*e
*atanh(c + d*x))/(2*%d) + b*ckexx*atanh(c + d*x) + (b*d*exx"2*atanh(c + d*x)

)/2
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3.12 f a+b ta:;i:lleg:c—l—dx) dx

Optimal. Leaf size=54

alog(c+dz) bPolyLog(2, —c — dx) = bPolyLog(2,c+ dzx)
- +
de 2de 2de

[Out] a*1ln(d*x+c)/d/e-1/2*b*polylog(2,-d*x-c)/d/e+1/2*bxpolylog(2,d*x+c)/d/e

Rubi [A]
time = 0.03, antiderivative size = 54, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.143,

steps used = 3, number of rules used = 3, integrand size = 21,
Rules used = {6242, 12, 6031}

alog(c+dz)  bLix(—c —dz) N bLis(c + dzx)
de 2de 2de

Antiderivative was successfully verified.
[In] Int[(a + b*ArcTanh[c + d*x])/(c*e + d*exx),x]

[Out] (axLoglc + d*x])/(d*e) - (b*PolyLogl[2, -c - d*x])/(2*d*e) + (b*PolyLog[2, c
+ d*x])/(2*d*e)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 6031

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))/(x_), x_Symbol] :> Simp[a*Log[x], x
1 + (-Simp[(b/2)*PolyLog[2, (-c)*x], x] + Simp[(b/2)*PolyLogl[2, c*x], x]) /
; FreeQ[{a, b, c}, x]

Rule 6242

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[(f*(x/d)) m*(a + b*ArcTanh[x]) p, x]
, X, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] & EqQ[d*e - cxf, 0] &
& IGtQlp, 0]

Rubi steps
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a+btanh~1(z
/ a+ btanh_l(c + dz) e Subst (f T() dr,z,c+ d:v)

ce + dex d
Subst (f ‘“tha+h_l(x) dz,z,c+ da:>
- de
_ alog(c+dz) bLiy(—c — dx) N bLis(c + dzx)
B de 2de 2de

Mathematica [C] Result contains complex when optimal does not.
time = 0.09, size = 288, normalized size = 5.33

Antiderivative was successfully verified.

[In] Integrate[(a + b*ArcTanh[c + d*x])/(c*e + d*e*x),x]

[Out] (a*Loglc + d*x])/(d*e) - (I*b*(I*ArcTanh[c + d*x]*(-Logl[1/Sqrt[1 - (c
)72]] + Log[(I*(c + d*x))/Sqrt[1l - (c + d*x)"2]]1) + ((-1/4*xI)*(Pi - (2xI)*A
rcTanh[c + d*x])~2 + IxArcTanh[c + d*x]"2 + (Pi - (2*%I)*ArcTanh[c + d*x])=*L
ogll - ET(I*(Pi - (2xI)*ArcTanh[c + d*x]))] + (2*I)*ArcTanh[c + d*x]*Logl[1
- E~(-2*ArcTanh[c + d*x])] - (2+I)*ArcTanh[c + d*x]*Log[((2*I)*(c + d*x))/S
qrt[1 - (c + d*x)~2]] - (Pi - (2*I)*ArcTanh[c + d*x])*Log[2*Sin[(Pi - (2%I)
xArcTanh[c + d*x])/2]] - I*PolyLog[2, E~(I*(Pi - (2*I)*ArcTanh[c + d*x]))]
- IxPolyLog[2, E~(-2xArcTanh[c + d*x])])/2))/(dxe)

Maple [A]
time = 0.79, size = 78, normalized size = 1.44

method result size
. bdilog(—dz—c+1) aln(—dz—c)  bdilog(dz+c+1)
risch e +— od 54
. . L. aln(dz+c) + bln(dz+c) arctanh(dz+c) _ bdilog(dz+c+1) _ bln(dz+c) In(dz+c+1)  bdilog(dz+c)
derivativedivides s s 2 2e 2e 78
aln(dz+c) + bln(dz+c) arctanh(dz+c) _ bdilog(dz+c+1) _ bln(dz+c) In(dz+c+1)  bdilog(dz+c)
default s s 2 2e 2e 78

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arctanh(d*x+c))/(d*e*xx+c*xe) ,x,method=_RETURNVERBOSE)

+ d*x

[Out] 1/d*(a/e*x1ln(d*x+c)+b/ex1n(d*x+c)*arctanh(d*x+c)-1/2*b/e*xdilog(d*x+c+1)-1/2%

b/e*1n(d*x+c)*1n(d*x+c+1)-1/2*b/e*dilog(d*x+c))
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Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctanh(d*x+c))/(d*e*x+c*e),x, algorithm="maxima")
[Out] 1/2*bxintegrate((log(d*x + c + 1) - log(-d*x - c + 1))/(d*x*e + c*e), x) +

axe” (-1)*log(d*x*e + cx*e)/d

Fricas [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c))/(d*e*x+c*e),x, algorithm="fricas")

[Out] integral((b*arctanh(d*x + c) + a)*e~(-1)/(d*x + c), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00
a batanh (c+dzx
f c+dx d.’L' + f c+¢(ia: ! d.’E
e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*atanh(d*x+c))/(d*exx+c*e),x)
[Out] (Integral(a/(c + d*x), x) + Integral(bxatanh(c + d*x)/(c + d*x), x))/e

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c))/(d*e*x+c*xe),x, algorithm="giac")
[Out] integrate((b*arctanh(d*x + c) + a)/(d*e*x + c*e), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

/a + batanh(c + d z)
dx
cet+dex

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + bxatanh(c + d*x))/(c*e + dxexx),x)

[Out] int((a + b*atanh(c + d*x))/(c*e + d*xe*xx), x)
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a anh~1(c+dx
3.13 f +b§ce-l:de:§);d )dw

Optimal. Leaf size=63

_a+ btanh™'(c +dzx) = blog(c+ dz) _blog(1—(c+ dr)?)
de?(c + dx) de? 2de?

[Out] (-a-b*arctanh(d*x+c))/d/e”2/(d*x+c)+bx1n(d*x+c)/d/e”2-1/2*%b*1n(1-(d*x+c)~2)
/d/e~2

Rubi [A]
time = 0.04, antiderivative size = 63, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.333,

steps used = 7, number of rules used = 7, integrand size = 21,
Rules used = {6242, 12, 6037, 272, 36, 31, 29}

_a+ btanh™'(c +dz) blog(c + dz) _ blog(1—(c+ dr)?)
de?(c+ dx) de? 2de?

Antiderivative was successfully verified.
[In] Int[(a + b*ArcTanh[c + d*x])/(c*e + d*xe*xx)~2,x]

[Out] -((a + b*ArcTanh[c + d*x])/(d*e”2*(c + d*x))) + (bxLoglc + d*x])/(dxe~2) -
(bxLog[1 - (c + d*x)~2])/(2*d*e"~2)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 29
Int[(x_)~(-1), x_Symbol] :> Simp[Log[x], x]

Rule 31

Int[((a_) + (b_.)*(x_))"(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, x]

Rule 36

Int[1/(((a_.) + (b_)*(x_))*((c_.) + (d_.)*(x_))), x_Symbol] :> Dist[b/(b*c
- axd), Int[1/(a + b*x), x], x] - Dist[d/(bxc - axd), Int[1/(c + d*x), x],
x] /; FreeQ[{a, b, c, d}, x] && NeQ[b*c - a*d, 0]

Rule 272
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Int[(x_)~"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQ[{a, b
, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 6037

Int[((a_.) + ArcTanh[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + b*ArcTanh[c*x"n])"p/(m + 1)), x] - Dist[b*c*n*(p/(m
+ 1)), Int[x"(m + n)*((a + bxArcTanh[c*x"n])~(p - 1)/(1 - c™2*%x"(2%n))), x]
, x] /; FreeQ[{a, b, ¢, m, n}, x] & IGtQ[p, 0] && (EqQlp, 1] || (EqQ[n, 1]
&& IntegerQ[m])) && NeQ[m, -1]

Rule 6242

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[(f*(x/d)) m*(a + b*ArcTanh[x])"p, x]
, X, ¢ + dxx], x] /; FreeQ[{a, b, c, 4, e, £, m}, x] & EqQ[d*e - cxf, 0] &
& IGtQ[p, 0]

Rubi steps

a+btanh~!(z)
/ a + btanh™'(c + dz) B Subst (f g dz,T,Cc+ dm)

(ce + dex)? o d
Subst (f “H’m;‘—w dz,z,c+ dz)

B de?

_a+ btanh ™' (c + dx) bSubst (f da: z,c+ da;)
de?(c + dx) de

_a+ btanh ™ (c + dx) bSubst (f -2z dz,z,(c+ dx) )
de?(c + dx) 2de?

_ a+btanh ' (c+ dz) N bSubst( [ 1L dz,z, (c + dz)?) N bSubst ([ 1 dz,z
de?(c + dx) 2de? 2de?

_a + btanh_l(c+ dx) blog(c—i— d:L') ~ blog (1 . (c—l— dw)2)
de?(c + dzx) de? 2de?

Mathematica [A]
time = 0.08, size = 69, normalized size = 1.10

| e + Pt — 2blog(c + da) + blog (1 — ¢ — 2edz — d’a?)
2de?
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Antiderivative was successfully verified.

[In] Integrate[(a + bxArcTanh[c + d*x])/(c*e + d*xexx)~2,x]
[Out] -1/2%((2*a)/(c + d*x) + (2*b*ArcTanh[c + d*x])/(c + d*x) - 2*b*Logl[c + d*x]
+ bxLog[l - c72 - 2*ckxd*x - d™2*x"2])/(d*e~2)

Maple [A]
time = 0.59, size = 75, normalized size = 1.19

method result
_ a _ barctanh(dz+c) _ bln(dz+c+1) +b1n(dm+c) _ bln(dz+c—1)
. . L3 e2(dx+c) e2(dz+c) 2¢2 e2 2¢2
derivativedivides ]
a barctanh(dz+c) _ bln(dz+c+1) + bln(dz+c) _ bln(dz+c—1)
T2 (dz+c) - e2(dz+c) 2¢2 e2 2¢2
default :
isch bln(dz+c+1) In (d?22+2cdz+c?—1)bdz—2 In(—dz—c)bdz+In(d2z? +2cdz+c?—1)be—2 In(—dz—c)be—b In(—dz—¢
IS¢ 2d(dz+c)e? 2e2(dz+c)d

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arctanh(d*x+c))/(d*exx+c*xe) 2,x,method=_RETURNVERBOSE)

[Out] 1/dx(-a/e”2/(d*x+c)-b/e~2/(d*x+c)*arctanh(d*x+c)-1/2%b/e~2*1n(d*x+c+1)+b/e”
2%1n(d*x+c)-1/2%b/e"2%1n(d*x+c-1))

Maxima [A]

time = 0.26, size = 88, normalized size = 1.40

2 artanh (dz +¢)), a
d?ze? + cde? d?ze? + cde?

2

1 eDlog(dr+c+1) 2eDlog(dz+c) e Dlog(dr+c—1)
d 42 - d2 + 42

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctanh(d*x+c))/(d*e*x+c*e) 2,x, algorithm="maxima")

[Out] -1/2%(d*(e”(-2)*log(d*x + c + 1)/d"2 - 2*e”~(-2)*log(d*x + c)/d"2 + e~ (-2)*1
og(d*x + ¢ - 1)/d"2) + 2*arctanh(d*x + c)/(d"2*x*e”2 + c*d*e~2))*b - a/(d"2
*xx*e"2 + cxd*e”2)

Fricas [A]

time = 0.43, size = 114, normalized size = 1.81

bdz + be) log (d2x? + 2 cdzx + ¢ — 1) — 2 (bdz + be) log (dz + ¢) + blog (—92+<tl) 4 24
dx+c—1

2 ((d?z + cd) cosh (1)® + 2 (d2x + cd) cosh (1) sinh (1) + (d?z + cd) sinh (1)2)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctanh(d*x+c))/(d*exx+c*e) 2,x, algorithm="fricas")
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[Out] -1/2%((b*d*x + b*c)*log(d™2*x"2 + 2kcxd*x + c”2 - 1) - 2x(bxd*x + b*c)*log(
d*x + c) + b*xlog(-(d*x + ¢ + 1)/(d*x + c - 1)) + 2xa)/((d"2*x + c*d)*cosh(1
)72 + 2x(d”"2*x + c*d)*cosh(1)*sinh(1) + (d"2#x + c*d)*sinh(1)~2)

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 235 vs.

2(53) = 106.
time = 1.20, size = 235, normalized size = 3.73

:% forc=0Ad=0
z(a+bca2t:2nh (c) ford=0
coar forc = —dz

bclog (5+x)  belog (S+a+2) + beatanh (c+dz) + bdzlog (§+2)  bdelog (§+e+]) 4 bdoatanh (c+dz) _ batanh (c+dx)

- cde?+d2e?x cde?+d?e?x

a .
T cde?+d2e’x + cde?+d?e?x cde?+d?e?x cde?+d?e?x cde?+d?e?x cde?+d2e?x otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*atanh(d*x+c))/(d*exx+c*e)**2,x)

[Out] Piecewise((zoo*a/(e**2xx), Eq(c, 0) & Eq(d, 0)), (x*(a + b*atanh(c))/(cx*2x
ex*2), Eq(d, 0)), (zooxa*x, Eq(c, -d*x)), (-a/(ckd*ex*2 + d**2xex*2xx) + bx
cxlog(c/d + x)/(cxd*e*x2 + d**x2%e*x2%x) - b*ckxlog(c/d + x + 1/d)/(cxdxex*2

+ dx*2xex*2*xx) + bxc*xatanh(c + d*x)/(ckd*ex*2 + d**2xe**2xx) + b*xd*x*log(c/

d + x)/(cxd*e**2 + d¥x*2%ex*2+x) - bxdxx*log(c/d + x + 1/d)/(c*d*ex*2 + d*x2
xexx2*xx) + bxdxx*atanh(c + d*xx)/(c*d*ex*x2 + d**2xex*x2*xx) - b*atanh(c + d*x)

/ (cxdxe*x*2 + dxx2xex*x2xx), True))

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 152 vs. 2(61) =
122.
time = 0.41, size = 152, normalized size = 2.41

1 blo —dztetl 2 blo _dxtctl 1 blo _ dztetl
—((c+1)d - (c—1)d) g 2d2””+c_1) + 2(12 + g ( date—1 ) _ olog ( dz+c—1)
2 w + d2e? % + d2e? d2e? d2e?

x+c— T+c—

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctanh(d*x+c))/(d*e*x+c*e) 2,x, algorithm="giac")

[Out] 1/2%((c + 1)*d - (c - 1)*d)*(b*log(-(d*x + c + 1)/(d*x + c - 1))/((d*x + ¢
+ 1)*d"2%e"2/(d*x + ¢ - 1) + d"2xe”2) + 2*a/((d*x + c + 1)*d"2xe"2/(d*x + c

- 1) + d72%e"2) + b*log(-(d*x + ¢ + 1)/(d*x + c - 1) - 1)/(d"2*e"2) - bxlo
g(-(d*x + ¢ + 1)/(d*x + c - 1))/(d"2%e"2))

Mupad [B]
time = 1.37, size = 122, normalized size = 1.94

bIn(l-dz—c) bln(c+dz+1) a _bln(62+2cdx+d2x2—1)+bln(c+dw)
2zd?e2+2cde? 2 (zd’e?+cde?) zd’e?+cde? 2de? de?

Verification of antiderivative is not currently implemented for this CAS.



104

[In] int((a + b*atanh(c + d*x))/(cxe + d*xexx)~2,x)

[Out] (bxlog(l - d*x - c))/(2*d"2xe~2*x + 2xcxd*e”2) - (b*log(c + d*x + 1))/(2x(d
“2xe"2*x + cxd*e”2)) - a/(d"2xe"2*x + cxd*e”2) - (bxlog(c”2 + d"2*x"2 + 2xc

xd*¥x - 1))/(2xd*e”2) + (b*log(c + d*x))/(d*e"2)



105

a anh~1(c+dx
3.14 f +b§ce-l:de:§);d : dx

Optimal. Leaf size=63

B b N btanh™'(c + dz) _a+t btanh™(c + dz)
2de3(c + dx) 2de3 2de3(c + dz)?

[Out] -1/2*b/d/e~3/(d*x+c)+1/2%b*arctanh(d*x+c)/d/e~3+1/2*(-a-b*arctanh(d*x+c))/d
/e~ 3/ (d*x+c) "2

Rubi [A]
time = 0.03, antiderivative size = 63, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.238,

steps used = 5, number of rules used = 5, integrand size = 21,
Rules used = {6242, 12, 6037, 331, 212}

_a+ btanh™'(c + dx) B b N btanh™'(c + dz)
2de3(c + dx)? 2de3(c + dx) 2de3

Antiderivative was successfully verified.

[In] Int[(a + b*ArcTanh[c + d*x])/(c*e + d*xexx)~3,x]

[Out] -1/2%b/(d*e”3*(c + d*x)) + (bxArcTanh[c + d*x])/(2*d*e~3) - (a + bxArcTanh[
c + dxx])/(2xd*e"3*(c + d*x)~2)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rtla, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 331

Int[((c_.)*(x_))"(m_ )*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c*x
)"(m + D*((a + b*x™n)~(p + 1)/(a*cx(m + 1))), x] - Dist[bx((m + n*x(p + 1)
+ 1)/(a*c™nx(m + 1))), Int[(c*xx)"(m + n)*(a + b*x"n)"p, x], x] /; FreeQl{a,
b, c, p}, x] && IGtQ[n, 0] && LtQ[m, -1] && IntBinomialQ[a, b, c, n, m, p,
x]

Rule 6037

Int[((a_.) + ArcTanh[(c_.)*(x_)~(n_.)]*(b_.)) " (p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + bxArcTanh[c*x™n])"p/(m + 1)), x] - Dist[b*c*n*(p/(m
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+ 1)), Int[x~(m + n)*((a + b*ArcTanh[c*x™n])~(p - 1)/(1 - c~2*x~(2*n))), x]
, x] /; FreeQ[{a, b, c, m, n}, x] & IGtQ[p, 0] && (EqQlp, 1] || (EqQ[n, 1]
&% IntegerQ[m])) && NeQ[m, -1]

Rule 6242

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[(f*(x/d)) m*(a + b*ArcTanh[x]) p, x]
, X, ¢ + d*xx], x] /; FreeQ[{a, b, c, d, e, f, m}, x] & EqQ[d*e - c*f, 0] &
& IGtQ[p, 0]

Rubi steps

a+btanh~!(z
/ a+btanh'(c+dz) , Subst (f T() dz,z,c+ dz)

(ce + dex)3 = d
Subst (f mta;’—?_l(m) dz,z,c+ dz‘)
- de3
_ a+t btanh™(c + dz) bSubst (f m dz,z,c+ dx)
N 2de3(c + dx)? 2de?
_ b _a+t btanh™'(c + dr) bSubst (f ﬁ dz,z,c+ d:v)
~ 2de3(c + dz) 2de3(c + dz)? 2de3
. b btanh™'(c + dx) _a+t btanh™'(c + dx)
~ 2de3(c + dz) 2de3 2de3(c + dzx)?

Mathematica [A]
time = 0.03, size = 100, normalized size = 1.59

B a B b B btanh™'(c + dz) _ blog(l —c—dz) blog(l+c+dx)
2de3(c+dz)?  2de?(c+ dx) 2de3(c + dx)? 4de? 4de3

Antiderivative was successfully verified.

[In] Integrate[(a + bxArcTanh[c + d*x])/(c*e + d*xexx)~3,x]

[Out] -1/2*a/(d*e”3*(c + d*x)~2) - b/(2*d*e”3*(c + d*x)) - (bxArcTanh[c + d*x])/(
2xd*e”3*(c + d*x)~2) - (b*Logl[l - c - d*x])/(4*d*e~3) + (b*Logl[l + c + d*x]

)/ (4xdxe”3)

Maple [A]

time = 0.58, size = 77, normalized size = 1.22
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method result
_ a _b arctanh(dz+c) + bln(dz+c+1) _ b _b In(dz+c—1)
: : L 2e3 (dax+c)? 2e3 (dz+-c)2 4e3 2e3(dz+c) 4e3
derivativedivides y
_ a _b arctanh(dz+c) + bln(dz+c+1) _ b _b In(dz+c—1)
2¢3 (dz+c)? 2e3 (dz+c)? 4e3 2e3 (dztc) 4e3
default v
risch __bln(dz+c+1) + In(—dz—c—1)bd?z%—bd?z? In(—dz—c+1)+2 In(—dz—c—1)bedz—2bdx In(—dx—c+1)c+In(—dz—
4d(dz+c)?e3 4e3(dz+c)?d

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arctanh(d*x+c))/(d*e*xx+c*xe) 3,x,method=_RETURNVERBOSE)

[Out] 1/d*x(-1/2*a/e”~3/(d*x+c)"2-1/2*%b/e~3/(d*x+c) “2*arctanh(d*x+c)+1/4*b/e"3*1n(d
*x+c+1)-1/2*xb/e~3/ (d*x+c)-1/4%b/e”3*1n(d*x+c-1))

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 121 vs.

2(54) = 108.
time = 0.26, size = 121, normalized size = 1.92

4

1 d e log(de+c+1) e Plog(dz+c—1) 2 B 2 artanh (dz + c) B a
d? d? d3zed + cd?e? d?z2e3 + 2 cd’zed + c2de? 2 (d3z2e® + 2 cd?zed + 2de?)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctanh(d*x+c))/(d*exx+c*e) 3,x, algorithm="maxima")

[Out] 1/4x(dx(e~(-3)*log(d*x + c + 1)/d"2 - e~ (-3)*log(d*x + c - 1)/d"2 - 2/(d"3*
x*xe”3 + c*d"2xe”3)) - 2xarctanh(d*x + c)/(d"3*x"2%e”3 + 2xc*d"2*x*e"3 + c”2
*d*e~3))*b - 1/2%a/(d"3*x"2%e"3 + 2kc*kd"2xx*e”3 + c~2*d*e"3)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 166 vs.

2(54) = 108.

time = 0.37, size = 166, normalized size = 2.63

2bdz + 2bc — (bd*a? + 2 bedx + be* — b) log (—24t) + 24
4 ((d¥? + 2 cd?z + 2d) cosh (1)* + 3 (d®2? + 2 cd?z + c2d) cosh (1) sinh (1) + 3 (d322 + 2 cd?z + c2d) cosh (1) sinh (1) + (d322 + 2 cd?z + c2d) sinh 1%

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c))/(d*e*x+c*e) 3,x, algorithm="fricas")

[Out] -1/4%(2%bxd*x + 2*%b*c - (b*d~2%x"2 + 2xbxcxd*x + bxc”2 - b)*log(-(d*x + c +
1)/(d*x + ¢ - 1)) + 2%a)/((d"3*%x"2 + 2%c*d~2*x + c~2*d)*cosh(1)"3 + 3%(d"3

*X"2 + 2kcxd"2%x + c"2xd)*cosh(1) "2*sinh(1) + 3%(d™3*%x"2 + 2%c*kd™2%xx + c”2%
d)*cosh(1)*sinh(1)72 + (d™3*x"2 + 2*c*d"2*x + c~2*d)*sinh(1)~3)

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 313 vs.

2(54) = 108.

time = 1.46, size = 313, normalized size = 4.97

_ a 4 bcfatanh(ctdr) | Obedvatanh(ctdz) be 4 bda?atanh (ctdn) bdz _ batanh (c+dz) ford #0
2P TP P 2BSTE | 2P HAcdP a2 7 | 2R HAcdP P ut2d3e3a? | 2P A e S e 2B A | 2R eI HAcE a1 2Pe3T? | 2RdP TAcd? et 2de3a? | 202 de Hedelat 2dPedT?

z(atb gﬂnh () otherwise
e
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*atanh(d*x+c))/(d*exx+c*e)**3,x)

[Out] Piecewise((-a/(2*ck*2xd*xe**3 + 4xckd**x2ke*x*x3*x + 2*kd*x*x3*kex*x3*x**2) + bkck*2
*¥atanh(c + d*x)/(2%c**x2xd*xex*3 + 4dxckd**2ke*x*3*kx + 2kd*k*3ke*xk3*kx**2) + 2kxbx*
ckdxx*atanh(c + d*x)/(2kck*2kdkex*3 + 4dxckd*x2ke**x3*x + kdr*kJker*Jkx**2) -

bkc/ (2kck*2kxd*e**x3 + 4xckd**x2kex*3*kxx + 2kd*x*k3ke*k*3*kx**x2) + bkd**k2kx*k*2*ata

nh(c + d*x)/(2xckx*2xd*e**x3 + 4kckd*x*2kex*3*x + 2kd**x3ke*xk3xx*x*x2) — bxd*x/(2
kckkQkdkex*3 + 4xckdkk2kexk3kx + 2kd**k3kex*3*kx**2) - bkatanh(c + d*x)/(2%cx*
*2kd*xex*k3 + 4dkckdkk2kexk3kxx + 2xd**3kex*3xx*k*2), Ne(d, 0)), (xx(a + b*atanh

(c))/ (c*x3%e*x*x3), True))

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 194 vs. 2(57) =
114.
time = 0.41, size = 194, normalized size = 3.08

dz+c+l 2 (dz+c+1l)a (dz+c+1)b
L et 1= (c-1a) (da + o+ blog (~5oi5) B = i e
2 2
: (e 2y per)do o 1) - SIS 4 S s

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c))/(d*e*x+c*e)~3,x, algorithm="giac")

[Out] 1/2%((c + 1)*d - (c - 1)*d)*((d*x + c + 1)*bxlog(-(d*x + c + 1)/(d*x + c -
1))/(((d*x + c + 1)72*xd"2*%e"3/(d*x + ¢ - 1)72 + 2%(d*x + c + 1)*d"2*xe~3/(d*

X+ c-1) +d2%e”3)*(d*x + ¢ - 1)) + (2*x(d*x + ¢ + 1)*a/(d*x + ¢ - 1) + (

d*x + ¢ + 1)*b/(d*x + ¢ - 1) + b)/((d*x + ¢ + 1)72%d"2*xe"3/(d*x + ¢ - 1)72

+ 2%x(d*x + ¢ + 1)*d"2%e"3/(d*x + ¢ - 1) + d"2*e"3))

Mupad [B]
time = 1.73, size = 67, normalized size = 1.06

bln(ctdz+1)  bln(l—dz—c) + bd
4 4

T
2

batanh(c+dz) 5+ be 4+
2de3 ded (c+dzx)’

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + bxatanh(c + d*x))/(c*e + d*e*x)~3,x)

[Out] (b*atanh(c + d*x))/(2xd*e”3) - (a/2 + (b*c)/2 + (b*log(c + d*x + 1))/4 - (b
xlog(l - d*x - c))/4 + (bxd*x)/2)/(d*e”3*(c + d*x)~2)
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3.15 [(ce + dex)® (a + btanh™'(c + dx))2 dx

Optimal. Leaf size=159

1 b 3 +
g e 12d 2d 6d 4c

b2e3(c + dz)? _I_b2e3(c + dz) tanh ™ (c + dz) +be3(c +dz)? (a+ btanh ' (c+dz)) €*(a+btanh

[Out] 1/2*%a*bkxe”~3*x+1/12%b~2%e~3*(d*x+c) ~2/d+1/2*b~2%e”~3* (d*x+c) *arctanh (d*x+c)/d
+1/6xb*e~3* (d*x+c) ~3*(atb*arctanh(d*x+c))/d-1/4*xe"3* (a+b*arctanh(d*x+c)) "2/
d+1/4*e”~ 3% (d*x+c) ~4* (a+b*arctanh(d*x+c))~2/d+1/3%b"2*e~3%1n(1- (d*x+c)~2)/d

Rubi [A]
time = 0.18, antiderivative size = 159, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.391,

steps used = 13, number of rules used = 9, integrand size = 23,
Rules used = {6242, 12, 6037, 6127, 272, 45, 6021, 266, 6095}

e*(c+dz)! (a+btanh ' (c+ dz))2 . be*(c + dz)* (a + btanh ™" (c + dz)) _ e*(a+btanh'(c+ dz))2 . %abeSI .

b%e®(c + dz)? 4 b2’ log (1 — (c+ dz)?) . b%e*(c + dz) tanh ™ (¢ + dz)
4d 6d 4d

12d 3d 2d

Antiderivative was successfully verified.
[In] Int[(c*e + d*exx)~3*(a + b*ArcTanh[c + d*x])~2,x]

[Out] (axb*e”3#*x)/2 + (b"2%e"3*(c + d*x)~2)/(12+%d) + (b"2*e"3*(c + d*x)*ArcTanh|[c
+ d*x])/(2*d) + (bxe"3*(c + d*x) " 3*(a + bxArcTanh[c + d*x]))/(6*d) - (e”3%

(a + b*ArcTanh[c + d*x])~2)/(4%d) + (e"3*(c + d*x) 4*(a + bxArcTanh[c + d*x
1)72)/(4xd) + (b"2*xe"3xLogl[l - (c + dx*x)~2])/(3*d)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !'Match
QLu, (b_)*(v_) /; FreeQ[b, x]]

Rule 45

Int[((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d, n},
x] && NeQ[bxc - a*d, 0] && IGtQ[m, O] && ( 'IntegerQ[n] || (EqQlc, 0] && Le
QL7*m + 4*n + 4, 0]) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 266

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + b*x"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 272

Int[(x_)~"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQ[{a, b
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, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 6021

Int[((a_.) + ArcTanh[(c_.)*(x_ )" (n_.)I*(b_.))"(p_.), x_Symbol] :> Simp[x*(a
+ b*ArcTanh[c*x"n])"p, x] - Dist[b*c*n*p, Int[x"n*((a + bxArcTanh[c*x"n])~
(p - 1)/(1 - c™2*xx~(2%n))), x], x] /; FreeQ[{a, b, c, n}, x] && IGtQ[p, O]
&& (EqQ[n, 11 || EqQlp, 11)

Rule 6037

Int[((a_.) + ArcTanh[(c_.)*(x_)"(n_.)]1*(b_.)) " (p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + b*ArcTanh[c*x"n])"p/(m + 1)), x] - Dist[b*c*n*(p/(m
+ 1)), Int[x"(m + n)*((a + bxArcTanh[c*x"n])~(p - 1)/(1 - c™2*x~(2%n))), x]
, x] /; FreeQ[{a, b, ¢, m, n}, x] & IGtQ[p, 0] && (EqQlp, 1] || (EqQ[n, 1]
&& IntegerQ[m])) && NeQ[m, -1]

Rule 6095

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d.) + (e_.)*(x_)"2), x_Symb
ol] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(bxc*xdx(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] && EqQ[c™2*d + e, 0] && NeQ[p, -1]

Rule 6127

Int[(((a_.) + ArcTanh[(c_.)*(x_)I*(b_.)) " (p_.)*((f_.)*(x_))"(m_))/((d_) + (
e_.)*(x_)"2), x_Symbol] :> Dist[f"2/e, Int[(f*x)~(m - 2)*(a + b*ArcTanh[c*x
D-p, x1, x] - Dist[d*(£72/e), Int[(f*x)"(m - 2)*((a + b*ArcTanh[c*x]) p/(d
+ exx"2)), x], x] /; FreeQ[{a, b, c, d, e, f}, x] & GtQ[p, 0] && GtQ[m, 1
]

Rule 6242

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)I*(b_.)) " (p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[(f*(x/d)) m*(a + b*ArcTanh[x]) p, x]
, X, ¢ + dxx], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && EqQ[d*e - c*f, 0] &
& 1GtQ[p, O]

Rubi steps
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Subst <f e*z3(a + btanh_l(x))2 dz,z,c+ dx)
d
e3Subst (f 7 (a+ btanh_l(ac))2 dz,z,c+ dm)

d
z*(a+btan
e3(c+dz)* (a + btanh ™ (c+ da:))2 (be®) Subst (f fot e

4d 2d
e3(c+ dz)* (a + btanh ™' (c + dﬂc))2 N (be?) Subst( [ z*(a + b
4d

be3(c+ dz)? (a+ btanh '(c+dz)) €*(c+ dz)* (a + btanh
6d * 4d

/(ce + dez)® (a + btanh ' (c + da:))2 dr =

be*(c + dz)3 (a + btanh™' (c+d 3(a + btanl
_ labe?’x b (c+dz)® (a anh™'(c + dz)) e (a an

2 6d 4
1., be(c+dz)tanh T (c+dx) | be’(c+dz)? (a+ bt
= gubert 2d - 6d
1 4 bd(c+dp)? | b’e}(c+dz)tanh (c+dz) | bed(
= éabe z+ 12d + 2d +

Mathematica [A]
time = 0.06, size = 148, normalized size = 0.93

€ (6ab(c + dz) + b(c + dz)? + 2ab(c + dz)® + 3a%(c + dz)* + 2b(c + dx) (3b + b(c + dz)* + 3a(c + dz)®) tanh (¢ + dw) + 3b*(—1 + (c + dz)*) tanh (¢ + dz)? + b(3a + 4b) log(1 — ¢ — dz) + b(—3a + 4b) log(1 + ¢ + dz))
12d

Antiderivative was successfully verified.

[In] Integrate[(c*e + d*e*x) 3x(a + b*ArcTanh[c + d*x])~2,x]

[Out] (e 3*(6*a*xbx(c + d*x) + b~2x(c + d*x)~2 + 2*a*xbx(c + d*x)~3 + 3*a"2*(c + dx*
x)"4 + 2xbx(c + d*x)*(3*b + bx(c + d*x)~2 + 3*a*x(c + d*x) 3)*ArcTanh[c + d*

x] + 3*%b72x(-1 + (c + d*x)~4)*ArcTanh[c + d*x]~2 + bx(3*a + 4*b)*Log[l - ¢

- d*x] + bx(-3*a + 4xb)*Log[l + c + d*x]))/(12*d)

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 356 vs.
2(145) = 290.
time = 2.70, size = 357, normalized size = 2.25 Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*exx+cx*e) 3% (a+b*arctanh(d*x+c))~2,x,method=_RETURNVERBOSE)

[Out] 1/d*(1/4%e~3%(d*x+c) “4*a~2+1/4%e"3*b~2x (d*x+c) ~4*arctanh (d*x+c) ~2+1/6%e~3%b
~2% (d*x+c) ~3*arctanh (d*xx+c)+1/2%e"3%b~2* (d*x+c) *arctanh (d*x+c)+1/4*e”3%xb~ 2%
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arctanh (d*x+c)*1n(d*x+c-1)-1/4*e~3*b~2*arctanh (d*x+c) *1n(d*x+c+1)-1/8%e"3*b
~2x1n(d*x+c-1)*1n(1/2*d*x+1/2*%c+1/2)+1/16*%e”3*%b"2*x1n(d*x+c-1) "2-1/8%e~3*b~2
*1n(-1/2*d*x-1/2*%c+1/2) *1n(d*x+c+1)+1/8*%e”3*%b"2*1n(-1/2*d*x-1/2*c+1/2)*1n(1
/2%d*x+1/2*%c+1/2)+1/16%e"3*%b"2*1n (d*x+c+1) "2+1/12*e~3*b"2* (d*x+c) "2+1/3*e"3
*b~2*1n(d*x+c-1)+1/3*e”3*%b"2*1n (d*x+c+1)+1/2*e"3*axb* (d*x+c) “4*arctanh (d*x+
c)+1/6*e"3* (d*x+c) “3*a*xb+1/2xe” 3*a*b* (d*x+c)+1/4*e"3*a*xb*1n(d*x+c-1)-1/4*e”
3*axbx1n(d*x+c+1))

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 755 vs.
2(138) = 276.
time = 0.46, size = 755, normalized size = 4.75

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*e*xx+c*e) 3*(atb*arctanh(d*x+c))~2,x, algorithm="maxima")

[Out] 1/4*a~2xd"3*x"4*e”3 + a~2*cxd~2*x"3*%e”3 + 3/2*%a~2xc”2*d*x"2%xe~3 + 3/2%(2*x~
2xarctanh(d*x + c) + d*(2*xx/d"2 - (c™2 + 2xc + 1)*log(d*x + ¢ + 1)/d"3 + (c
~2 - 2%c + 1)*log(d*x + ¢ - 1)/d"3))*a*b*c”2xd*e”3 + (2*x~3*arctanh(d*x + c
) + d*x((d*x"2 - 4xc*x)/d"3 + (c”3 + 3*c”2 + 3*c + 1)*log(d*x + c + 1)/d"4 -

(c™3 - 3*%c™2 + 3*%c - 1)*log(d*x + c - 1)/d"4))*a*b*c*d"2%e~3 + 1/12%(6%x~4
*arctanh(d*x + c) + d*(2*%(d"2#x"3 - 3*c*d*x"2 + 3%(3*%c™2 + 1)*x)/d"4 - 3*(c
"4 + 4%c”3 + 6%c”2 + 4xc + 1)xlog(d*x + c + 1)/d”5 + 3*x(c™4 - 4%c”3 + 6%c”2
- 4xc + 1)xlog(d*x + c — 1)/d75))*axbxd~3%e”3 + a~2%c”3*x*e”3 + (2x(d*x +
c)*arctanh(d*x + c) + log(-(d*x + c)~2 + 1))*a*xbxc~3*e~3/d + 1/48*(4*b~2*d"
2%x"2%e”3 + 8*b 2kckd*x*e”3 + 3*(b"2xd"4*x"4*e”3 + 4*xb"2xc*xd"3*x"3*%e”3 + 6%
b~2%c”2%d"2%x"2%e”3 + 4*b~2%c"3xd*x*e”3 + (c"4 - 1)*b"2xe”3)*log(d*x + c +
1)72 + 3% (b~2xd"4*x"4*e”3 + 4*b~2%ckd"3*x"3*%e”"3 + 6*%b"2*%c"2*%d"2*x"2%e”3 + 4
*b~2%c”3*kd*x*xe”3 + (c74 - 1)*b"2xe"3)*log(-d*x — c + 1)72 + 4x(b~2xd"3*x" 3%
e”3 + 3*%b72*c*kd"2*x"2%e”3 + 3% (c"2xd + d)*b"2*x*e”3 + (c”3 + 3*%c + 4)*b"2xe
“3)*log(d*x + c + 1) - 2x(2%b~2%d"3*x"3*e”3 + 6*%b"2xc*d"2*x"2*e”3 + 6% (c”2%
d + d)*b"2*x*e"3 + 2%(c”3 + 3%c - 4)*b"2xe”3 + 3x(b"2%d"4*x"4*e”3 + 4*b"2*c
*d"3*%x"3%e"3 + 6xbT2xc"2*d"2*x"2%e”3 + 4*b~2*c"3*d*x*xe”3 + (c74 - 1)*b"2xe”
3)*log(d*x + c + 1))*log(-d*x - ¢ + 1))/d

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 1288 vs.
2(138) = 276.
time = 0.38, size = 1288, normalized size = 8.10

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*e*x+c*e) 3*(atb*arctanh(d*x+c))~2,x, algorithm="fricas")
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[Out] 1/48%(4*(3*a~2*xd"4*x~4 + 2*(6*%a”2*c + a*b)*d~3*x"3 + (18*a~2xc”2 + 6xaxb*c
+ b72)*d"2*x"2 + 2x(6*a”2%c”3 + 3*xaxb*c”2 + b~2%c + 3*axb)*d*x)*cosh(1)"3 +
12% (3*%a~2*xd"4*x"4 + 2x(6*a”2%c + axb)*d"3*x~3 + (18*a~2*%c~2 + 6*axbxc + b~
2)*d"2*%x"2 + 2% (6*a~2*%c”3 + 3*a*b*c”2 + b"2%c + 3*axb)*d*x)*cosh(1) "2*sinh(
1) + 12x(3*a”2*%d"4*x"4 + 2% (6%a~2*c + a*xb)*d"3*x"3 + (18*a”2*c”2 + 6*axb*c
+ b72)*d"2*x"2 + 2x(6*%a”2%c”3 + 3*a*b*c”2 + b"2%c + 3*axb)*d*x)*cosh(1)*sin
h(1)72 + 4x(3*a"2+%d~4*x"4 + 2% (6*a”~2*%c + axb)*d"3*x"3 + (18*%a"2%c~2 + 6*a*b
*C + b72)*d"2xx”"2 + 2% (6%a~2*c”3 + 3*xaxbxc”2 + b 2xc + 3*axb)*d*xx)*sinh(1)”
3 + 3x((b"2%d"4*x"4 + 4%b"2xcxd"3*x"3 + 6*xb"2%c"2*%d"2*xx"2 + 4xb"2%xc " 3*d*x +
b"2%c”4 - b"2)*cosh(1)73 + 3*(b"2*xd"4*x"4 + 4xb~2*kc*d"3*x"3 + 6*b~2xc"2*d™
2*%x"2 + 4*xb"2%xc"3xd*x + b"2*%c”4 - b~2)*cosh(1) “2*sinh(1) + 3*(b~2*d"4*x"4 +
4xb~2xckd"3%x"3 + 6x%b"2%c”2*%d"2%x"2 + 4*b"2%xc"3xd*x + b~2*%c"4 - b~2)*cosh(
1) *sinh(1)72 + (b™2*%d"4*x"4 + 4xb~2%c*d"3*x"3 + 6*b~2*xc~2%d"2*x"2 + 4*b~2%*c
“3xd*x + b72xc”4 - b72)*sinh(1)"3)*log(-(d*x + c + 1)/(d*x + ¢ - 1))72 + 4%
((3*%a*b*c™4 + b™2*%c™3 + 3*b~"2%c - 3*axb + 4%b~2)*cosh(1)~3 + 3*(3*a*bxc™4 +
b"2%c”3 + 3*b”2%c - 3*axb + 4%b~2)*cosh(1) "2*sinh(1) + 3*(3*a*b*c™4 + b~2x*
c”3 + 3*%b"2%c - 3*a*b + 4*b"2)*cosh(1)*sinh(1)~2 + (3*a*b*c™4 + b™2%c~3 + 3
*b~2%c - 3*axb + 4*b~2)*sinh(1) 3)*xlog(d*x + c + 1) - 4*((3*axb*c™4 + b~ 2xc
~3 + 3%b"2%c - 3*axb - 4*b"2)*cosh(1)”3 + 3*%(3*axb*c™4 + b"2*%c"3 + 3*b"2*c
- 3xaxb - 4%b~2)*cosh(1) "2*sinh(1) + 3*(3*a*b*c™4 + b~2*c”3 + 3*b~2%c - 3*a
*b - 4*b~2)*cosh(1)*sinh(1)~2 + (3*a*b*xc™4 + b~2*%c~3 + 3*b~2xc - 3*a*b - 4x*
b~2)*sinh(1)"3)*log(d*x + ¢ - 1) + 4x((3*a*b*d"4xx"4 + (12xa*b*c + b~2)*d"3
*x"3 + 3*(6*axbxc”2 + b 2xc)*d"2*x"2 + 3k (4*a*xb*c”3 + bT2%c”2 + b72)*d*x)*c
osh(1)~3 + 3*(3*a*xbxd~4*x"4 + (12*ax*b*c + b~2)*d~3*x"3 + 3*(6*a*b*c™2 + b~2
*C)*d"2%x"2 + 3*k(4d*xaxbxc”3 + b"2*%c”2 + b~2)*d*x)*cosh(1) "2*xsinh(1) + 3*(3*a
*bxd~4*x~4 + (12*%a*b*c + b~2)*d"3*x"3 + 3*(6*a*xb*xc”2 + b~2*c)*d"2*x"2 + 3*(
4*a*xb*xc”3 + b"2%c"2 + b”2)*d*x)*cosh(1)*sinh(1)~2 + (3*axb*d~4*x~4 + (12*a*
b*c + b72)*d"3*x"3 + 3*(6*a*b*c”2 + b72*c)*d"2*xx"2 + 3*(4*xaxbxc”3 + b~2xc"2
+ b72)*d*x)*sinh (1) "3)*log(-(d*x + c + 1)/(d*x + c - 1)))/d

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 581 vs.
2(138) = 276.
time = 2.38, size = 581, normalized size = 3.65

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*e*x+cxe)**3%(a+b*atanh(d*x+c))**2,x)

[Out] Piecewise((a*x*2kc**3*xe*x*x3xx + Jka*x*x2xckkkd*e*x*x3xx**k2/2 + ax*xkckd**2*xex*x3x*
x*%3 + ak*kkd**k3kex*x3kx**x4/4 + axbkckkdkexkx3kxatanh(c + d*x)/(2%d) + 2*xaxb*c
*x3xexk3*kx*atanh(c + d*x) + 3kaxbkck*x2xdrex*3*x**x2xatanh(c + d*x) + axbkxckxx
2%e*x3xx/2 + 2kakxbkckdk*2ke*x3kx*k*x3katanh(c + d*x) + axbkxckdke*x3kxx**x2/2 +
a*xbxdx*x3ke**3*xxkxdxatanh(c + d*x)/2 + axbkxd**2*e*xx3xx**3/6 + axbxe*x*3*x/2 -
axbxex*3*atanh(c + d*x)/(2xd) + b**2xcxx4d*xe*x*3*atanh(c + d*x)**x2/(4*d) + b
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*x2xCkk3ke*x*x3kxkatanh (c + dkxx)**2 + bx*x2kc*k*3*xexx3xatanh(c + d*x)/(6%d) + 3
*b¥xk2kckk2kdke**3kx*k*k2katanh(c + d*x)**2/2 + b**2kck*2ke*x*x3kxx*katanh(c + d*x
)/2 + bx*2kckd*x*2kex*3*xx**3*katanh(c + d*x)**2 + b**k2kckd*ex*3*xx*x*2*atanh(c
+ d*x)/2 + bx*2kckxe**3*x/6 + bk*k2kckex*x3xatanh(c + d+*x)/(2%d) + bk*x2kd**x3*e
*x3xxkkdkatanh(c + d*x)**x2/4 + b**2xd*x*x2ke*x*3*x*x*x3*xatanh(c + d*x)/6 + bx*2x
dxex*3xx*x*2/12 + bx*2kex*3xx*xatanh(c + d*x)/2 + 2%b**2*e**3*log(c/d + x + 1
/d)/(3*d) - b*x2xex*k3*atanh(c + d*x)**x2/(4*d) - 2xbx*x2ke**3*atanh(c + d*x)/
(3*%d), Ne(d, 0)), (c**x3xex*x3*x*(a + b*atanh(c))**2, True))

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 733 vs. 2(145) =
290.
time = 0.46, size = 733, normalized size = 4.61

ool smscetlie | urscwe)
= Dcrsa-e-o

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*e*x+cxe) 3x(atb*arctanh(d*x+c))~2,x, algorithm="giac")

[Out] -1/12%(4*b~2xe~3*log(-(d*x + ¢ + 1)/(d*x + ¢ - 1) + 1)/d"2 - 4*b~2xe~3*log(
-(d*x + ¢ + 1)/(d*x + ¢ - 1))/d"2 - 3*%((d*x + ¢ + 1)~ 3*b"2*%e"3/(d*x + ¢ - 1
)73 + (d*x + ¢ + 1)*xb"2%xe"3/(d*x + ¢ - 1))*log(-(d*x + c + 1)/(d*x + c - 1)
)72/((d*x + ¢ + 1)74%d"2/(d*x + ¢ - 1)74 - 4%(d*x + ¢ + 1)73*xd"2/(d*x + ¢ -
1)°3 + 6%(d*x + ¢ + 1)72%d"2/(d*x + ¢ - 1)72 - 4%(d*x + ¢ + 1)*d"2/(d*x +
c - 1) + d72) - 2x(6x(d*x + ¢ + 1) 3*a*b*e”3/(d*x + ¢ - 1)73 + 6%(d*x + ¢ +
1) *a*b*e~3/(d*x + ¢ — 1) + 3*%(d*x + ¢ + 1)"3*b"2*e"3/(d*x + ¢ - 1)73 - 6%(
d*x + ¢ + 1)72+%b"2%e"3/(d*x + ¢ - 1)72 + 5x(d*x + ¢ + 1)*b"2%e”3/(d*x + ¢ -
1) - 2%b"2%e"3)*log(-(d*x + c + 1)/(d*x + ¢ - 1))/((d*x + c + 1)74xd~2/(d*
X+ cCc-1)"4 - 4x(d*x + ¢ + 1)73*%d"2/(d*x + ¢ - 1)73 + 6x(d*x + c + 1)72%4"
2/(d*x + ¢ — 1)72 - 4*%(d*x + ¢ + 1)*d72/(d*x + ¢ - 1) + d72) - 2x(6x(d*x +
c + 1)7"3*%a"2*xe"3/(d*x + ¢ — 1)73 + 6x(d*x + ¢ + 1)*a"2%e”3/(d*x + ¢ - 1) +
6*%(d*x + c + 1) 3*axb*e”3/(d*x + ¢ - 1)73 - 12%(d*x + c + 1) 2xaxb*xe”3/(d*x
+ ¢ - 1)"2 + 10x(d*x + ¢ + 1)*ax*b*e”3/(d*x + ¢ - 1) - 4*a*b*e”3 + (d*x + ¢
+ 1)73%b"2%e"3/(d*x + ¢ - 1)73 - 2k(d*x + ¢ + 1)"2%b"2*e"3/(d*x + ¢ - 1)72
+ (d*x + ¢ + 1)*b"2*xe"3/(d*x + ¢ - 1))/((d*x + ¢ + 1)74*xd"2/(d*x + ¢ - 1)~
4 - 4x(d*x + ¢ + 1)73*xd"2/(d*x + ¢ - 1)73 + 6x(d*x + ¢ + 1)72%d"2/(d*x + c
- 1)72 - 4x(d*x + ¢ + 1)*d72/(d*x + ¢ - 1) + d"2))*((c + 1)*d - (c - 1)#*d)

Mupad [B]
time = 2.12, size = 1730, normalized size = 10.88

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c*e + d*exx) 3*(a + b*atanh(c + d*x))~2,x)
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[Out] log(l - d*x - c)~2x((b~2%c~3*%e"3*x)/4 - (b"2xe”3 - b~2xc"4*e~3)/(16*%d) + (b
~2xd"3*%e"3%x74) /16 + (3*b~2xc”2*d*e"3*x72)/8 + (b~ 2xc*d"2%e"3*x73)/4) + x*(
(cxe™3*%(b™2 - 6*%a”2 + 20*a”~2%c”2 + 6xaxb*xc))/2 + ((6%c™2 - 6)*(2%a"~2*c*xd~2x*
e”3 - (axd"2xe"3*(b + 10*ax*xc))/2))/(6%d"2) - (2*xckx((2xc*(2*xa"2*cxd"2*xe”3 -
(a*xd~2xe~3x(b + 10*a*c))/2))/d + (d*e”3x(b~2 - 6%a~2 + 60*a~2%c”2 + 12*axb*
c))/6 - (a"2xd*e”3%(6%c™2 - 6))/6))/d) - log(l - d*x - c)*(log(c + d*x + 1)
*((b™2%c"3*%e"3*x) /2 - ((b™2%e~3)/2 - (b"2%c"4*e”3)/2)/(4*d) + (b~2*d"3*e"3x*
Xx"4)/8 + (3*b"2*c"2xd*e”"3*%x72)/4 + (b 2*cxd"2*e"3*x73)/2) + (x"2x(((d*(c -
1) + d*x(c + 1))*(32%b"2*c*d"4*e”"3 - 8*b"2*%d"3*e"3*(d*(c - 1) + d*x(c + 1)) +
8*%b~2*%d~4*e"3*(c - 1)))/d"2 - 48%b~2%c~2*d"3*e"3 + 8*b~2*d"3*e"3*x(c - 1)*(
c + 1) - 32%b"2%c*kd"3*e"3x(c - 1)))/(128%d"2) - (x"2*x(((d*(c - 1) + dx(c +
1)) *(32xbxd"4*e~3* (8*axc — 2*a + b*c) - 8*bxd"3*e”3*(d*(c - 1) + dx(c + 1))
*(8*a + b) + 8xbxd"4*e”3*(8*a + b)*(c + 1)))/d"2 - 48*b*c*d~3*e”~3*(8*a*c -
4*xa + bxc) - 32*%b*d"3*e"3*(c + 1)*(8*axc - 2*a + b*c) + 8*b*d"3*e"3*(8xa +
b)*x(c - 1)*x(c + 1)))/(128*d"2) + (x"3*(32*¥bxd"4*e~3*(8*xaxc — 2%a + bxc) - 8
*bxd~3*e”3*(d*(c - 1) + dx(c + 1))*(8*a + b) + 8xbxd"4*e”3*(8*a + b)*(c + 1
)))/(192%d"2) - (x"3*(32*xb"2*c*d"4*e~3 - 8%b~2*xd"3*e"3*(d*(c - 1) + dx(c +
1)) + 8xb~2xd"4*e"3x(c - 1)))/(192*xd"2) + (x*x(((d*(c - 1) + d*x(c + 1))*(((d
*(c - 1) + dx(c + 1))*(32xbxd"4*e"3*(8*a*c - 2%a + b*c) - 8*b*xd"3*e”3*(d*(c
- 1) + d*(c + 1))*(8*%a + b) + 8*b*d"4*xe"3*(8*a + b)*(c + 1)))/d"2 - 48%bxc
*d"3*%e” 3% (8*xaxc — 4*a + bxc) - 32%bxd"3*e”3*(c + 1)*(8*a*c - 2*a + b*c) + 8
*bxd~3*%e”3*(8*a + b)*(c - 1)*(c + 1)))/d"2 - ((c - 1)*(c + 1)*(32*%b*d~4*e"3
*(8xaxc — 2%a + bkxc) - 8xbxd"3*e”3*(d*(c - 1) + dx(c + 1))*(8*a + b) + 8xbx
d"4*e~3x(8*%a + b)*(c + 1)))/d"2 + 32*b*c™2xd"2*e"3*(8*axc — 6*a + bxc) + 48
xbkc*d~2*%e"3*%(c + 1)*(8*axc - 4xa + bxc)))/(64xd"2) - (xx(((d*(c - 1) + dx*(
c + 1))*(((d*(c - 1) + d*x(c + 1))*(32*%b"2*c*d"4*e"3 - 8*b~2*%d"3*e"3*(d*(c -
1) + d*x(c + 1)) + 8*b"2xd"4*e"3x(c - 1)))/d"2 - 48%b~2%c"2*xd"3*e~3 + 8*b~2
*d~3*e”"3*%(c - 1)*(c + 1) - 32*b"2%c*d"3*e"3*(c - 1)))/d"2 + 32*xb~2%c~3*d~2x*
e™3 - ((c - 1)x(c + 1)*(32*xb"2*c*d"4*e~3 - 8*b~2*%d"3*e”3*(d*(c - 1) + d*(c
+ 1)) + 8%xb™2xd"4*e”3*(c - 1)))/d"2 + 48*%xb~2xc~2xd"2*e~3*x(c - 1)))/(64*d"2)
- (b™2%d"3%e”~3%x"4)/32 + (b*xd~3*e”~3*x~4*x(8*a + b))/32) + x~2%((c*x(2*a”~2*cx*
d"2xe~3 - (axd~2*xe"3*(b + 10*axc))/2))/d + (d*xe~3*(b~2 - 6*a”2 + 60*%a”~2xc~2
+ 12xaxbxc)) /12 - (a"2*d*e”3*(6*xc”2 - 6))/12) - x~3*x((2*xa"2*c*d"2*xe~3)/3 -
(axd~2*%e”3*%(b + 10%a*xc))/6) + log(c + d*x + 1)72*%((b"2*c”3%e"3*x)/4 - (b"2
*e”3 - b"2*%c"4*e”3)/(16*d) + (b~2*%d"3*e"3*x"4)/16 + (3*b"2*c"2*d*e"3*x"2)/8
+ (b™2%c*d"2%e"3%x73)/4) - (log(c + d*x - 1)*(3*%b"2%c*e”3 - 4%b~2%e"3 + b~
2%c"3%e”3 - 3*axb*e”3 + 3xaxb*c”4*e~3))/(12*d) + (log(c + d*x + 1)*(4xb~2x*e
~3 + 3*%b"2xcxe”3 + b"2xc"3%e”3 - 3xaxb*e”3 + 3xaxb*c"4*e~3))/(12%d) + dxlog
(c + d*x + 1)*x(x"2%((b"2*xc*xe"3) /4 + (3*xaxb*c™2*xe~3)/2) + x~3*x((b"2*d*e~3)/1
2 + axbxck*d*e”3) + (x*x(b"2%e”~3 + b~2%c”~2%e~3 + 4xaxbxc~3%e~3))/(4xd) + (axb
*d"2%e”"3%x74)/4) + (a~2*%d"3*e"3*x"4)/4
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3.16 [(ce + dex)? (a + btanh™'(c + dm))2 dx

Optimal. Leaf size=179

1,, betanh'(c+dzx) be*(c+dz)? (a+btanh '(c+dz)) e*(a+btanh '(c+ dm))2 e(c+ dx)?
ghees 3d " 3d " 3d "

[Out] 1/3*b~2xe"2xx-1/3*b~2*e”2*arctanh(d*x+c)/d+1/3*bxe”2* (d*x+c) ~2* (a+b*arctanh
(d*x+c)) /d+1/3*e”2* (a+b*arctanh (d*x+c)) ~2/d+1/3*e~2*x (d*x+c) ~3* (a+b*arctanh (
dxx+c))~2/d-2/3*b*e”2* (a+b*arctanh (d*x+c) ) *1n(2/(-d*x-c+1))/d-1/3*b~2%e~2*p
olylog(2, (-d*x-c-1)/(-d*x-c+1))/d

Rubi [A]

time = 0.17, antiderivative size = 179, normalized size of antiderivative = 1.00, number of

steps used = 11, number of rules used = 10, integrand size = 23, number of rules _ 0.435,
integrand size

Rules used = {6242, 12, 6037, 6127, 327, 212, 6131, 6055, 2449, 2352}

€*(c+ dz)* (a+btanh ' (c+ dz))2 . be?(c + dz)? (a + btanh™' (c + dz)) . €?(a+btanh ™ (c+ dz))z _ 2be? log (——%57) (a + btanh™ (c + da)) _ b2e?Lip (— £Haetl) _ bPe?tanh~! (c + dx) N 1o
3d 3d 3d 3d 3d 3d 3

Antiderivative was successfully verified.
[In] Int[(c*e + dxexx)~2*(a + b*ArcTanh[c + d*x])~2,x]

[Out] (b"2*e"2%x)/3 - (b"2*e"2xArcTanh([c + d*x])/(3*d) + (b*e™2x(c + d*x) 2x(a +
b*ArcTanh[c + d*x]))/(3*d) + (e"2*(a + bxArcTanh[c + d*x])~2)/(3*d) + (e”2%

(c + d*x)"3*(a + b*ArcTanh[c + d*x])~2)/(3*d) - (2*b*e"2*(a + b*ArcTanh[c +
d*x])*Log[2/(1 - c - d*x)])/(3*d) - (b~2xe~2*PolyLog[2, -((1 + c + d*x)/(1

- ¢ - d*x))]1)/(3*d)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !Match
QLu, (b_)*(v_) /; FreeQ[b, x1]

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]1))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 327

Int[((c_)*(x_))" (@ )*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[c~(n
- D*(c*x)"(m - n + D*((a + b*xx"n)"(p + 1)/(b*(m + n*p + 1))), x] - Dist[
axcnx((m - n + 1)/(b*(m + n*p + 1))), Int[(c*x)"(m - n)*(a + b*x"n)"p, x],
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, O] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] & IntBinomialQ[a, b, ¢, n, m, p, x]
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Rule 2352

Int[Log[(c_.)*(x_)]1/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQ[{c, d, e}, x] && EqQl[e + c*d, 0]

Rule 2449

Int[Logl(c_.)/((d_ ) + (e_.)*(x_)1/((£_) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Logl[2*d*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, gr, x] && EqQ[c, 2*d] &% EqQle~2xf + d~2*g, 0]

Rule 6037

Int[((a_.) + ArcTanh[(c_.)*(x_)~(n_.)]1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + b*ArcTanh[c*x"n])"p/(m + 1)), x] - Dist[b*c*n*(p/(m
+ 1)), Int[x"(m + n)*((a + bxArcTanh[c*x"n])~(p - 1)/(1 - c™2*x~(2%n))), x]
, x] /; FreeQ[{a, b, ¢, m, n}, x] & IGtQ[p, 0] && (EqQlp, 1] || (EqQ[n, 1]
&& IntegerQ[m])) && NeQ[m, -1]

Rule 6055

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
1 :> Simp[(-(a + bxArcTanh[c*x]) “p)*(Log[2/(1 + ex(x/d))]/e), x] + Dist[bxc
x(p/e), Int[(a + bxArcTanh[c*x])~(p - 1) *(Log[2/(1 + e*x(x/d))]/(1 - c™2xx"2
)), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d"2 - e~2,
0]

Rule 6127

Int[(((a_.) + ArcTanh[(c_.)*(x_)I*(b_.)) " (p_.)*((f_.)*(x_))"(m_))/((d_) + (
e_.)*(x_)"2), x_Symbol] :> Dist[f"2/e, Int[(f*x)~(m - 2)*(a + b*ArcTanh[c*x
1)7p, x], x] - Dist[d*(£72/e), Int[(f*x)"(m - 2)*((a + bxArcTanh[c*x]) p/(d
+ exx”2)), x], x] /; FreeQ[{a, b, c, 4, e, f}, x] && GtQ[p, 0] && GtQ[m, 1
]

Rule 6131

Int[(((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.)*(x_))/((d) + (e_.)*x(x_)"2),
x_Symbol] :> Simp[(a + b*ArcTanh([c*x])~(p + 1)/(b*ex(p + 1)), x] + Dist[1/
(cxd), Int[(a + bxArcTanh[c*x])"p/(1 - c*x), x], x] /; FreeQ[{a, b, c, d, e
}, x] && EqQ[c™2+d + e, 0] &% IGtQ[p, O]

Rule 6242

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[(f*(x/d)) m*(a + b*ArcTanh[x]) p, x]
, X, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] & EqQ[d*e - cxf, 0] &
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& IGtQ[p, 0]

Rubi steps

Subst (f e’z?(a + btanh_l(x))2 dz,z,c+ dx)

/(ce + dez)? (a + btanh ' (c + dz‘))2 dz =

d
e?Subst (f z?(a + btanh_l(x))2 dr,r,c+ dx)
N d
23 (a+btan]
_ €(c+dz)® (a+btanh~ (¢ + dz))?  (2be”) Subst <f et
B 3d - 3d
_ €*(c+dz)® (a+btanh'(c+ dac))2 N (2be®) Subst ([ z(a + bt:
B 3d 3
_ be*(c+dx)? (a+ btanh™ (c + dx)) N e?(a+btanh™'(c + dz)
B 3d 3d
_ Ll N be?(c + dz)? (a + btanh ™' (c + dz)) N e?(a + btanh™
3 3d 3d
_ Lo b?e? tanh™ ' (c + dz) N be?(c + dz)? (a+ btanh ™' (c +
3 3d 3d
1b2 o b*e’tanh™'(c+ da) N be?(c + dz)? (a+ btanh™'(c +
3 3d 3d

Mathematica [A]
time = 0.29, size = 150, normalized size = 0.84

r:z(uz((t +da)? + ab((c + do)? + 2(c + dz)* tanh ™ (c + da) + log (1 + (c + dz)?)) + bl(c +dz — tanh (¢ + dz) + (c + do)? tanh (¢ + dz) — tanh (¢ + dz)? + (c + dz)* tanh (¢ + dz)? — 2tanh ™~ (c + d) log (1 + 6’2“"“4(”"”) + PnlyLng(Z, ﬁrmh”wm)))
3d

Antiderivative was successfully verified.

[In] Integrate[(c*e + dxexx)~2x(a + b*ArcTanh[c + d*x])~2,x]

[Out] (e™2%(a”2%(c + d*x)~3 + a*b*((c + d*x)~2 + 2x(c + d*x) 3*ArcTanh[c + d*x] +
Log[-1 + (c + d*x)~2]) + b"2*(c + d*x - ArcTanh[c + d*x] + (c + d*x) 2*Arc
Tanh[c + d*x] - ArcTanh[c + d*x]~2 + (c + d*x) 3*ArcTanh[c + d*x]~2 - 2#%Arc
Tanh[c + d*x]*Log[l + E~(-2*ArcTanh[c + d*x])] + PolyLog[2, -E~(-2*ArcTanh[

c + d*x]1)]1)))/(3%d)

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 341 vs.
2(167) = 334.

time = 4.12, size = 342, normalized size = 1.91 Too large to display




119

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*exx+c*e) 2*(a+b*arctanh(d*x+c))~2,x,method=_RETURNVERBOSE)

[Out] 1/d*x(1/3*e~2*(d*x+c) "3*a~2+1/3*b"2xe~2*x (d*x+c) “3*arctanh (d*xx+c) “2+1/3*b"2*e
~2x (d*x+c) "2*xarctanh (d*x+c)+1/3*%b"2*xe~2*arctanh (d*x+c) *1n (d*x+c—1)+1/3*%b~2x%

e~ 2xarctanh (d*x+c)*1n(d*x+c+1)+1/3*%b"2xe~ 2% (d*x+c)+1/6*%b"2*%e~2x1n (d*x+c-1) -
1/6%b~2%e~2x1n(d*x+c+1)-1/3%b"2%xe"2*dilog(1/2*d*x+1/2*c+1/2)-1/6%b"2%e~2*1n
(d*x+c-1)*1n(1/2*%d*x+1/2*%c+1/2)+1/12*%b"2*%e"2*1n (d*x+c-1) "2+1/6*b"2*xe~2*1n (-
1/2xd*x-1/2*c+1/2) *1n(d*x+c+1)-1/6%b"2xe~2x1n (-1/2*d*x-1/2*c+1/2) *1n(1/2*xdx*
x+1/2%c+1/2)-1/12%b"2*xe”2*1n (d*x+c+1) "2+2/3*a*xb*e”2* (d*x+c) “3*arctanh (d*x+c
)+1/3%e”2x (d*x+c) “2*axb+1/3*a*b*xe”2x1n (d*x+c-1)+1/3*a*b*xe”2x1n (d*x+c+1))

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 572 vs.
2(150) = 300.
time = 0.45, size = 572, normalized size = 3.20

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*e*x+cxe) 2x(atb*arctanh(d*x+c))~2,x, algorithm="maxima")

[Out] 1/3*%a"2*d"2*x"3*%e”2 + a~2kc*kd*x~2*%e”2 + (2xx"2*arctanh(d*x + c) + d*(2*x/d”
2 - (c72 + 2xc + 1)*log(d*x + ¢ + 1)/d"3 + (c”2 - 2%c + 1)*log(d*x + ¢ - 1)
/d~3) ) *axbxcxd*e~2 + 1/3%(2*x"3*arctanh(d*x + c) + d*((d*x~2 - 4*c*x)/d"3 +
(c™3 + 3%c™2 + 3%c + 1)*log(d*x + ¢ + 1)/d"4 - (c”3 - 3%c™2 + 3xc - 1)*log
(d*x + c - 1)/d"4))*axbxd"2xe”2 + a~2xc”2xx*e”2 + (2*(d*x + c)*arctanh(d*x
+ c) + log(-(d*x + c)~2 + 1))*a*b*c™2*e”2/d + 1/6%(c”2 - 1)*b~2xe"2xlog(d*x
+c+ 1)/d - 1/6%(c™2 - 1)*b"2xe"2xlog(d*x + c - 1)/d + 1/3*%(log(d*x + c +
1)*log(-1/2*d*x - 1/2xc + 1/2) + dilog(1/2*d*x + 1/2%c + 1/2))*b"2*e~2/d +
1/12% (4xb~2xd*x*e”2 + (b72%d"3%x"3%e”2 + 3%b~2%c*d"2*x"2%e”2 + 3*b~2xc”2*d
xx*xe”2 + (c™3 + 1)*b"2xe"2)*log(d*x + c + 1)72 + (b~2*%d"3*x"3%e"2 + 3*b~2xc
*d"2%x"2*%e"2 + 3*%b"2xc"2xd*x*e”2 + (c”3 - 1)*b"2*e"2)*log(-d*x - c + 1)72 +
2% (b72*d"2*x"2%e"2 + 2%b"2*ckd*x*e"2)*1log(d*x + c + 1) - 2%(b"2xd"2*x"2%e”
2 + 2¥b72kckd*x*e”2 + (b72xd"3*x"3%e”2 + 3xb"2xckd"2*x"2%e”"2 + 3*b"2%kc”2*dx*
x*xe”2 + (c”3 + 1)*b"2*%e"2)*log(d*x + c + 1))*log(-d*x - c + 1))/d
Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*e*x+cxe) 2x(atb*arctanh(d*x+c))~2,x, algorithm="fricas")

[Out] integral((b~2*d~2*x~2 + 2*%b~2*c*d*x + b~2%c”2)*arctanh(d*x + c) 2*e”2 + 2x(
a*xb*d~2*x"2 + 2xaxbkckd*x + axb*c~2)*arctanh(d*x + c)*e”2 + (a"2%d"2%x"2 +
2%a”2%ckd*x + a~2xc"2)*e"2, x)
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Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

2 </ a’dz + / ad*a? dz + / b2c? atanh? (c + d) dz + /2abc7 atanh (c + dz) dz + /Zazcdz dz + /b2d2z2 atanh® (¢ + dz) dz + /21117(12302 atanh (c + dz) dz + /21720dz atanh® (¢ + dz) dz + /4abcdz atanh (c + dz) dm)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*e*x+cxe)**2* (a+b*atanh(d*x+c))**2,x)

[Out] ex*2x(Integral (ax*2*c*x2, x) + Integral(a**2xd**2*x**2, x) + Integral (b**2x
ckx2%atanh(c + d*x)**2, x) + Integral(2*axb*c**2*atanh(c + d*x), x) + Integ

ral (2¥ax*2*cxd*x, x) + Integral (b**2*d**2*x**2*atanh(c + d*x)**2, x) + Inte

gral (2xaxb*d*x2*x*x2%atanh(c + d*x), x) + Integral (2*b*x2*c*d*x*atanh(c + d
*xx)**2, x) + Integral(4*axbxcxd*x*atanh(c + d*x), x))

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*e*x+c*e) 2*x(atb*arctanh(d*x+c))~2,x, algorithm="giac")

[Out] integrate((d*e*x + c*e) 2%(b*arctanh(d*x + c) + a)~2, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ (ce+dex)’ (a+ batanh(c+ dz))? dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c*e + d*e*x) 2*(a + b*atanh(c + d*x))~2,x)

[Out] int((c*e + d*xe*xx) 2*(a + b*atanh(c + d*x))~2, x)
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3.17 [ (ce + dezx) (a + btanh ™ (c + ol:c))2 dx

Optimal. Leaf size=95

bPe(c+ dz)tanh ' (c+dz) e(a+btanh™ (c+ dr))” Jre(c + dz)? (a + btanh ' (c+ dx))2+b2e log

abez+ d 2d 2d

[Out] axbxexx+b~2xe*(d*x+c)*arctanh(d*x+c)/d-1/2*ex (a+b*arctanh(d*x+c))~2/d+1/2%e
* (d*x+c) ~2* (a+b*arctanh (d*x+c)) ~2/d+1/2%b"2*ex1n(1-(d*x+c)~2)/d

Rubi [A]
time = 0.09, antiderivative size = 95, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.333,

steps used = 8, number of rules used = 7, integrand size = 21,
Rules used = {6242, 12, 6037, 6127, 6021, 266, 6095}

e(c+dz)? (a+ btanh™'(c + dac))2 _ e(a+btanh™'(c+ da:))2 + abex + b%elog (1 — (c+ dx)?) " b%e(c + dr) tanh ™ (c + dx)

2d 2d 2d d

Antiderivative was successfully verified.
[In] Int[(c*e + d*exx)*(a + bx*ArcTanh[c + d*x])~2,x]

[Out] axbxexx + (b~2*e*(c + d*x)*ArcTanh[c + d*x])/d - (ex(a + bxArcTanh[c + d*x]
)72)/(2%d) + (ex(c + d*x)~2x(a + b*ArcTanh[c + d*x])~2)/(2%d) + (b~2*exLogl
1 - (c + d*x)~2])/(2*d)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQl[a, x] && !'Match
QLu, (b_)*(v_) /; FreeQ[b, x]]

Rule 266

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
t[a + bxx"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 6021

Int[((a_.) + ArcTanh[(c_.)*(x_)"(n_.)I*(b_.))"(p_.), x_Symbol] :> Simp[x*(a
+ bxArcTanh[c*x"n])“p, x] - Dist[b*c*n*p, Int[x"n*((a + bxArcTanh[c*x"n])~
(p - 1)/ - c¢™2*x"(2#n))), x], x] /; FreeQ[{a, b, c, n}, x] && IGtQ[p, O]
&& (EqQ[n, 11 || EqQlp, 11D

Rule 6037

Int[((a_.) + ArcTanh[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + b*ArcTanh[c*x"n])"p/(m + 1)), x] - Dist[b*c*n*(p/(m
+ 1)), Int[x~(m + n)*((a + b*ArcTanh[c*x™n])~(p - 1)/(1 - c~2*x~(2*n))), x]
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, x] /; FreeQ[{a, b, ¢, m, n}, x] & IGtQ[p, 0] && (EqQlp, 1] || (EqQ[n, 1]
&& IntegerQ[m])) && NeQ[m, -1]

Rule 6095

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symb
ol] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(bxc*xdx(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] && EqQ[c™2*d + e, 0] && NeQ[p, -1]

Rule 6127

Int[(((a_.) + ArcTanh[(c_.)*(x_)I*(b_.)) " (p_.)*((f_.)*(x_))"(m_))/((d_) + (
e_.)*(x_)"2), x_Symbol] :> Dist[f~2/e, Int[(f*x)"(m - 2)*(a + b*ArcTanh[c*x
1)7p, x], x] - Dist[d*x(£72/e), Int[(f*x)"(m - 2)*((a + bxArcTanh[c*x]) p/(d
+ exx~2)), x], x] /; FreeQ[{a, b, ¢, d, e, f}, x] & GtQ[p, 0] && GtQ[m, 1
]

Rule 6242

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)I*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[(f*(x/d)) m*(a + b*ArcTanh([x]) p, x]
, X, ¢ + dxx], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && EqQld*e - cxf, 0] &
& I1GtQLp, 0]

Rubi steps

Subst (f ez(a+ btanh_l(x))2 dr,z,c+ dm)

/(ce + dez) (a+ btanh ™' (c + dac))2 dx =

d
eSubst <f z(a+ btamh_l(ac))2 dz,z,c+ dw)
B d
z2 (a+btanh—!(z
_e(c+dz)? (a+btanh ™ (c+ dx))2 (be)Subst (f (T
- 2d B d
_e(c+dx)? (a+btanh™ (c+ dac))2 N (be)Subst( [ (a + btanh™'
B 2d d
e(a+btanh™ (c+ dx))2 e(c+dz)? (a+ btanh ' (c+
= abex — +
2d 2d
2 -1 h! 2
_ abez + b’e(c+dzr)tanh™ (c+dz) e(a+ btanh™'(c + dz)) _
d 2d
_ abex + b%e(c+dr)tanh™'(c+dz) efa+ btanh™'(c + dx))2 _

d

2d
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Mathematica [A]
time = 0.04, size = 134, normalized size = 1.41

ab(c+dz) | a’(c+dz)? | blc+dz)(b+a(c+dz))tanh ™ (c+dz)  (=b®+b*(c +dz)?) tanh ' (c+dz)? | (ab+b?)log(l —c—dz) | (—ab+b%)log(l +c+ da)
L A d + 2d + 2d + 2d

Antiderivative was successfully verified.

[In] Integrate[(c*e + dxe*x)*(a + bxArcTanh[c + d*x])~2,x]

[Out] ex((axb*(c + d*x))/d + (a"2*(c + d*x)~2)/(2%d) + (bx(c + d*x)*(b + ax(c + d
*x))*ArcTanh[c + d*x])/d + ((-b"2 + b™2*(c + d*x)~2)*ArcTanh[c + d*x]~2)/(2

*d) + ((a*b + b"2)*Logl[l - ¢ - d*x])/(2%d) + ((-(axb) + b~2)*Logl[l + c + d*
x])/(2xd))

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 271 vs.

2(89) = 178.
time = 0.08, size = 272, normalized size = 2.86

method result
e(d:t+c)2a2 e bz(dw-ﬁ-c)2 arctanh(dz+c)2 b} eb? arctanh(dz+c) In(dz+c—1) e b2 arctanh(dz+c) In
derivativedivides C— 2 et (dote) arctanh(dote)+ 2 2
e(dz+c)“a eb“(dz+c)“ arctanh(dz+c) 2 eb® arctanh(dz+c) In(dz+c—1) eb” arctanh(dz+c)In
default 5 2a? + ? 2 5 2 +e b?(dz+c) arctanh(dz+c)+ 2 5 _ed? 5
isch eb?(d?z?+2cdz+c2—1) In(dz+c+1)2 + be(—bd?z? In(—dx—c+1)+2a d?z? —2bdz In(—dz—c+1)c+4adzc—In(—dz—
T1SC 3d 1d

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*exx+cxe)* (a+b*arctanh(d*x+c)) 2,x,method=_RETURNVERBOSE)

[Out] 1/d*(1/2%ex(d*x+c) "2*a~2+1/2*e*b™2x (d*x+c) ~2*arctanh (d*x+c) “2+e*b~2* (d*x+c)
xarctanh (d*x+c)+1/2*e*b~2*arctanh (d*x+c) *1n(d*x+c—-1)-1/2*exb~2*arctanh (d*x+
c)*1n(d*x+c+1)-1/4%exb”2*1n(d*x+c-1)*1n(1/2*d*x+1/2*c+1/2)+1/8*e*b~2*1n (d*x
+c-1)"2+1/2*%e*b"2x1n(d*x+c-1)+1/2*e*b~2*1n (d*x+c+1)-1/4*e*xb”2*1n(-1/2*d*x-1
/2*c+1/2) *1n(d*x+c+1)+1/4*exb~2*1n(-1/2*xd*x-1/2%c+1/2) *1n(1/2*d*x+1/2*c+1/2
)+1/8*exb~2*1n (d*x+c+1) ~2+b*axe*x (d*xx+c) ~2*arctanh (d*x+c) +e*x (dxx+c) *axb+1/2*
bxaxe*1ln(d*x+c—-1)-1/2*b*a*xe*x1ln(d*x+c+1))

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 320 vs.

2(94) = 188.
time = 0.44, size = 320, normalized size = 3.37

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*e*x+cxe)*(atb*arctanh(d*x+c))~2,x, algorithm="maxima")
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[Out] 1/2*%a~2xd*x"2*%e + 1/2%(2*x"2*arctanh(d*x + c) + d*(2*x/d"2 - (c™2 + 2xc + 1
)*log(d*x + ¢ + 1)/d™3 + (c™2 - 2%c + 1)*log(d*x + c - 1)/d"3))*axb*d*e + a
“2xc*x*e + (2%(d*x + c)*arctanh(d*x + c) + log(-(d*x + c)~2 + 1))*a*bxcxe/d

+ 1/8%((b™2%d"2*%x"2%e + 2*%b~2kckd*x*e + (c72 - 1)*b"2%e)*log(d*x + c + 1)~
2 + (b72xd"2*x"2%e + 2xb~2xckd*x*e + (c”2 - 1)*b~2%e)*log(-d*x - c + 1)72 +

4x (b~2xd*x*e + b"2x(c + 1)*e)*log(d*x + c + 1) - 2x(2¥b~2xd*x*e + 2xb~2x(c

- 1)*e + (b™2%d"2*x"2%e + 2xb~2*ckd*xxe + (c”2 - 1)*b"2*e)*log(d*x + c + 1
))*log(-d*x - ¢ + 1))/d

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 333 vs.

2(94) = 188.
time = 0.40, size = 333, normalized size = 3.51

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*e*x+cxe)*(atb*arctanh(d*x+c))~2,x, algorithm="fricas")

[Out] 1/8*x(((b™2*%d"2*x"2 + 2*xb~2*%c*d*x + b~2*c”™2 - b~2)*cosh(1) + (b™2*d"2*x"2 +
2xb~2xc*d*x + b~2%c”2 - b~2)*sinh(1))*log(-(d*x + c + 1)/(d*x + ¢ - 1))72 +
4x(a~2xd"2*xx"2 + 2x(a~2*c + a*b)*d*x)*cosh(1l) + 4x((axb*c™2 + b~2%c - ax*b

+ b~2)*cosh(1) + (a*b*c™2 + b™2%c - a*xb + b~2)*sinh(1))*log(d*x + c + 1) -

4% ((axb*xc™2 + b~2%c - a*b - b~2)*cosh(1l) + (a*b*c™2 + b~2%c - a*xb - b~2)*si
nh(1))*log(d*x + c - 1) + 4*((axb*xd™2*x"2 + (2*axb*c + b~2)*d*x)*cosh(1l) +
(axb*d~2*x"2 + (2*axb*c + b~2)*d*x)*sinh(1))*log(-(d*x + c + 1)/(d*x + c -

1)) + 4x(a~2*%d"2*%x"2 + 2%(a"2%c + axb)*d*x)*sinh(1))/d

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 238 vs.
2(83) = 166.
time = 1.10, size = 238, normalized size = 2.51

{azcsz o des? 4 aientanbictds) 4 9gfceq atanh (c + dz) + abdea? atanh (c + dr) + abex — esahlctd) | Peatal (chds) 4 2oy gtanh? (c + dr) 4 Voestathlctdn) | Pdert sl (erds) 4 g atanh (¢ + dr) + DG ) Peatal orde) _ Peatanb(ctde) - for g 2

cez(a + batanh (¢ otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*e*x+cxe)* (at+tb*atanh(d*x+c))**2,x)

[Out] Piecewise((a**2*cke*x + a*x*2kdkexx**x2/2 + axbxc**2*e*atanh(c + d*x)/d + 2*a
xbxckxexx*atanh(c + d*x) + axbkxdke*x**x2*xatanh(c + d*x) + a*bxexx — axb*e*ata

nh(c + d*x)/d + b**2xcx*x2ke*atanh(c + d*x)**x2/(2*d) + bx*x2xcke*x*atanh(c +
d*xx)**2 + bxx2xckxexatanh(c + d*x)/d + b*x*2xdxexx**2*atanh(c + d*x)**2/2 + b
*x*k2xexx*katanh(c + d*x) + bx*2xexlog(c/d + x + 1/d)/d - bx*2xexatanh(c + d*x
)**2/(2+%d) - b**2%exatanh(c + d*x)/d, Ne(d, 0)), (c*e*x*(a + b*atanh(c))**2

, True))

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 351 vs. 2(89) =
178.
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time = 0.42, size = 351, normalized size = 3.69

dotetlabe | (datct)ie joretl)ae | (do+e+l)abe
1 ( (dz + ¢+ 1)b?elog (_%)2 2b%log (—fifﬂ +1) . 2b2elog (—2tetl) N 2(%*’% _bie) 10@(_ﬁ12t}) 4(%*’% —abe)

d da+
1 2 2 2 dzte+1)?d? _ 2 (detetl)d? de+ct1), dz+ct1)d
4\ ((eter)’a _ z(d;t::x])d? +d7)(dz+c— 1) &2 d (datet1)®d Z(lu:’tll)lz 42 (dztet1)’d %‘*’dz

) ((c+1)d = (c—1)d)

(dz+e—1) d (da+e—1) d (dete—1)7

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*e*x+cxe)*(atb*arctanh(d*x+c))~2,x, algorithm="giac")

[Out] 1/4%((d*x + c + 1)*b"2xexlog(-(d*x + c + 1)/(d*x + ¢ - 1))72/(((d*x +
)72x%d"2/(d*x + ¢ - 1)72 - 2x(d*x + ¢ + 1)*d"2/(d*x + ¢ - 1) + d"2)*(d*x + ¢
- 1)) - 2%b"2%e*log(-(d*x + ¢ + 1)/(d*x + ¢ - 1) + 1)/d"2 + 2xb~2xexlog(-(
d*x + ¢ + 1)/(d*x + ¢ - 1))/d"2 + 2%x(2*x(d*x + ¢ + 1)*a*xb*e/(d*x + ¢ - 1) +

(d*x + ¢ + 1)*b"2xe/(d*x + ¢ - 1) - b"2xe)*log(-(d*x + c + 1)/(d*x + c - 1)
)/((d*x + ¢ + 1)72%d72/(d*x + ¢ - 1)72 - 2%(d*x + ¢ + 1)*d"2/(d*x + ¢ - 1)

+ d72) + 4x((d*x + ¢ + 1)*a"2xe/(d*x + ¢ - 1) + (d*x + c + 1)*axbxe/(d*x +

c - 1) - axb*e)/((d*x + ¢ + 1)72%d"2/(d*x + ¢ - 1)72 - 2x(d*x + ¢ + 1)*d"2/
(d¥x + ¢ = 1) + d"2))*((c + 1)*d - (c - 1)*d)

Mupad [B]
time = 1.56, size = 432, normalized size = 4.55

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c*xe + d*exx)*(a + b*atanh(c + d*xx))~2,x)

[Out] x*(akxex(b + 3*kaxc) - 2%a~2%cke) + log(l - dkx - c) 2% ((b~2*ckexx)/4 -
e - b™2xc"2%e)/(8%d) + (b~2xd*e*x”2)/8) - log(l - d*x - c)*(log(c + d*x + 1
)x((b~2%c*exx)/2 - ((b"2%e)/2 - (b~2xc™2%e)/2)/(2%d) + (b~2xdxexx~2)/4) - (
x* (4xb~2xd"2%ex(c - 1) - 4*b~2kd*ex(d*(c - 1) + dx(c + 1)) + 8*b~2*c*xd"2%*e)
)/ (16*d"2) + (x*(8*bxd~2xe*(4xaxc - 2%a + b*c) + 4xbxd~2*xe*(4*a + b)*(c + 1
) - 4xbxd¥ex(d*(c - 1) + dx(c + 1))*(4*a + b)))/(16%d"2) - (b"2xd*e*xx"2)/8

+ (b*dxe*xx~2x(4*a + b))/8) + log(c + d*x + 1)"2*%((b"2*c*e*x)/4 - (b"2%e - b
~2xc"2%e) /(8%d) + (b~2*d*e*xx~2)/8) + (log(c + d*x + 1)*(b~2%e - axbxe + b~2
xcxe + axbxc"2xe))/(2xd) + (log(c + d*x - 1)*(b"2xe + axbxe - b~2%c*e - a*b
*xc"2%e))/(2%d) + dxlog(c + d*x + 1)*((x*(b~"2%e + 2%axb*cxe))/(2xd) + (axbxe
*x"2)/2) + (a~2xd*e*x"2)/2

(b~2%
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3.18

Optimal. Leaf size=168

(a+btanh ™! (c+dx)) 2
| dz
ce+dex

2(a+btanh™'(c + dav))2 tanh™ (1— —2—) b(a+btanh™'(c+ dz)) PolyLog(2,1 — —2) _|_b(a + bta

de de

[Out] -2x(atb*arctanh(d*x+c)) 2*arctanh(-1+2/(-d*x-c+1))/d/e-bx(atb*arctanh(d*x+c
))*polylog(2,1-2/(-d*x-c+1))/d/e+b* (at+b*arctanh(d*x+c))*polylog(2,-1+2/(-d*
x-c+1))/d/e+1/2¥b~2*polylog(3,1-2/(-d*x-c+1))/d/e-1/2%b"2*polylog(3,-1+2/ (-
d*x-c+1))/d/e

Rubi [A]
time = 0.22, antiderivative size = 168, normalized size of antiderivative = 1.00, number of

number of rules _ 304
integrand size ’

steps used = 8, number of rules used = 7, integrand size = 23,
Rules used = {6242, 12, 6033, 6199, 6095, 6205, 6745}

bLis (1 — —277) (a + btanh™"(c + dz)) N bLis (=27 — 1) (a + btanh™" (c + dz)) N 2tanh ™! (1 — 27 (e + btanh ™ (c +do))*  BLis(1 — 2y) _ PLis(mr - 1)
de de de 2de 2de

Antiderivative was successfully verified.
[In] Int[(a + b*ArcTanh[c + d*x])~2/(c*e + d*e*xx),x]

[Out] (2%(a + b*ArcTanh[c + d*x])~2*ArcTanh[l - 2/(1 - c - d*x)])/(d*e) - (bx(a +
bxArcTanh[c + d*x])*PolyLog[2, 1 - 2/(1 - ¢ - d*x)])/(d*e) + (bx(a + bxArc
Tanh[c + d*x])*PolyLogl[2, -1 + 2/(1 - ¢ - d*x)])/(d*e) + (b~2*PolyLog[3, 1

- 2/(1 - c - d*x)])/(2*d*e) - (b~2#PolyLogl[3, -1 + 2/(1 - c - d*x)])/(2*d*e

)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 6033

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_)/(x_), x_Symbol] :> Simp[2*(a +
bxArcTanh [c*x]) “p*ArcTanh[1 - 2/(1 - c*x)], x] - Dist[2xb*c*p, Int[(a + bx*
ArcTanh[c*x])~(p - 1)*(ArcTanh[1 - 2/(1 - c*x)]1/(1 - ¢c"2*x"2)), x], x] /; F
reeQ[{a, b, c}, x] && IGtQ[p, 1]

Rule 6095

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symb
0l] :> Simp[(a + bxArcTanh[c*x])~(p + 1)/(bxc*xdx(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] && EqQ[c™2*d + e, 0] && NeQ[p, -1]



127

Rule 6199

Int [(ArcTanh[u_]*((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.))/((d_) + (e_.)*(
x_)"2), x_Symbol] :> Dist[1/2, Int[Log[1l + ul*((a + b*ArcTanh[c*x])~p/(d +
exx~2)), x], x] - Dist[1/2, Int[Logl[l - ul*((a + bxArcTanh[c*x])~p/(d + e*x
~2)), x]1, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c"2xd + e, O
] & EqQu™2 - (1 - 2/(1 - c*x))~2, 0]

Rule 6205

Int[(Loglu_l*((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.))/((d.) + (e_.)*(x_)"
2), x_Symbol] :> Simp[(-(a + bxArcTanh[c*x]) “p)*(PolyLog[2, 1 - ul/(2xc*d))
, x] + Dist[bx(p/2), Int[(a + bxArcTanh([c*x])~(p - 1)*(PolyLog[2, 1 - ul/(d
+ exx"2)), x], x] /; FreeQ[{a, b, c, d, e}, x] & IGtQ[p, 0] && EqQ[c~2xd
+ e, 0] & EqQ[(1 - w~2 - (1 - 2/(1 - c*x))~2, 0]

Rule 6242

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)I1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[(f*(x/d)) m*(a + b*ArcTanh[x]) p, x]
, X, ¢ + dxx], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && EqQ[d*e - c*f, 0] &
& 1GtQ[p, O]

Rule 6745
Int[(u_)*PolyLog[n_, v_], x_Symbol] :> With[{w = DerivativeDivides[v, u*v,

x]}, Simp[w*PolyLog[n + 1, v], x] /; !FalseQ[w]l] /; FreeQ[n, x]

Rubi steps
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(a+btanh~1(z)) 2

/ (a+ btanh™}(c + dz))” B Subst(dex,x,c+da:>

ce + dex r= d

Subst (f (atbtanh™ )" dr,z,c+ dm)

T

de

l—c—dzx

2(a+ btanh~*(c + dz))” tanh " (1 — —2—) B (4b)Subst (f

tanh ! (1—

2

1—x

1-

de

B 2(a+btanh™'(c + dx))2tanh_1 (1-—2.) ) (2b)Subst (f

l—c—dz

(a+b tanh™

Y(z)
1—3

de

l—c—dz

d

2(a+btanh™'(c+ dx))2 tanh™' (1— —2—) b(a+btanh '(c+dz))L

de

de

_ 2(a+btanh™(c + dx))2 tanh™' (1— —2—) b(a+btanh '(c+dz))L

l—c—dz

de

Mathematica [C] Result contains complex when optimal does not.
time = 0.26, size = 424, normalized size = 2.52

Antiderivative was successfully verified.

[In] Integrate[(a + bxArcTanh[c + d*x])~2/(c*e + d*e*x),x]

de

[Out] (a~2#Loglc + d*x] + 2*a*bxArcTanh[c + d*x]*(-Log[1/Sqrt[1 - (c + d*x)~2]] +

Log[(I*(c + d*x))/Sqrt[1 - (c + d*x)~2]]) - (a*xbx(Pi~2 - (4*I)*PixArcTanh[
c + d*x] - 8*ArcTanh[c + d*x]~2 - 8xArcTanh[c + d*x]*Log[l - E~(-2*ArcTanh[
c + d*x])] + (4xI)*Pi*Log[1l + E~(2xArcTanh[c + d*x])] + 8*ArcTanh[c + d*x]*
Log[1 + E~(2*%ArcTanh([c + d*x])] - (4*I)*PixLog[2/Sqrt[1 - (c + d*x)~2]] - 8
xArcTanh[c + d*x]*Log[2/Sqrt[1 - (c + d*x)~2]] + 8*ArcTanh[c + d*x]*Log[((2
*I)*(c + d*x))/Sqrt[1l - (c + d*x)~2]] + 4*PolyLog[2, E~(-2*ArcTanh[c + d*x]
)] + 4xPolyLog[2, -E~(2%ArcTanh[c + d*x])]))/4 + b~2x((I/24)*Pi~3 - (2%ArcT
anh[c + d*x]~3)/3 - ArcTanh[c + d*x]~2*Log[l + E~(-2xArcTanh[c + d*x])] + A
rcTanh[c + d*x]~2*Log[l - E~(2xArcTanh[c + d*x])] + ArcTanh[c + d*x]*PolyLo
gl[2, -E~(-2xArcTanh[c + d*x])] + ArcTanh[c + d*x]*PolyLog[2, E~(2*ArcTanh[c

+ dxx])] + PolyLog[3, -E~(-2xArcTanh[c + d*x])]/2 - PolyLog[3, E~(2xArcTan
hlc + d*x])]1/2))/(d*e)

Maple [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 11.78, size = 840, normalized size = 5.00 Too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arctanh(d*x+c)) 2/ (d*e*x+c*e),x,method=_ RETURNVERBOSE)

[Out] 1/d*(a~2/e*1ln(d*x+c)+b~2/ex1ln(d*x+c)*arctanh(d*x+c) ~2-b~2/e*arctanh (d*x+c)*
polylog(2,-(d*x+c+1)~2/(1-(d*x+c)~2))+1/2xb~2/e*polylog(3,-(d*x+c+1)~2/(1-(
d*x+c)~2))-b~2/exarctanh(d*x+c) “2x1n((d*x+c+1) "2/ (1-(d*x+c) "2)-1)+b~2/e*arc
tanh (d*x+c) “2x1n(1+(d*x+c+1) / (1-(d*x+c) ~2) ~(1/2) ) +2*%b~2/exarctanh (d*x+c) *po
lylog(2,-(d*x+c+1)/(1-(d*x+c)~2)~(1/2))-2%b~2/e*xpolylog(3,-(d*x+c+1) /(1-(d*
x+c)~2)7(1/2))+b~2/e*arctanh (d*x+c) "2*1n(1-(d*x+c+1) / (1-(d*x+c) ~2) ~(1/2) ) +2
*b~2/e*arctanh (d*x+c) *polylog(2, (d*x+c+1)/(1-(d*x+c)~2)~(1/2))-2*b~2/e*poly
log(3, (d*x+c+1)/(1-(d*x+c)~2)~(1/2))+1/2%I*b~2/e*Pi*csgn (I* ((d*x+c+1)~2/(1-
(d*x+c)~2)-1))*csgn(I/(1+(d*x+c+1)~2/(1-(d*x+c)~2)) ) *csgn(I*((d*x+c+1)~2/(1
-(d*x+c)~2)-1) /(1+(d*x+c+1) "2/ (1-(d*x+c) ~2)) ) *arctanh (d*x+c) "2-1/2*%I*b~2/e*
Pikxcsgn (I*((d*x+c+1)~2/(1-(d*x+c)~2)-1))*csgn(I*((d*x+c+1)~2/(1-(d*x+c) ~2)-
1)/ (1+(d*x+c+1) "2/ (1-(d*x+c) ~2) ) ) "2xarctanh (d*x+c) “2+1/2*%Ixb~2/exPixcsgn (I*
((d*x+c+1)~2/(1-(d*x+c) ~2)-1) / (1+(d*x+c+1) "2/ (1-(d*x+c) "2) ) ) “3*arctanh (d*x+
c)~2-1/2*Ixb~2/e*Pi*csgn(I/(1+(d*x+c+1)~2/(1-(d*x+c)~2)))*csgn(I*((d*x+c+1)
~2/(1-(d*x+c)~2)-1)/ (1+(d*x+c+1) "2/ (1-(d*x+c) ~2) ) ) "2*arctanh (d*x+c) ~2+2*a*b
/e*1n(d*x+c)*arctanh (d*x+c) -a*b/e*xdilog(d*x+c+1) —a*b/e*x1n(d*x+c)*1n(d*x+c+1
)-a*b/exdilog(d*x+c))

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctanh(d*x+c)) 2/ (d*e*x+c*e),x, algorithm="maxima")

[Out] a~2*e~(-1)*log(d*x*e + cxe)/d + integrate(1/4*b"2x(log(d*x + c + 1) - log(-
d*x - ¢ + 1))72/(d*x*e + c*e) + a*bx(log(d*x + c + 1) - log(-d*x - c + 1))/
(d*xx*e + c*xe), x)

Fricas [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctanh(d*x+c))~2/(d*e*x+c*e),x, algorithm="fricas")
[Out] integral((b~2*arctanh(d*x + c)~2 + 2%a*b*arctanh(d*x + c) + a~2)*xe~(-1)/(d*
x +c), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

a? b2 atanh? (c+dzx) 2ab atanh (c+dz)
f ctdz dr + f ctdz dz + f ctdz dx

e
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*atanh(d*x+c))**2/(d*e*xx+cxe),x)
[Out] (Integral(a*x2/(c + d*x), x) + Integral(b**2xatanh(c + d*x)**2/(c + d*x), x
) + Integral(2*a*b*atanh(c + d*x)/(c + d*x), x))/e

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c)) 2/ (d*e*x+c*e),x, algorithm="giac")

[Out] integrate((b*arctanh(d*x + c) + a)~2/(dxe*x + c*e), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

(a + batanh(c + d z))*
dx
ce+dex

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c + d*x))~2/(c*e + d*xe*xx),x)

[Out] int((a + b*atanh(c + d*x))~2/(c*e + d*e*xx), x)
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-1 2
f (a+btanh ™ (c+dz)) d

3.19 (ce+dex)?

Optimal. Leaf size=104

(a+ btanh™(c+ dac))2 (ot btanh™*(c + doc))2 +2b(a + btanh™'(c+ dz)) log (2 — 524) _bQPolyLog
de? de?(c + dz) de?

[Out] (atb*arctanh(d*x+c))~2/d/e"2-(atb*arctanh(d*x+c))~2/d/e”2/(d*x+c)+2*xb* (atb*
arctanh (d*x+c))*1n(2-2/(d*x+c+1))/d/e"2-b~2*polylog(2,-1+2/ (d*x+c+1))/d/e"2

Rubi [A]
time = 0.13, antiderivative size = 104, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.261,

steps used = 6, number of rules used = 6, integrand size = 23,
Rules used = {6242, 12, 6037, 6135, 6079, 2497}

(a + btanh™(c + dz))” N (a+ btanh~(c + dz))* N 2blog (2 — 2+7) (a+ btanh™'(c + d)) _ PLis(am — 1)
de?(c + dz) de? de? de?

Antiderivative was successfully verified.

[In] Int[(a + bxArcTanh[c + d*x])~2/(c*e + d*e*xx)~2,x]

[Out] (a + bxArcTanh[c + d*x])~2/(d*e”2) - (a + b*ArcTanh[c + d*x])~2/(d*e"2*(c +
d*x)) + (2*b*(a + b*ArcTanh([c + d*x])*Log[2 - 2/(1 + c + d*x)])/(d*e”2) -
(b~2xPolyLog[2, -1 + 2/(1 + c + d*x)])/(d*e~2)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x]1]

Rule 2497

Int[Loglu_J*(Pq_)~(m_.), x_Symbol] :> With[{C = FullSimplify[Pq m*((1 - u)/

D[u, x1)1}, Simp[C*PolyLog[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&

PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
x] [[2]], Expon[Pq, x]]

Rule 6037

Int[((a_.) + ArcTanh[(c_.)*(x_)~(n_.)]*(b_.)) " (p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + b*ArcTanh[c*x"n])"p/(m + 1)), x] - Dist[b*c*n*(p/(m
+ 1)), Int[x"(m + n)*((a + b*xArcTanh[c*x"n])~(p - 1)/(1 - c"2*x~(2%n))), x]
, x] /; FreeQ[{a, b, ¢, m, n}, x] & IGtQ[p, 0] && (EqQlp, 1] || (EqQ[n, 1]
&& IntegerQ[m])) && NeQ[m, -1]

Rule 6079
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Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((x_)*((d.) + (e_.)*(x_))), x
_Symbol] :> Simp[(a + b*ArcTanh[c*x]) “p*(Logl[2 - 2/(1 + ex(x/d))]1/d), x] -
Dist [bxcx(p/d), Int[(a + b*ArcTanh[c*x])~(p - 1)*(Log[2 - 2/(1 + ex(x/d))]1/
(1 - c™2*x72)), x], x] /; FreeQ[{a, b, c, 4, e}, x] && IGtQ[p, 0] && EqQlc~
2%d"2 - 2, 0]

Rule 6135

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.)/((x_)*((d_) + (e_.)*(x_)"2)),
x_Symbol] :> Simp[(a + b*ArcTanh([c*x])~(p + 1)/(b*d*(p + 1)), x] + Dist[1/
d, Int[(a + b*ArcTanh[c*x])"p/(x*(1 + c*x)), x], x] /; FreeQ[{a, b, c, d, e
}, x] && EqQ[c™2*d + e, 0] && GtQ[p, O]

Rule 6242

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)I*(b_.)) " (p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[(f*(x/d)) m*(a + b*ArcTanh([x]) p, x]
, X, ¢ + dxx], x] /; FreeQ[{a, b, ¢, d, e, f, m}, x] && EqQld*e - cxf, 0] &
& 1GtQ[p, O]

Rubi steps

(a+btanh~(z)) 2

/ (a+btanh ™ (c+dz))” Subst(dexa%Hdw)

(ce + dex)? v d

Subst (f M dz,x,c+ dm)

- de?
a+btanh—!(z
. (a+btanh™'(c+ dx))2 N (2b)Subst (f %ﬁ)() dz,z,c+ dac)
de?(c + dx) de?
a+btanh

(a+ btanh™(c+ da:))2 (a+ btanh™(c+ da:))2 N (2b)Subst (f = xt(1+;
B de? de?(c + dz) de
_ (a+btanh™(c+ dav))2 (a+ btanh™(c + dgv))2 N 2b(a + btanh ™' (c +
B de? de*(c + dx) c
_ (a+ btanh™(c + dav))2 (a+ btanh™(c + dgv))2 N 2b(a + btanh ™" (c +
B de? de?(c+ dx) G

Mathematica [A]
time = 0.17, size = 126, normalized size = 1.21

b2(—1+ c + dz) tanh™" (c + dz)? + 2btanh ™~ (c + dz) (—a +b(c+ dz) log (1 - e*“ﬂ“h’](”‘“))) + a(—a +2b(c + dz) log (7“”1 ) ) — b (c+ dz)PolyLog(Z o2 eanh"(cm))
V1—(c+dx)?
de?(c + dz)




133

Antiderivative was successfully verified.

[In] Integrate[(a + b*ArcTanh[c + d*x])~2/(c*e + dxexx)~2,x]

[Out] (b~™2%(-1 + c + d*x)*ArcTanh[c + d*x]~2 + 2%b*ArcTanh[c + d*x]*(-a + bx(c +
dxx)*Log[1 - E~(-2xArcTanh[c + d*x])]) + ax(-a + 2xbx(c + d*x)*Logl[(c + d*x
)/Sqrt[1 - (c + d*x)~2]]) - b~2x(c + d*x)*PolyLog[2, E~(-2*ArcTanh([c + d*x]
)1)/(d*e~2*x(c + d*x))

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 345 vs.

2(104) = 208.
time = 1.79, size = 346, normalized size = 3.33

method result

— a? _ b2 arctanh(dw+c)2 _ b2 arctanh(dz+-c) In(dz+4-c+1) + 252 In(dz+-c) arctanh(dz+c) b2 arctanh(dz+c) In(dz+c—1) +E
derivativedivides | —<(@+<) <?(date) < 2 2

- - b2 arctanh(du+c)® - b? arctanh(dz+-c) In(de+c+1) + 2b2 In(dz+c) arctanh(dz+c) _ b2 arctanh(dz+c) In(dz+c—1) +E
default e2(dz-+c) e2(dz+c) 2 2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arctanh(d*x+c)) 2/ (d*e*x+c*e)~2,x,method=_RETURNVERBOSE)

[Out] 1/d*(-a~2/e~2/(d*x+c)-b~2/e~2/(d*x+c)*arctanh(d*x+c) ~“2-b~2/e"2*arctanh (d*x+
c)*1n(d*x+c+1)+2*b~2/e~2x1n (d*x+c) *arctanh (d*x+c) -b~2/e"2*xarctanh (d*x+c) *1n
(d*x+c-1)+b~2/e"2xdilog(1/2*d*x+1/2%c+1/2)+1/2xb"2/e”2x1n(d*x+c-1)*1n(1/2*d
*x+1/2xc+1/2)-1/4*b"2/e"2*1n(d*x+c-1) "2-1/2*b"2/e"2*1n(-1/2*d*x—-1/2*c+1/2) *
In(d*x+c+1)+1/2%b"2/e"2*%1n(-1/2*d*x-1/2%c+1/2) *1n(1/2*d*x+1/2%c+1/2)+1/4xb™
2/e”2x1n(d*x+c+1) "2-b"2/e"2*dilog(d*x+c+1)-b~2/e”~2*1n(d*x+c) *1n(d*x+c+1)-b~
2/e"2*dilog(d*x+c)-2*axb/e~2/ (d*x+c) *arctanh (d*x+c) -a*xb/e~2+1n(d*x+c+1) +2xa
*b/e”~2*1n(d*x+c)-a*b/e 2*x1n(d*x+c-1))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctanh(d*x+c))~2/(d*e*x+c*e) 2,x, algorithm="maxima")

[Out] -(d*(e~(-2)*log(d*x + c + 1)/d"2 - 2xe~(-2)*log(d*x + c)/d"2 + e~ (-2)*1log(d
*Xx + ¢ — 1)/d72) + 2*xarctanh(d*x + c)/(d"2*x*e”2 + cxd*e”~2))*axb - 1/4*b~2%
(log(-d*x - ¢ + 1)72/(d"2*x*e"2 + c*d*e~2) + integrate(-((d*x + c - 1)*log(

d*x + ¢ + 1)72 + 2x(d*x - (d*x + ¢ - 1)*log(d*x + ¢ + 1) + c)*log(-d*x - c

+ 1)) /(d"3%x"3*%e”2 + (3%c*d™2 - d72)*x"2%e”2 + (3*%c”2%d - 2*c*d)*x*e”2 + (c

"3 - ¢c"2)*%e72), x)) - a~2/(d"2*x*e”2 + c*xd*e”2)
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Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctanh(d*x+c))~2/(d*e*x+c*e) 2,x, algorithm="fricas")
[Out] integral((b~2*arctanh(d*x + c)~2 + 2xaxb*arctanh(d*x + c) + a~2)*e”(-2)/(d"

2%x"2 + 2xcxd*x + c”2), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

a? b2 atanh? (c+dz) 2ab atanh (c+dzx)
f c2+2cdz+d?x? dz + f c2+2cdz+d2x? dz + f c2+2cdz+d2x? dx

e2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(d*x+c))**2/(d*exx+c*e)**2,x)

[Out] (Integral(a**2/(c**2 + 2%cxd*x + d**2*x**2), x) + Integral(b**2*atanh(c + d
*xx)**x2/ (Ck*2 + kckdxx + dk*x2*xx**2), x) + Integral (2*axbxatanh(c + d*x)/(c*

*2 + 2%xckdxx + dkx2%xx**x2), x))/ex*2

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((a+b*arctanh(d*x+c))~2/(d*e*x+c*e) 2,x, algorithm="giac")
[Out] integrate((b*arctanh(d*x + c) + a)~2/(d*e*x + c*e)~2, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ (a + batanh(c + dz))? i
(ce+dex)’

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c + d*x))~2/(c*xe + d*xe*x)~2,x)
[Out] int((a + b*atanh(c + d*x))~2/(c*e + d*e*x)~2, x)
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-1 2
f (a+btanh ™ (c+dz)) d

3.20 (ce+dex)3

Optimal. Leaf size=119

b(a+btanh '(c+dz)) (a+btanh ' (c+ dﬂc))2 (a+ btanh™ (c+ d:r:))2 b log(c+dzx) b’ log (1 -

de3(c + dx) 2de3 2de3(c + dz)? de? 2

[Out] -b*(atbk*arctanh(d*x+c))/d/e”3/(d*x+c)+1/2*%(a+tb*arctanh(d*x+c))~2/d/e~3-1/2%
(atb*arctanh(d*x+c))~2/d/e~3/ (d*x+c) ~2+b~2*1n(d*x+c)/d/e"3-1/2%b"2x1n (1-(d*
x+c)~2)/d/e"3

Rubi [A]
time = 0.13, antiderivative size = 119, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.391,

steps used = 10, number of rules used = 9, integrand size = 23
Rules used = {6242, 12, 6037, 6129, 272, 36, 31, 29, 6095}

b(a+btanh'(c+dz)) (a+btanh™'(c+ dm))2 (a+btanh'(c+ dx))2 b*log(c+dzx) b%log (1 — (c+ dx)?)
de3(c+ dzx) B 2de3(c + dz)? 2de3 + de3 B 2de3

Antiderivative was successfully verified.

[In] Int[(a + bxArcTanh[c + d*x])"2/(c*e + d*xexx)~3,x]

[Out] -((bx(a + b*ArcTanh[c + d*x]))/(d*e”3*(c + d*x))) + (a + bxArcTanh[c + d*x]
)~2/(2*%d*e~3) - (a + bxArcTanh[c + d*x])~2/(2*d*e"3*(c + d*x)~2) + (b~2*Log
[c + d*x])/(d*e"3) - (b~2#Logl[l - (c + dx*x)~2])/(2xd*e"3)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 29
Int[(x_)~(-1), x_Symbol] :> Simp[Loglx], x]

Rule 31

Int[((a_) + (b_.)*(x_))"(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x]1 /; FreeQ[{a, b}, xI

Rule 36

Int[1/(((a_.) + (b_.)*(x_))*((c_.) + (d_.)*(x_))), x_Symbol] :> Dist[b/(b*c
- axd), Int[1/(a + b*x), x], x] - Dist[d/(bxc - axd), Int[1/(c + d*x), x],
x] /; FreeQ[{a, b, c, d}, x] && NeQ[bxc - a*xd, 0]
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Rule 272

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQ[{a, b
, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 6037

Int[((a_.) + ArcTanh[(c_.)*(x_)~(n_.)]*(b_.)) " (p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + b*ArcTanh[c*x"n])"p/(m + 1)), x] - Dist[b*c*n*(p/(m
+ 1)), Int[x"(m + n)*((a + bxArcTanh[c*x"n])~(p - 1)/(1 - c™2*%x"(2*n))), x]
, x] /; FreeQ[{a, b, c, m, n}, x] & IGtQ[p, 0] && (EqQlp, 1] || (EqQ[n, 1]
&& IntegerQ[m])) && NeQ[m, -1]

Rule 6095

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))"(p_.)/((d ) + (e_.)*(x_)"2), x_Symb
0l] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(b*cxd*(p + 1)), x] /; FreeQ[{a, b
, €, d, e, p}, x] && EqQ[c™2*d + e, 0] && NeQ[p, -1]

Rule 6129

Int[(((a_.) + ArcTanh[(c_.)*(x_)1*(b_.)) " (p_)*((f_.)*(x_))"(m_))/((d ) + (
e_.)*(x_)"2), x_Symbol] :> Dist[1/d, Int[(f*x) m*(a + b*ArcTanh[c*x]) p, xI]
, x] — Dist[e/(d*£72), Int[(f*x)"(m + 2)*((a + b*ArcTanh[c*x]) p/(d + exx~2
)), x], x] /; FreeQ[{a, b, c, d, e, f}, x] & GtQ[p, 0] && LtQ[m, -1]

Rule 6242

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)]1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[(f*(x/d)) m*(a + b*ArcTanh[x]) p, x]
, X, ¢ + d*xx], x] /; FreeQ[{a, b, c, d, e, f, m}, x] & EqQ[d*e - cxf, 0] &
& IGtQ[p, 0]

Rubi steps
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/ (a+b1;anh_1(c+dgv))2 _ Subst(dex,x,c+dx

(ce + dex)? v d
Subst(fwdx T c—i—dz)
B de?
B (a—i—btamh_l(c-l—dac))2 bSlﬂ)St(f %de,x,c—i—dx)
2de3(c + dx)? de?
B (a +btanh ™ (c + dx))2 bSubst (f Mta;’—él_l(m) dr,z,c+ dz) N bSub
2de3(c + dx)? de?
b(a+btanh '(c+dz)) (a+btanh '(c+ dav))2 (a+ btanh™(c-
de3(c + dzx) 2de? 2de3(c + da
_ b(a+btanh '(c+dz)) (a+btanh '(c+ dav))2 (a+ btanh ™' (c-
de3(c + dx) 2de? 2de3(c + da
_ b(a+btanh '(c+dz)) (a+btanh '(c+ dﬂv))2 (a+btanh™"(c-
de3(c + dx) 2de? 2de3(c + dx
_ b(a+btanh '(c+dz)) (a+btanh '(c+ dav))2 (a+ btanh ™' (c-
de3(c + dx) 2de? 2de3(c + da

Mathematica [A]
time = 0.12, size = 136, normalized size = 1.14

a
(ct+dz)2? ct+dz (ct+dz)? (c+dzx)?

2ab _ 2b(atb(ctde)) tanh~! (c+dx) + b2 (—1+c?+2cde+d?e?) tanh~ (c+de)? b(a + b) log(1 — ¢ — dz) + op? log(c + dz) + (a — b)blog(1 + ¢ + dz)

2de?

Antiderivative was successfully verified.

[In] Integrate[(a + b*ArcTanh[c + d*x])~2/(c*e + d*ex*x)~3,x]

[Out] (-(a~2/(c + d*x)~2) - (2xaxb)/(c + d*x) - (2*bx(a + b*(c + d*x))*ArcTanh[c
+ d*x])/(c + d*x)"2 + (b"2%(-1 + c~2 + 2*%cxd*x + d~2%x"2)*ArcTanh[c + d*x]~
2)/(c + d*x)~2 - bx(a + b)*Log[l - ¢ - d*x] + 2xb~2+Logl[c + d*x] + (a - b)*

bxLog[l + c + d*x])/(2*d*e"3)

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 323 vs.

2(113) = 226.
time = 0.77, size = 324, normalized size = 2.72

] method \ result
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_ a? _ b2 arctanh(dw+c)2 b2 arctanh(dz+c) In(dz+c+1) b2 arctanh(dz+c) b2 arctanh(dz+c) In(dz+c—1) + b2 In(dz+c-
derivativedivides | —2@eta?  263(date)? 23 e*(date) 2¢3
_ a? _ b2 arctanh(dz+c)2 + b2 arctanh(dz+c) In(dz+c+1) b2 arctanh(dz+c) b2 arctanh(dz+c) In(dz+c—1) + b In(dz+c-
default 2e3 (dax+c)? 2e3 (dz+c)2 2e3 e3(dz+c) 2e3
risch b2 (d2x2+2cdw+c?—1) In(dz+c+1)2 . b(bd%? In(—dw—c+1)+2bdx In(—dz—c+1)c+In(—dr—c+1)b c2+2bdz+2bc—b]1
8e3(dz+c)?d 4e3(dz+c)?d

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(d*x+c)) 2/ (d*e*x+c*e) 3,x,method=_RETURNVERBOSE)

[Out] 1/dx(-1/2*a~2/e~3/(d*x+c) ~2-1/2*xb"2/e~3/(d*x+c) ~2*arctanh(d*x+c) ~2+1/2*xb~2/
e~ 3xarctanh (d*x+c)*1n(d*x+c+1)-b"2/e~3/ (d*x+c) *arctanh (d*x+c)-1/2¥b"2/e"3*a
rctanh (d*x+c)*1n(d*x+c-1)+1/4*%b~2/e”~3*1n(d*x+c-1) *1n(1/2*d*x+1/2*%c+1/2)-1/8
*b~2/e"3%1n(d*x+c-1)"2-1/2%b"2/e"3*1n(d*x+c+1)+b"2/e"3*1n(d*x+c)-1/2*b"2/e~
3*1n(d*x+c-1)+1/4*xb"2/e"3*1n(-1/2*d*x-1/2*c+1/2) *1n(d*x+c+1)-1/4*xb"2/e"3*1n
(-1/2%d*x-1/2*c+1/2) *1n(1/2*d*x+1/2*c+1/2)-1/8*b"2/e"3*1n(d*x+c+1) "2-a*xb/e”

3/ (d*x+c) "2*arctanh (d*x+c)+1/2*a*b/e”3*1n(d*x+c+1)-axb/e”3/ (d*x+c)-1/2*axb/

e~ 3x1n(d*x+c-1))

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 309 vs.
2(108) = 216.
time = 0.28, size = 309, normalized size = 2.60

) 3\ sartwhrsd )1 Oosldr ket 1) —2logdr st Dlog(dro—1) +log(dr o= 1)+ dlogdr b= 1))eD 4l ogldr e 1) Selog(dr i) | (e Mogldr be 1) £ ogldsse-1) S N P e @
Ferobs) e+ 2aba a8 |\ T 7 O (— = @ Frrars ) e e i+ 90 TR TR T O

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c)) 2/ (d*exx+c*e)"3,x, algorithm="maxima")

[Out] 1/2*%(d*(e”(-3)*log(d*x + c + 1)/d"2 - e~ (-3)*log(d*x + ¢ - 1)/d"2 - 2/(d"3x
x*e”3 + cxd"2xe”3)) - 2xarctanh(d*x + c)/(d"3*x"2%e"3 + 2%ckd"2%x*e”3 + c”2
*xdxe~3) )*axb - 1/8%(d"2*((log(d*x + c + 1)72 - 2%log(d*x + c + 1)*log(d*x +

c - 1) + log(d*x + ¢ - 1)72 + 4xlog(d*x + c - 1))*e~(-3)/d"3 + 4xe~(-3)*lo
g(d*x + c + 1)/d"3 - 8xe~(-3)*log(d*x + c)/d~3) - 4xd*(e~(-3)*log(d*x + c +
1)/d"2 - e7(-3)*log(d*x + c - 1)/d"2 - 2/(d"3*x*e”3 + c*d"2*e”3))*arctanh(
dxx + c))*b”2 - 1/2%b~2xarctanh(d*x + c)~2/(d"3*x"2%e"3 + 2%c*d"2*x*e"3 + C
“2%d*e”3) - 1/2*%a”2/(d"3*x72%e”3 + 2xckxd"2*x*e”3 + c”2%d*e”3)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 348 vs.
2(108) = 216.
time = 0.38, size = 348, normalized size = 2.92

8abdr + abe — (Vda? + 2Wcdr + B2 — 1) log (—22221)" 4 42 — 4 ((ab — B?)d%a® + 2 (ab — W¥)eda + (b — B)c?) log (dz + ¢ + 1) — 8 (¥da? + 2Wcdx + B2c?) log (dz + ) + 4 ((ab + B)d%? + 2 (ab + H)edz + (ab+ B2)?) log (dz + ¢ — 1) + 4 (¥d + b + ab) log (—z2et1)
8 (22 + 2 cd?z + c2d) cosh (1)° + 3 (d*2 + 2 ed?x + c2d) cosh (1) sinh (1) + 3 (@22 + 2cd?z + c2d) cosh (1) sinh (1)” + (22 + 2 cd?z + ¢d) sinh (1)°)

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((a+b*arctanh(d*x+c))~2/(d*e*x+c*e) 3,x, algorithm="fricas")

[Out] -1/8%(8xa*b*d*x + 8%a*bkc - (b~2xd"2*x"2 + 2xb~2*c*kd*x + b™2*%c”2 - b~2)*log

(-(@*x + ¢ + 1)/(@*x + ¢ - 1))72 + 4xa"2 - 4x((axb - b"2)*d"2*xx"2 + 2x(axb
- b72)*cxd*x + (a*xb - b72)*c"2)*log(d*x + c + 1) - 8x(b72xd"2*x"2 + 2%xb~2*c
*d*x + b"2xc”2)*log(d*x + c) + 4x((a*xb + b~2)*d"2*xx"2 + 2x(a*b + b~2)*cxd*x
+ (a*b + b~™2)*xc"2)*log(d*x + c — 1) + 4*%(b~2*d*x + b~2%c + axb)*log(-(d*x
+c+ 1)/(@*x + ¢ - 1)))/((d"3*x"2 + 2%c*d~2*x + c~2*d)*cosh(1)~3 + 3*(d"3*
X2 + 2xcxd”"2*x + c~2*d)*cosh(1) " 2*sinh(1) + 3*(d"3*x"2 + 2%c*d~2*x + c~2*d
Y*cosh(1)*sinh(1) "2 + (d"3*x"2 + 2*xc*d"2*x + c~2*d)*sinh(1)~3)

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 1102 vs.
2(100) = 200.
time = 1.59, size = 1102, normalized size = 9.26

( . s — - suecsmnes s pves wessipiest_ | oot o | s gl | e | swsscn | e

o

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*atanh(d*x+c))**2/(d*e*x+cxe)**3,x)

[Out] Piecewise((-a**2/(2xc**2*d*ex*3 + 4xckdr*2xe*xx3*x + 2kdx*k3xe**3kxk*2)
*bkxcx*2%atanh(c + d*x)/(2%c**x2kxd*e*x*3 + 4dxckd**2kex*3kxx + 2kd**3ke*x*x3*kx**2)
+ 4xaxbkxckd*xx*atanh(c + d*x)/(2kcx*2kdke*x*3 + 4kckd**2ke*x3*xx + 2kd**xJke*k*
3kx*x2) — 2kakbkxc/(2kck*kd*ke**3 + 4kxckd*kQkex*k3kx + 2kd*k*k3kex*k3kx*k*k2) + 2%
axbxd*x*2xx*x*2xatanh (c + d*xx)/(2%c**2kd*ex*3 + 4xckd**x2ke*x*x3*xx + 2kd*x*k3ke*x*3
*x%%2) — 2kaxbxdxx/(2kcx*2kdxe*x*3 + 4kckd*k*kQkek*3kx + 2kdk*k3kek*k3Ikxk*2) - 2
*axbxatanh(c + d*x)/(2kc**2kd*ex*3 + 4xckd**x2ke*xk3xx + 2kd**3kex*3*kx**2) +
2xb*x2*cx*2x1og(c/d + x)/(2kc*k*2kd*e**3 + 4xckd**2xe**x3*x + 2kd**3ke**3kxk*
2) - 2¥bx*2kcx*2*xlog(c/d + x + 1/d)/(2kcx*2kd*ex*3 + 4xckd**x2%e**x3*x + 2%xd*
*3%kex*k3*%x**2) + b*kk2kck*x2katanh(c + d*xx)*x*2/(2kck*2kd*ex*3 + 4kckdk*xkekxx3*
X + 2xd*x*3kex*k3kx*x*2) + 2kbx*k2kck*k2katanh(c + d*x)/(2kc**2kd*ex*3 + 4xckd*x*
2kex*k3kx + 2kd*x3ke*x3xx**2) + 4dxb**2xcxd*x*log(c/d + x)/(2xc**2xdxe**3 + 4
kCkd*kk2xke*¥*k3xx + kdk*3kex*3*kx*k*2) — 4*xbk*2*ckdxxxlog(c/d + x + 1/d)/(2xcx*x*
2xdxe*x*3 + 4kckd*k*2kex*k3*kx + 2kdk*k3kekx*k3kx*k*x2) + 2xbkx*xkxckdkx*katanh(c + d*x
Y *x%2/ (2kck*k2kdkex*3 + 4kckdk*k2kex*3kx + 22kdk*k3ke*kk3kx*k*2) + 4kxbkk2kxckd*kx*at
anh(c + d*x)/(2*%xc*x*2xd*e**x3 + 4kckd**2kex*3*x + 2kd*k3kexk3kx*k*k2) — xkbk*k
cxatanh(c + d*x)/(2%c*x*2kd*ex*3 + 4kckd**x2ke**x3kxx + 2kd*x*3kex*k3*x**2) + 2*b
*xk2kdx*k2kxx*k2k1og(c/d + x)/(2%c**2xd*e**3 + 4kckdx*2kex*k3kx + 2*d*k*x3*e**x3*x
*x%2) — 2kbx*k2kd**¥2kx**¥2%log(c/d + x + 1/d)/(2kcx*2kd*ex*3 + 4xckd**x2*e*x*3*x
+ 2kd*k*k3ke*kk3kx*k*2) + bkxkd**xkx*x*k2katanh(c + d*x)*x*2/(2kxck*2kxd*ke*x*3 + 4x*
cxdkk2xexk3kx + 2kd*k*k3kek*k3kx*k*2) + 2kbkk2kd*k*x2kx*k*x2katanh(c + d*xx)/(2*cx*2
kd*ex*3 + 4xckdkk2kexk3kx + 2kd**k3kex*k3kx**2) — 2¥kb*k*2kd*x*atanh(c + d*x)/(
2k ckk2kdkex*k3 + 4kckdkk2ke*kk3kx + 2kdk*k3kex*k3kx*k*2) — b**k2katanh(c + d*x)*x*
2/ (2xck*k2xd*xe**3 + 4kckxd*x*2kex*x3*kx + 2*kd*k*k3ke*x*k3xx**2), Ne(d, 0)), (xx(a +

bxatanh(c))**2/ (c*x*3%ex*3) , True))

+ 2%a
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Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 375 vs. 2(113) =
226.
time = 0.42, size = 375, normalized size = 3.15

. 2(dztetl)ab | (dotet1)b? d (dete+l)a® | (de+etl)ab 5
1 ( (dz + ¢ + 1)b* log (7:::3)2 2 ( Tret G T bz) log (niiﬁf}) 4 ( el toGrer ”b) 2% log (*31123 —1) 20log (*Ziiti

)
i )((c+l)d— (e~ 1)d)

+ 3 Z
(de+e+1)d2ed 2 (dz+c+1)d?e? 3 (dz+ct+1)?d?e3 | 2(dztctl)d?ed 3 (dz+c+1)?d?ed 2 (dz+c+1)d?e? 2,3 d2e3 d2e3
+ Tt T @ (dr+c—1) vt T @1 T e Tt et &

(da+c—1)7 (dz+c—1)

Verification of antiderivative is not currently implemented for this CAS.

n| integrate at+b*arctan *X+C *e*xx+c*e X, a orit = lacC

[Out] 1/4*((d*x + c + 1)*b"2xlog(-(d*x + c + 1)/(d*x + ¢ - 1))72/(((d*x + c + 1)~

2xd"2%e~3/(d*x + ¢ - 1)72 + 2%(d*x + ¢ + 1)*d"2*xe”3/(d*x + ¢ - 1) + d"2%e"3
Yk(d*x + ¢ - 1)) + 2x(2*(d*x + ¢ + 1)*axb/(d*x + ¢ - 1) + (d*x + ¢ + 1)*b"2

/(d*x + ¢ - 1) + b"2)*log(-(d*x + ¢ + 1)/(d*x + c - 1))/((d*x + c + 1)72xd~

2%e~3/(d*x + ¢ - 1)72 + 2%(d*x + ¢ + 1)*d"2*e"3/(d*x + ¢ - 1) + d"2*e"3) +

4x((d*x + ¢ + 1)*a"2/(d*x + ¢ - 1) + (d*x + ¢ + 1)*a*b/(d*x + ¢ - 1) + ax*b)
/((d*x + ¢ + 1)72+%d"2*%e”3/(d*x + ¢ - 1)72 + 2x(d*x + c + 1)*d"2*e”3/(d*x +

c - 1) + d72xe"3) + 2+%b"2*xlog(-(d*x + ¢ + 1)/(d*x + ¢ - 1) - 1)/(d"2%e"3) -
2xb~2x1log(-(d*x + ¢ + 1)/(d*x + ¢ - 1))/(d"2%e"3))*((c + 1)*d - (c - 1)*d)

Mupad [B]
time = 2.42, size = 776, normalized size = 6.52

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c + d*x))~2/(c*e + d*xe*xx)~3,x)

[Out] log(l - d*x - c)~2%(b"2/(8*d*e~3) - b~2/(2*d*(4*c~2%e”3 + 4*d~2*e"3*x"2 + 8
xckdxe~3%x))) + log(c + d*x + 1)72x(b~2/(8*dxe”3) - b~2/(8%d"2%e~3* (2*c*x +
d*x~2 + ¢72/d))) + log(l - d*x - c)*(log(c + d*x + 1)*(b~2/(2*d*(2*%c"2*e"3
+ 2%d"2%e”"3*x"2 + 4xckd*e”3*x)) - (b72*(c72 + d72%x72 + 2kc*d*x))/(2xd* (2%
cT2xe”3 + 2*%d"2*e " 3*x"2 + 4xckd*e”3%*x))) + b"2/(2xd*x(4*c"2%e”3 + 4*d"2%e" 3%
X"2 + 8*xcxd*e"3*x)) + (b*(4*a - b))/ (2xd*x(4*xc"2%e"3 + 4*d"2*e”3*x"2 + 8*xc*xd
xe~3*x)) - (b~ 2*(x*(4*cxd - d + d*x(2xc - 1)) - ¢ + ¢c™2 + c*(2%c - 1) + 3*d~
2%x72 + 1)) /(2xd*x(4*c™2%e"3 + 4*d"2%e"3*x"2 + 8*cxd*xe”3*x)) + (b~2*(x*(2xdx*
e”3 + dx(4*c*xe”3 + 2*e”3) + 8*xckd*e”3) + 2kc*e”3 + 2*xe”3 + c*x(4xckxe”3 + 2xe
~3) + 2%cT2%e”3 + 6*%d"2%e"3*x72) )/ (4xdxe 3% (4*%c"2xe”"3 + 4*%d"2*xe”"3*x"2 + 8*c
*d*e”3*x))) - ((a"2 + 2*xaxbxc)/(2*%d) + a*b*x)/(c"2*e”3 + d"2*%e"3*%x"2 + 2*c*
d*e~3*x) - (log(c + d*x + 1)*(x*((2¥b~2xc + b~2)/(4*d*e~3) + (b~2%c)/(4*d*e
~3) - (b72%(3*c - 1))/(4xd*e”3)) + (4*axb + b™2%c + b™2 + b~2xc”2)/(8*%d"2*e
73) - (0™2%x((c”2 - ¢ + 1)/(2%d) + (c*x(2xc - 1))/(2%d)))/(4*d*e~3) + (c*(2*b
“2xc + b72))/(8*d"2%e"3)))/(2*c*x + d*x~2 + c~2/d) + (b"2*log(c + d*x))/(d*
e"3) - (log(c + d*x - 1)*(a*xb + b~2))/(2*d*e"3) + (log(c + d*x + 1)*(a*b -
b~2))/(2*d*e~3)
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3.21

(a+btanh™! (c+dx)) 2
f (ce+dex)* d

Optimal. Leaf size=180

b? b2 tanh " (c+dz) b(a+btanh~(c+dz)) (a+btanh~'(c+dz))® (a+btanh™*(cH

~ 3det(c + du) i 3de* 3det(c + dx)? * 3det 3det(c+dz

[Out] -1/3%b~2/d/e”4/(d*x+c)+1/3*b~2*arctanh(d*x+c)/d/e”~4-1/3*b* (a+b*arctanh (d*x+
c))/d/e~4/(dxx+c) ~2+1/3* (a+b*arctanh (d*x+c)) ~2/d/e”4-1/3*(a+b*arctanh (d*x+c
))~2/d/e"4/ (d*x+c) ~3+2/3*b*x (a+b*arctanh (d*x+c) ) *1n(2-2/ (d*x+c+1))/d/e"4-1/3
*b~2%polylog(2,-1+2/(d*x+c+1))/d/e"4

Rubi [A]
time = 0.19, antiderivative size = 180, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.391,

steps used = 10, number of rules used = 9, integrand size = 23,
Rules used = {6242, 12, 6037, 6129, 331, 212, 6135, 6079, 2497}

b(a+btanh™'(c+dz)) (a+btanh™(c+ dz))2 (a+btanh™(c+ dz))2 + 2blog (2 — 277) (a+btanh ™ (c+dz))  BLis(gmg — 1) 2 B2 tanh™ (c + dz)
3det(c + dx)? 3det(c + dx)? 3det 3det 3det 3det(c+ dz) 3det

Antiderivative was successfully verified.
[In] Int[(a + bxArcTanh[c + d*x])"2/(c*e + d*xexx) 4,x]

[Out] -1/3*b"2/(d*e"4*(c + d*x)) + (b"2*ArcTanh[c + d*x])/(3*d*e~4) - (b*(a + b*A
rcTanh[c + d*x]))/(3*%d*e~4*(c + d*x)~2) + (a + bxArcTanh[c + d*x])~2/(3*d*e

~4) - (a + b*ArcTanh[c + d*x])~2/(3*d*e"4*(c + d*x)~3) + (2*xbx(a + b*ArcTan

hlc + d*x])*Logl[2 - 2/(1 + ¢ + d*x)])/(3%d*e"4) - (b~2*PolyLogl[2, -1 + 2/(1

+ ¢ + d*xx)])/(3*d*e”4)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]1))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 331

Int[((c_.)*(x_)) " (m_ )*((a_) + (b_.)*x(x_)"(n_))"(p_), x_Symbol] :> Simp[(c*x
) (@ + Dx*x((a + bxx"n)"(p + 1)/(a*xc*(m + 1))), x] - Dist[bx((m + nx(p + 1)
+ 1)/(a*c™nx(m + 1))), Int[(c*x)"(m + n)*(a + b*x"n)"p, x], x] /; FreeQl{a,
b, c, p}, x] && IGtQ[n, 0] && LtQ[m, -1] && IntBinomialQ[a, b, ¢, n, m, p,
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x]

Rule 2497

Int[Loglu_]*(Pq_)~(m_.), x_Symbol] :> With[{C = FullSimplify[Pq m*((1 - u)/

D[u, x1)]}, Simp[C*PolyLogl[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&

PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
x] [[2]1], Expon[Pq, x1]

Rule 6037

Int[((a_.) + ArcTanh[(c_.)*(x_)"(n_.)]1*(b_.)) " (p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + b*ArcTanh[c*x"n])"p/(m + 1)), x] - Dist[b*c*n*(p/(m
+ 1)), Int[x"(m + n)*((a + bxArcTanh[c*x"n])~(p - 1)/(1 - c™2*x~(2%n))), x]
, x] /; FreeQ[{a, b, ¢, m, n}, x] & IGtQ[p, 0] && (EqQlp, 1] || (EqQ[n, 1]
&& IntegerQ[m])) && NeQ[m, -1]

Rule 6079

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))"(p_.)/((x_)*((d ) + (e_.)*(x))), x
_Symbol] :> Simp[(a + bxArcTanh[c*x]) “p*(Log[2 - 2/(1 + ex(x/d))1/d), x] -
Dist [b*c*(p/d), Int[(a + bxArcTanh[c*x])~(p - 1)*(Logl[2 - 2/(1 + ex(x/d))]/
(1 - c™2%x"2)), x], x] /; FreeQ[{a, b, c, 4, e}, x] && IGtQ[p, 0] && EqQ[c~
2xd"2 - e72, 0]

Rule 6129

Int[(((a_.) + ArcTanh[(c_.)*(x )I*(b_.))"(p_.)*((f_.)*(x_))"(m_))/((d.) + (
e_.)*(x_)"2), x_Symbol] :> Dist[1/d, Int[(f*x) m*(a + b*ArcTanh[c*x]) p, x]
, x] - Dist[e/(d*f72), Int[(f*x)~(m + 2)*((a + b*ArcTanh[c*x]) p/(d + e*x"2
)), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[p, 0] && LtQ[m, -1]

Rule 6135

Int[((a_.) + ArcTanh[(c_.)*(x )I*(b_.))"(p_.)/((x)*((d) + (e_.)*x(x_)"2)),
x_Symbol] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(b*xd*(p + 1)), x] + Dist[1/
d, Int[(a + b*ArcTanh[c*x])“p/(x*x(1 + c*x)), x], x] /; FreeQ[{a, b, c, d, e
}, x] && EqQlc™2%d + e, 0] && GtQ[p, O]

Rule 6242

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)]*x(b_.))"(p_.)*x((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[(f*(x/d)) m*(a + b*ArcTanh[x]) p, x]
, X, ¢ +dxx], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && EqQld*e - cxf, 0] &
& IGtQlp, 0]
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T =

143

(a+btanh~!(z)) 2

/ (a + btanh™}(c + dz))” B Subst(dex,x,c+dx>

(ce + dex)*

Mathematica [A]

d

Subst (f (atbtanh™ ()" dz,z,c+ dz)

de*
(a+btanh™ (c + dx))2 N (2)Subst (f aJralc);(aln—m dz,z,c+ d:c)
3det(c + dx)? 3de*
(a+ btanh™!(c + dx))2 (2b)Subst (f Mta;l—sw dz,z,c+ dac) (2
3de*(c + dx)3 + 3det T
b(a+btanh '(c+dz)) (a+btanh '(c+ dav))2 (a+ btanh™'(c-
3de*(c + dx)? 3de* 3det(c + dz
b? b(a+btanh'(c+dz)) (a+btanh~}(c+dz))® |
3de(c + dx) 3de*(c + dx)? 3det
b? b? tanh™!(c + dz) B b(a+ btanh™ (c + dz)) N (a+ b1
3de*(c + dx) 3de? 3de*(c + dx)?

time = 0.36, size = 218, normalized size = 1.21

@ uh(*?ianh"(r, +da) + (c+dz) (4 + ¢+ 20z + d'? + 2(c + dz)? log (

Antiderivative was successfully verified.

[In] Integrate[(a + b*ArcTanh[c + d*x])~2/(c*e + d*exx)~4,x]

[Out] -1/3%(a~2 - a*bx(-2*ArcTanh[c + d*x] + (c + d*x)*(-1 + c™2 + 2kcxd*x + d~2x%
X"2 + 2%(c + d*x) 2*xLog[(c + d*x)/Sqrt[1l - (c + d*x)~2]1)) + b~ 2x((c + d*x)

~2 + (¢ + d*x)”"2*ArcTanh[c + d*x]"2 + (1 - (c + d*x)~2)*ArcTanh[c + d*x]~2

+ (¢ + d*x)*ArcTanh[c + d*x]*(1 - (c + d*x)"2 - (c + d*x) " 2*ArcTanh[c + d*x

1 - 2%(c + d*x)~2+Log[l - E~(-2*ArcTanh([c + d*x])]) + (c + d*x)~3*PolyLogl[2

, E7(-2xArcTanh[c + d*x])]))/(d*e”4*(c + d*x)~3)

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 426 vs.

2(166) = 332.

time = 1.75, size = 427, normalized size = 2.37
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method result
_ a2 _ b2 arctanh(dm+c)2 _ b2 arctanh(dz+c) In(dz+c+1) b2 arctanh(dz+c) + 262 In(dz+c) arctanh(dz+c) b2 arctanh(dz
deriv&tivedivides 364(dz+c)3 364(dz+c)3 3ed 3&4(dz+c)2 3e :
_ a? _ b2 arctanh(dw+c)2 _ b2 arctanh(dz+c) In(dz+c+1) b2 arctanh(dz+c) + 262 In(dx+c) arctanh(dz+c) b2 arctanh(dz
defau].t 3e4(dz+c)3 3ed (dm+c)3 3ed 354(d1:+c)2 3e :

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arctanh(d*x+c)) 2/ (d*e*x+c*e) 4,x,method=_RETURNVERBOSE)

[Out] 1/d*(-1/3*a~2/e”4/(d*x+c)~3-1/3*%b~2/e"4/(d*x+c) ~3*arctanh(d*x+c) “2-1/3*b~2/

e~ 4xarctanh(d*x+c)*1n(d*x+c+1)-1/3*b"2/e”~4/ (d*x+c) ~2*arctanh (d*x+c)+2/3*b~2
/e”4x1n(d*x+c)*arctanh(d*x+c)-1/3*b"2/e~4*xarctanh (d*x+c) *1n(d*x+c-1)+1/6*xb~
2/e~4x1n(d*x+c+1)-1/3*%b"2/e~4/ (d*x+c)-1/6*xb"2/e"4*1n(d*x+c-1)+1/3*xb"2/e"4*d
ilog(1/2%d*x+1/2%c+1/2)+1/6%b"2/e~4*1n(d*x+c-1) *1n(1/2*%d*x+1/2%c+1/2)-1/12%
b~2/e"4*1n(d*x+c-1)"2-1/6*b"2/e~4*x1n(-1/2*d*x-1/2*c+1/2) *1n(d*x+c+1)+1/6*b™
2/e~4x1n(-1/2%d*xx-1/2*%c+1/2) *1n(1/2*d*x+1/2*c+1/2)+1/12%xb"2/e”4*x1n (d*x+c+1)
~2-1/3%b"2/e~4*dilog(d*x+c+1)-1/3%b"2/e~4*1n(d*x+c) *1n(d*x+c+1)-1/3*b"2/e~4
*xdilog(d*x+c)-2/3*axb/e~4/(d*x+c) “3*arctanh(d*x+c)-1/3*axb/e ~4*1n(d*x+c+1)-
1/3*axb/e~4/ (d*x+c) ~2+2/3*a*b/e~4*x1n(d*x+c)-1/3*a*b/e”4*1n(d*x+c-1))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c)) 2/ (d*exx+c*e)~4,x, algorithm="maxima")

[Out] -1/3%(d*x(e”(-4)*log(d*x + c + 1)/d"2 - 2*e~(-4)*log(d*x + c)/d"2 + e~ (-4)*1

og(d*x + ¢ - 1)/d"2 + 1/(d"4*x"2xe"4 + 2xcxd"3*x*e"4 + c~2*%d"2%e"4)) + 2*ar
ctanh(d*x + c)/(d"4*x"3%e"4 + 3*c*d~3*x"2%e"4 + 3*xc”~2*d"2*x*e”4 + c~3*xd*e”4
))*axb - 1/12%b"2%(log(-d*x - c + 1)72/(d"4*x"3%e"4 + 3*c*d~3*x"2%e"4 + 3*c
“2%d"2*x*e"4 + c"3xd*e”4) + 3xintegrate(-1/3*(3*(d*x + c - 1)*log(d*x + c +

1)72 + 2%(d*x - 3*(d*x + ¢ - 1)*xlog(d*x + c + 1) + c)*log(-d*x - c + 1))/(
d"5*x"5xe"4 + (5*xcxd™4 - d74)*x"4*xe"4 + 2x(5xc”2*%d"3 - 2*c*kd"3)*x"3*e”4 + 2
*(5xc™3*%d"2 - 3*c”2*%d"2)*x"2*e"4 + (5xc”4*d - 4*c”3*xd)*x*e”4 + (c75 - c74)x*
e”4), x)) - 1/3*a~2/(d"4*x"3*xe”"4 + 3*xcxd~3*x"2%e”4 + 3kc"2*%d"2xx*e”"4 + ¢~ 3%
dxe~4)

Fricas [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctanh(d*x+c))~2/(d*e*x+c*e) 4,x, algorithm="fricas")

[Out] integral((b~2*arctanh(d*x + c)~2 + 2%a*b*arctanh(d*x + c) + a~2)xe~(-4)/(d"
4xx"4 + Axcxd"3%x"3 + 6*%Cc”2*%d"2*x"2 + 4*c"3xd*x + c”4), X)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

i o dr+ [
ct+4c3dx+6c2d?x2+4cd3x3+dAxt ct+4c3dx+6c2d?x2+4cd3x3+dizt
4
(&

b2 atanh? (c+dzx 2ab atanh (c+dzx)
( ) dz + f cA+4c3dz+6c2d?z2+4cd3z3+dizt dzx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*atanh(d*x+c))**2/(d*e*xx+ckxe)**4,x)

[Out] (Integral(ax*2/(c**4 + Axcx*3%d*X + BCHk*2¥A¥*¥2*x**2 + 4xckd**3*kx**3 + d**4
xx*x*4) , x) + Integral(b*x2*atanh(c + d*x)**2/(c**4 + 4xcx*k3xd*xx + BGkck*2kd*
*k2xx*k*2 + 4kckd**3*kx**3 + dx*k4kxx*4), x) + Integral(2*a*b*atanh(c + d*x)/(c
*%4 + 4kckk3kdkx + GkCkk2kd*k*kQkx*k*2 + 4kckdkk3kxk*k3 + drkkdxxkx4), x))/exxd

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctanh(d*x+c))~2/(d*e*x+c*e) 4,x, algorithm="giac")
[Out] integrate((b*arctanh(d*x + c) + a)~2/(d*e*x + c*e)”4, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01
(a + batanh(c + d z))”

dx
(ce+dex)’

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c + d*x))~2/(c*xe + d*e*x)~4,x)
[Out] int((a + b*atanh(c + d*x))~2/(c*xe + d*xe*x) 4, x)
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3.22

Optimal. Leaf size=172

(a+btanh ™! (c+dx)) 2
f (ce+dex)® d

b2 b(a+btanh '(c+dz)) b(a+btanh '(c+dz)) (a+btanh ' (c+ da:))2 (a+btan

" 12de’(c + dx)? 6de5(c + dzx)? 2de5(c + dx) * 4ded 4ded

[Out] -1/12xb~2/d/e"5/(d*x+c) ~2-1/6*b* (a+b*arctanh(d*x+c))/d/e~5/(d*x+c) ~3-1/2*bx
(at+b*arctanh(d*x+c))/d/e”5/ (d*x+c)+1/4* (a+bxarctanh(d*x+c))~2/d/e~5-1/4* (a+
b*arctanh(d*x+c)) ~2/d/e~5/ (d*x+c) ~4+2/3*b~2*1n(d*x+c) /d/e”~5-1/3*%b"2*1n(1-(d
*x+c)~2)/d/e”5

Rubi [A]

time = 0.19, antiderivative size = 172, normalized size of antiderivative = 1.00, number of

steps used = 15, number of rules used = 10, integrand size = 23, Bumber of rules _ ) 435

integrand size
Rules used = {6242, 12, 6037, 6129, 272, 46, 36, 31, 29, 6095}

b(a+btanh™'(c+dz)) b(a+btanh™'(c+dz)) (a-+btanh™(c+ dx))2 (a+btanh™"(c+ dx))2 b? 26 log(c+dx) b’ log (1 — (c+dx)?)

2de5(c + dzx) 6de’(c + dx)? 4de’(c + dz)* 4ded " 12ded(c + d)? + 3de® 3ded

Antiderivative was successfully verified.
[In] Int[(a + b*ArcTanh[c + d*x])~2/(cxe + d*xe*x)~5,x]

[Out] -1/12%b~2/(d*e"5*x(c + d*x)~2) - (b*(a + b¥ArcTanh[c + d*x]))/(6%d*xe~5*x(c +

d*x)~3) - (b*(a + bxArcTanh[c + d*x]))/(2*xd*xe"5*%(c + d*x)) + (a + b*ArcTanh

[c + d*x])"2/(4*d*e”5) - (a + b*ArcTanh[c + d*x])~2/(4*d*e"5*(c + d*x)"4) +
(2%b~2*Log[c + d*x])/(3*d*e~5) - (b~2xLog[l - (c + d*x)~2])/(3*d*e”5)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !'Match
QLu, (b_)*(v_) /; FreeQ[b, x]]

Rule 29
Int[(x_)~(-1), x_Symbol] :> Simp[Logl[x], x]

Rule 31

Int[((a_) + (b_.)*(x_))"(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, x]

Rule 36

Int[1/(((a_.) + (b_.)*(x_))*((c_.) + (d_.)*(x_))), x_Symbol] :> Dist[b/(b*c
- axd), Int[1/(a + b*x), x], x] - Dist[d/(b*c - axd), Int[1/(c + d*x), x],
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x] /; FreeQ[{a, b, c, d}, x] && NeQ[bxc - axd, 0]

Rule 46

Int[((a)) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int[E
xpandIntegrand[(a + b*x) “m*x(c + d*x)~°n, x], x] /; FreeQ[{a, b, c, d}, x] &&
NeQ[b*c - a*d, 0] &% ILtQ[m, 0] && IntegerQ[n] && !(IGtQ[n, 0] && LtQ[m +
n + 2, 0])

Rule 272

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 6037

Int[((a_.) + ArcTanh[(c_.)*(x_)~(n_.)]*(b_.)) " (p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + b*ArcTanh[c*x"n])"p/(m + 1)), x] - Dist[b*c*n*(p/(m
+ 1)), Int[x"(m + n)*((a + b*xArcTanh[c*x"n])~(p - 1)/(1 - c"2*x~(2%n))), x]
, x] /; FreeQ[{a, b, ¢, m, n}, x] & IGtQ[p, 0] && (EqQlp, 1] || (EqQ[n, 1]
&% IntegerQ[m])) && NeQ[m, -1]

Rule 6095

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symb
0l] :> Simp[(a + bkArcTanh[c*x])~(p + 1)/(bkckd*(p + 1)), x] /; FreeQ[{a, b
, C, d, e, p}, x] && EqQ[c™2*d + e, 0] && NeQ[p, -1]

Rule 6129

Int[(((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*x((£_.)*(x_))"(m_))/((d_) + (
e_.)*(x_)"2), x_Symbol] :> Dist[1/d, Int[(f*x) m*(a + b*ArcTanh[c*x]) p, x]
, x] - Dist[e/(d*£72), Int[(f*x)"(m + 2)*((a + b*ArcTanh[c*x]) p/(d + exx~2
)), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[p, 0] && LtQ[m, -1]

Rule 6242

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)I*(b_.)) " (p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[(f*(x/d)) m*(a + b*ArcTanh[x]) p, x]
, X, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && EqQld*e - cxf, 0] &
& IGtQ[p, O]

Rubi steps
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a+btanh™!(z
/ (a + btanh™'(c + dz))” SUbSt<f(+te5—x5()dx z,c+dz

(ce + dex)? d
Subst(f%dx T c-l—dz)
B ded
a+btanh™ " (z
_ (a+btanh™(c +dz)) 2 bSUbSt( +z4t1 z2)( )dx,z,c—l—dz)
4de5(c + dx)* 2ded
_ (a+btanh™}(c +dz)) 2 bSubst( [ axbtanh atbtanh @) g g ¢+ d:r) . bSubst
B 4deb(c + dx)* 2de5
a+btanh™
b(a+btanh~'(c+dz)) (a+btanh ' (c+ dz))? N bSubst (f e
6de’®(c + dx)? 4de5(c + dx)* 2d
~ b(a+btanh '(c+dz)) b(a+btanh™(c+ dz)) N (a+ btanh™(c +
6de®(c + dx)? 2de®(c + dx) 4ded
_ b(a+btanh '(c+dz)) b(a+btanh '(c+dz)) (a+btanh '(c+
6de’(c + dz)3 2de’(c + dzx) 4ded
_ b? b(a+btanh '(c+dz)) b(a+btanh ' (c+dz))
12de5(c + dz)? 6de’®(c + dx)? 2de®(c + dx)
_ b? b(a+btanh '(c+dz)) b(a+btanh™'(c+ dz))
12de(c + dx)? 6ded(c + dx)3 2de5(c + dx)

Mathematica [A]
time = 0.16, size = 218, normalized size = 1.27

b(c+3c%+dz+9c?dz+9cd?x? +3d3a? h ! (ct+dz 302 (—1+c+4c3de+6c?d?c? +ded’a® +d*at) tanh ! (c+dx)?
2b(Batb(ctac+da+od (;dz>f+ %)) tanh™Hetde) _ 3P (14t dctdot6c ?C:dt).r+ o) tanh ™" (e da) +b(3a + 4b) log(1 — ¢ — dz) — 8b?log(c + dz) — (3a — 4b)blog(1 + ¢ + dz)

12ded

iy + Gyt Err T ot

Antiderivative was successfully verified.

[In] Integrate[(a + b*ArcTanh[c + d*x])~2/(c*e + d*exx)~5,x]

[Out] -1/12%((3*a~2)/(c + d*x)~4 + (2*axb)/(c + d*x)~3 + b~2/(c + d*x)"2 + (6*axb
)/(c + d*x) + (2%b*(3*a + b*(c + 3*c™3 + d*x + 9xc™2*d*x + 9*xc*d~2*x"2 + 3%
d~3*x73) )*ArcTanh[c + d*x])/(c + d*x)~4 - (3*%b"2%(-1 + c”4 + 4xc™3*d*x + 6%
CcT2*d"2%x"2 + 4xcxd"3*%x"3 + d74*x74)*ArcTanh[c + d*x]~2)/(c + d*x)~4 + b*(3

*a + 4xb)*Logl[l - c - d*x] - 8*%b~2*Loglc + d*x] - (3%a - 4%b)*bxLog[l + c +
d*x])/(d*e”5)

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 374 vs.
2(158) = 316.

time = 0.79, size = 375, normalized size = 2.18 Too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arctanh(d*x+c))~2/(d*e*x+c*e) 5,x,method=_RETURNVERBOSE)

[Out] 1/d*(-1/4*a~2/e"5/(d*x+c) ~4-1/4%b"2/e"5/(d*x+c) “4*arctanh (d*x+c) ~2+1/4*xb"2/
e~ 5xarctanh (d*x+c)*1n(d*x+c+1)-1/6%b"2/e~5/ (d*x+c) “3*arctanh (d*x+c)-1/2%b"2

/e~5/ (d*xx+c)*arctanh (d*x+c)-1/4*b~2/e"5*arctanh (d*x+c) *1n(d*x+c-1)+1/8%b~2/

e 5x1n(d*x+c-1)*1n(1/2*d*x+1/2*c+1/2)-1/16*b"2/e~5x1n(d*x+c-1) "2+1/8%b"2/e”
5*%1n(-1/2*d*x-1/2*c+1/2) *1n(d*x+c+1)-1/8*b"2/e"5*%1n(-1/2*d*x-1/2*c+1/2) *1n(
1/2%d*x+1/2%c+1/2)-1/16%b"2/e"5%1n(d*x+c+1) "2-1/3*%b"2/e"5x1n(d*x+c+1)-1/12%
b~2/e"5/ (d*x+c) "2+2/3*b"2/e"5*%1n(d*x+c)-1/3*%b"2/e"5*1n(d*x+c-1)-1/2*a*xb/e”5

/ (d*x+c) “4*arctanh (d*x+c)+1/4*a*xb/e”5*1n(d*x+c+1)-1/6*a*xb/e”5/ (d*x+c) ~3-1/2
*axb/e”5/(d*x+c)-1/4*a*b/e"5x1n(d*x+c-1))

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 582 vs.
2(151) = 302.
time = 0.31, size = 582, normalized size = 3.38

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctanh(d*x+c))~2/(d*e*x+c*e) 5,x, algorithm="maxima")

[Out] -1/12%(d*(2*%(3*%d"2*x"2 + 6xcxd*x + 3*c”2 + 1)/(d"5*x"3*%e”5 + 3*c*xd 4*x~2%e”
5 + 3xc”2*%d"3*x*e”5 + c"3xd"2+e”5) - 3*e~(-5)*log(d*x + c + 1)/d"2 + 3*e” (-
5)xlog(d*x + c - 1)/d”2) + 6*arctanh(d*x + c)/(d"5*x"4*e”5 + 4*c*kd 4*x"3*e”
5 + 6xc™2*%d"3%x"2*e”5 + 4xc"3*d"2xx*e”5 + c"4xd*e”b))*axb - 1/48%(d~2*((3*(
d™2*x"2 + 2kckd*x + c72)*log(d*x + c + 1)72 + 3%(d72%x72 + 2xckxd*x + c72)*1
og(d*x + c - 1)72 + 2% (8*%d™2*x"2 + 16xc*d*x + 8*c™2 — 3*(d™2*%x"2 + 2*c*kd*x
+ c”2)xlog(d*x + ¢ - 1))*log(d*x + c + 1) + 16*%(d"2*x"2 + 2*c*d*x + c~2)*lo
g(dxx + ¢ - 1) + 4)/(d75%x"2xe”5 + 2xcxd"4*xx*e”5 + c"2xd"3*e”5) - 32%xe”(-5)
*xlog(d*x + c)/d"3) + 4*xd*(2%(3*d"2*x"2 + 6*ckd*x + 3*%c”2 + 1)/(d"5*x"3%e~5
+ 3xckd"4*x"2%e”5 + 3*%cT2xd"3xx*e”5 + c"3*d"2*e”5) - 3*e”(-5)*log(d*x + c +
1)/d"2 + 3*%e~(-5)*log(d*x + c - 1)/d"2)*arctanh(d*x + c))*b~2 - 1/4%b~2*ar
ctanh(d*x + c)~2/(d"5*x"4*e”5 + 4xcxd~4*x"3*e”5 + 6xc”2xd"3*x"2%e"5 + 4*c”3
*d"2xx*e"5 + c"4xd*e”5) - 1/4%a”2/(d"5*x"4*e”5 + 4*xckd"4*x"3%e”5 + 6%c”2%d”
3*%x"2%e”5 + 4*c”3*%d"2*x*e”5 + c”4*d*e”b)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 789 vs.
2(151) = 302.
time = 0.39, size = 789, normalized size = 4.59

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctanh(d*x+c))~2/(d*e*x+c*e) 5,x, algorithm="fricas")
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[Out] -1/48%(24*axbxd~3*x"3 + 24*a*b*c™3 + 4*(18*a*xbxc + b~2)*d"2*xx"2 + 4*b~2xc"2
+ 8*axbxc + 8% (9*axbxc”™2 + b 2xc + a*b)*dxx — 3*(b"2*%d"4*x"4 + 4xb"2*xc*d"3
*X"3 + 6%b72%c"2%d"2%x"2 + 4*%b"2%c”"3*kd*x + b72*%c"4 - b"2)*log(-(d*x + c + 1
)/(d*x + ¢ - 1))72 + 12*%a”2 - 4*x((3*a*xb - 4%b~2)*d"4*x"4 + 4*x(3*axb - 4xb~2
Y*xckd"3*x"3 + 6%(3*axb — 4*b"2)*c”2xd"2*x"2 + 4*x(3*a*b - 4*xb”2)*c”3xd*x + (
3%axb — 4*%b~2)*c”4)*log(d*x + c + 1) - 32%(b"2*%d"4*x"4 + 4*b~2*cxd~3*x"3 +
6*b~2xCc"2*%d"2*x"2 + 4*b”"2xc”3*d*x + b~2%c”4)*log(d*x + c) + 4x((3*%axb + 4xb
~2)*d"4*x"4 + 4x(3*axb + 4xb”2)*c*d"3*x”3 + 6% (3*axb + 4*b"2)*c"2*d"2*x"2 +
4% (3*axb + 4%b~2)*c”"3*d*x + (3*axb + 4xb~2)*c”4)*log(d*x + c - 1) + 4%(3*b
“2%d"3*%x"3 + 9%b"2%c*xd"2%x"2 + 3*b"2%c”3 + b"2xc + (9*%b"2*c”2 + b"2)*d*x +
3*xaxb)*log(-(d*x + c + 1)/(d*x + c - 1)))/((d"5*x"4 + 4*cxd~4*x"3 + 6xc~2*d
“3%x72 + 4%c”3*%d"2*x + c~4*xd)*cosh(1)”5 + 5%(d"5*x74 + 4*c*xd"4*xx"3 + 6%c72x%
d"3%x72 + 4*c”3*%d"2*x + c"4*d)*cosh(1) “4*sinh(1) + 10*%(d~5*x"4 + 4xcxd”~4*x”
3 + 6*%c”2%d"3*x"2 + 4*%c”3*%d"2*x + c”4*d)*cosh(1) 3*sinh(1)"2 + 10*(d"5*x"4
+ 4xckd"4*xx"3 + 6%c”2xd"3*x"2 + 4*xc~3*%d"2xx + c~4*d)*cosh(1) "2*xsinh(1)"3 +
5%(d"5*x"4 + 4xcxd"4*x"3 + 6xc”2*d"3*x"2 + 4*c”3*%d"2*x + c”4*d)*cosh(1)*sin
h(1)74 + (d75*%x"4 + 4xcxd™4*x"3 + 6*c”™2*%d"3*x"2 + 4*c~3*%d"2*x + c~4*d)*sinh
(1)°5)

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 3516 vs.

2(148) = 296.
time = 5.39, size = 3516, normalized size = 20.44

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*atanh(d*x+c))**2/(d*exx+cxe)**5,x)

[Out] Piecewise((-3%a**2/(12xcx*4*xd*ke**x5 + 48*ck*3kd**2ke**x5kxx + T2kCk*2kd**3*e**
Bkxk*2 + A8kckdxkdke*xkDkx**3 + 12kd*kk5ke*xk5kx**4) + Gkaxbkxckkdxatanh(c + dx*
x)/ (12%c*x*4xd*ex*5 + 48*ckx*3kd**2ke*xx5kx + T2kck*2kd**3kekxk5kx**2 + 48kcxd*
*k4kexxk5kx*¥x3 + 12kd*x5ke*xx5kx*x4) + 24*axbkxc**3xd*xxatanh(c + d*x)/(12*cx*4
*dkexk5 + A8kckk3kd**kkexk5kx + T2kck*k2kd*kk3ke**k5kx*k*2 + A8k ckdkkdke*xk5kxkk
3 + 12%d*x*x5kex*x5xx**x4) — Gxaxbkxckx*x3/(12kck*4dxdkex*5 + 48kckx3kd**2ke*xx5*xx +
T2xck*2kd**3kexkb*xx*k*k2 + A8kckd**kdkex*5xx*x*x3 + 12kd**5kex*5kxx*k*x4) + 36%a*b
kcx*k2kd*k2kxk*k2katanh (c + d*x)/(12kck*4xd*xe*x*5 + 4A8kckx*3kd**xQkxe*xx5xx + T2*C
*kkd*k*k3kekk5*kx*k*k + A8kckd*kkqkex*k5kxk*x3 + 12%d*k*kDkex*5kxk*x4) — 18*akxbkckx*2
*d*xx/ (12%ck*kd*dkex*5 + A8kck*k3kd**kexk5*x + T2kckk2kd**k3kek*k5kx*x*2 + A8*C*k
dx*x4*e*x*k5xx*x*3 + 12kd**E5xe*x*k5kxx*4) + 24*axbxckdx*3xx*x3*atanh(c + d*xx)/(12
kcxkdxdkex*k5 + 48kck*k3kd**kQkek*k5kx + T2kck*k2xd**x3kexk5kx**x2 + 48kckdk*xdkexk
Bxxx*3 + 12%d*x*k5kex*k5kxx**4) — 18kakxbkckd**22*xx**2/ (12kck*4xd*xe*x*5 + 48kck*3*
d**2xe*xk5*x + T2kck*kkd**k3kexkbkxk*2 + 48kckd**k4qdkexxbkx*x*3 + 12%d*k*k5kex*5kxx
*x4) - 2kaxbkxc/(12k%xckx4xdke**x5 + 4A8kckk3kd*xk2kexk5xx + T2kckkkd*kk3kek*k5kxk
*2 + A8kcxd¥xkdkexx5kx*x*3 + 12%kd*x*5kxe*xk5xx**4) + BGxaxbxdkxx4kxx*x*4dxatanh(c + d
*x) / (12%cx*x4xd*ex*5 + 48kckx3kd*x*2ke*xk5*xx + T2kck*x2kd**3ke*xk5*xx*x*2 + 48*c*d
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*kdkxekk5kx**3 + 12%d*x*k5ke**5xx*k*x4) — Gkakxbkdkxk3kxx*x3/ (12kck*4d*xd*e**x5 + 48*c
*k3kdk*kkekk5kx + T2kCkk2kxd*k3kek*k5kx**x2 + A8kckdkkdkexkExx**3 + 12%d*x*x5xex
*5%xx**4) — 2kaxbxdxx/(12*%ckx*k4kxd*ex*5 + 48kckx*3kd**kke*x*k5kx + T2*kck*2kd**3*e
*k5kxk*2 + 4A8kckdxkdkekkbxx**3 + 12kdxx5kexk5xx**4) - 6kxaxbkxatanh(c + d*xx)/
(12%c*kx4*xd*xe*x*xb5 + 48kc**x3kdAk*x2kex*5kx + T2kckkkd*x*k3ke*xk5kxx*k*x2 + 48kckd*x*4x*
ex*5*xx**3 + 12%d**k5*e*x*x5*x**x4) + 8Bxb*x2xc**x4xlog(c/d + x)/(12%c**4xd*e*x5 +
48xck*3kd**2kexk5*xxX + T2kCkk2kd*k3kekx*k5kx**2 + A8kckdkkd*xexkExx**3 + 12%dx*
*x5xe*xxbxx**x4) — 8xbx*2xck*xdxlog(c/d + x + 1/d)/(12*ck*4*d*kex*5 + 48*kcx*3*d*
*2kexk5*x + T2kCkk2kd*k3kekk5kxk*2 + 48kckdkkdkekkEkx**3 + 12kd**k5kxe*kkEkxkk
4) + 3*bxx2kckk4katanh(c + d*x)*x2/(12%ckkdkd*e**5 + 48kck*k3xd**k2ke*x*5*x +
T2xckx2kd*x*k3ke*xk5*xx*x*2 + 48kckd**kdxexxbkxx*x*3 + 12%d*kx5kex*k5xx*x*4) + Skb**x2x
ckx4*xatanh(c + d*x)/(12%c**4dxd*xe*x*5 + A8kckx*3kd**x2kexk5kxx + T2kCk*2kd**k3*xex*
*k5xx*¥%2 + ABxckd*x4*e*xk5xx**3 + 12xd**Exex*kE5xx**4) + 32*¥bk*2*ck*3*kd*x*Llog(c
/d + x)/(12*%ckx*4*d*xe*x*5 + 48kcx*k3kd*x*kex*k5kx + T22kckx*2kxd*x*3kex*k5kxx*x*2 + 48
kCkdrkdre*kBxxx*3 + 12*kdx*5ke**Bkxx*4) - 32¥b**2*cx*3*d*xxlog(c/d + x + 1/d
)/ (12%c*x*4xd*xex*5 + 48*ck*x3kd*x*2ke*xx5kxx + T2kck*2kd**k3kexk5kx**2 + A8kckd**
4xex*k5*xx**3 + 12%d**kEke*x*k5xx**4) + 12*¥b*k*x2xcx*3*kd*x*katanh(c + d*x)**2/(12%c
*kdkdke**k5 + 48kckk3kAkk2kekk5kx + T2kck*k2kdk*k3kekkEkxx*k*x2 + 48kckd*kdkex*x5%
x**3 + 12%d*x*x5ke*xk5xx*k*x4) + 32xbkx2kck*3kdkx*atanh(c + d*x)/(12%cx*x4*xd*e*x*5
+ A8k ckk3kd*kkek*k5kx + TkCk*x2kAk*k3kekkExx**2 + 48kckdk*4kexkExxk*k3 + 12%
d**5xe*xx5kxx*x*x4) — 6xbkx2kxc*x*3xatanh(c + d*x)/(12%ckx*x4kxd*e*x*x5 + 48kckx*k3kd*x*2
kexk5kx + T2kck*2kAkk3kex*k5kx*k*k2 + 48kckdkk4kex*k5kxx*x*x3 + 12kd**x5kekk5kxkx**4)
+ 48%bx*2kcx*k2kd**2*kx*k*2%1og(c/d + x)/(12*%ck*4*d*kex*5 + 48k cx*3kd*k*2ke**5*
X + T2kckx*2%kd*k*x3kexk5kxx**2 + 48kckdk*4kexkbkxx*k*kx3 + 12kd*x*k5kexxbkxx*x*x4) - 48%
b**k2kcxk2kd*xk2xx*x*2xLog(c/d + x + 1/d)/(12%ck*4*xd*ke*x*5 + 48*ck*3*kd**2*e**5x*
X + T2kcx*2xd*k3*kexk5kx**2 + A8kckdkxdkex*5kx**3 + 12%d**5xe*xxbkxxx*x4) + 18%
b*k2kxckx2kd**2xx*k*x2katanh (c + dkxx)**2/(12kck*4kd*ex*5 + 48kckx3kd**2ke*x*k5*xx
+ T2kckxk2xd**3kex*k5xx*x*x2 + 48kckdxkdke*k5xx**3 + 12%kd**x5xe*x*x5xx**4) + 48%b
*kQk ckkkd*k*k2xx*kk2*katanh (c + d*xx)/(12kc**dxd*xex*5 + 48*kcx*3kd**2ke*xx5xx + 7
2kCk*x2kAkk3kekkExx**2 + 48kckdrkdkexkExxkk3 + 12kd**k5kexk5kxxkkd) — 18kb**k2%
cxx2xd*xx*atanh(c + d*x)/(12xck*4*xd*ex*x5 + 48kc**3kdxkxke*x*5kxx + T2kck*2kd**
3xe*xkbkxxk*x2 + 48kckd*xkdkexkbkx*x*3 + 12%dkk5kex*k5kxx**k4) — bkx2kc*x*2/(12%c*x*x4
*dkexx5 + A8kckk3kd*x*k2kexk5kx + T2kCk*x2kd*k3ka*xk5kx**2 + 4A8kckdxkdkexk5rxkk
3 + 12kdx*bkex*bkx**4) + 32xb**2xc*xd*x3*x**x3*x1og(c/d + x)/(12*c**4xd*e*x5 +
A8k cx*x3kd*k2kekk5kx + T2kck*2kd*k3kexk5kx**2 + A8kckdkxdkex*x5xx**x3 + 12%d*
*x5xe*xkbxx**4) — 32kbk*k2kckd**3xx*x*3xLlog(c/d + x + 1/d)/(12*c*k*4*xd*e*x*5 + 48
kCxk3kdkk2kexk5xx + T2kck*k2kd**3kexk5xx**x2 + 48xckdk*kdkexk5kxx*k*3 + 12%d**5%
exk5kx*%x4) + 12%b**x2*ckd**3*x*x*x3katanh(c + d*x)**2/(12k%c**4xdkex*5 + 48*cx*
3kdx*k2kekk5kxx + T2kCckk2kxd**k3kekx*k5kx**x2 + A8kckdkkdkxexkExx**3 + 12%d*x*x5xe*x*5
*x*%x4) + 32%bx*x2kckdx*k3kx**3katanh(c + d*x)/(12%cx*4xd*xex*x5 + 48kxckx3kd*x*2x*
exxbxx + T2xckk2xd**3kexk5kxk*x2 + 48kckdkkdke*xk5kxx*x3 + 12%d*k5ke*x*5kx**4)
- 18xbx*2kckd*k*2xx**2*katanh(c + d*x)/(12kxcx*4*xd*e**5 + 48*ck*3kd**2*xe**5*xx
+ T2xck*x2kd*x*3ke*k5xxk*k2 + 48kckdk*4xe*k5kxxk*k3 + 12kd*kk5kex*k5xx*k*k4) — 2kbkk
2kcxd*x/ (12%ckkdxd*xe*x*x5 + 48kckx*3kdk*x2kexk5xx + T2kck*2kd**Jkexx5*xx*x*x2 + 48
kcxdkkdkexk5xx**%3 + 12kd*k*5ke*xk5kxxkk4) — 2xbkx2kckatanh(c + d*x)/(12%ckx*4*xd
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kex*k5 + 48kcx*k3xd**x2Qkex*k5kx + T2kckx*k2kxd**k3kexk5xx**x2 + 48kckd*kkdkexk5xx*k*x3
+ 12kd**bkex*5kx*x*4) + 8*xbk*2kd**4*x**4*log(c/d + x)/(12*ck*4*d*ex*5 + 48*c
*kkdkk2kexk5*xx + T2kCkk2kxd*k3kek*k5kxk*2 + 48kckdkkdkxe*kExx**3 + 12*%d*x*x5xex
*xEkxkk4) - 8xbr*k2kdk*dxx*k*k4*xlog(c/d + x + 1/d)/(12%ck*4xd*ex*5 + 48xcx*3*d*
*2xe*x5%x + T2kCk*2kd*x*k3ke*x5kx**2 + 48kckdx*kdx, . .

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 730 vs. 2(158) =
316.
time = 0.43, size = 730, normalized size = 4.24

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctanh(d*x+c))~2/(d*e*x+c*e) 5,x, algorithm="giac")

[Out] 1/12*%((c + 1)*d - (c - 1)*d)*(3*((d*x + c + 1)"3*b"2/(d*x + ¢ - 1)73 + (d*x
+ c+ D*xb72/(d*x + ¢ - 1))*log(-(d*x + ¢ + 1)/(d*x + ¢ - 1))72/((d*x + ¢
+ 1)74xd"2*e”5/(d*x + ¢ - 1)74 + 4x(d*x + ¢ + 1)73*d"2*e"5/(d*x + ¢ - 1)73
+ 6%(d*x + ¢ + 1)72xd"2*e”5/(d*x + ¢ - 1)72 + 4*x(d*x + c + 1)*d"2*xe”5/(d*x
+ ¢c - 1) + d°2%e”5) + 2%(6*%(d*x + c + 1)"3*axb/(d*x + ¢ - 1)73 + 6%(d*x + c
+ 1*axb/(d*x + ¢ - 1) + 3*%(d*x + ¢ + 1)73*xb"2/(d*x + ¢ - 1)73 + 6%(d*x +
c + 1)72%b"2/(d*x + ¢ - 1)72 + 5x(d*x + ¢ + 1)*b"2/(d*x + ¢ - 1) + 2%b"2)*1
og(-(d*x + ¢ + 1)/(d*x + ¢ - 1))/((d*x + c + 1)74xd"2*e"5/(d*x + c - 1)74 +
4% (d*x + ¢ + 1)73*xd"2*e"5/(d*x + ¢ - 1)73 + 6%(d*x + c + 1)72%d"2*xe”5/(d*x
+¢c - 1)"2 + 4x(d*x + ¢ + 1)*d"2*e”5/(d*x + ¢ - 1) + d"2*e”5) + 2x(6*x(d*x
+ ¢+ 1)73*%a"2/(d*x + ¢ - 1)73 + 6x(d*x + ¢ + 1)*a"2/(d*x + ¢ - 1) + 6x(d*x
+ c + 1) 3*%a*xb/(d*x + ¢ - 1)73 + 12%(d*x + ¢ + 1) 2%axb/(d*x + ¢ - 1)72 +
10x(d*x + ¢ + 1)*a*xb/(d*x + ¢ - 1) + 4xaxb + (d*x + ¢ + 1)"3*b"2/(d*x + ¢ -
1)73 + 2x(d*x + ¢ + 1)"2%b"2/(d*x + ¢ - 1)72 + (d*x + ¢ + 1)*b"2/(d*x + c
- 1))/((@*x + ¢ + 1)74%d"2*xe"5/(d*x + ¢ - 1)74 + 4x(d*x + ¢ + 1)"3*d"2*e”~5/
(d*x + ¢ —= 1)73 + 6%(d*x + ¢ + 1)72%d"2%e”5/(d*x + ¢ - 1)72 + 4x(d*x + c +
1)*d"2%e”"5/(d*x + ¢ - 1) + d"2%e”5) + 4xb~2+log(-(d*x + c + 1)/(d*x + c - 1
) - 1)/(d"2%e"5) - 4*b~2xlog(-(d*x + c + 1)/(d*x + ¢ - 1))/(d"2*e"5))

Mupad [B]
time = 3.42, size = 2746, normalized size = 15.97

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c + d*x))~2/(c*e + d*xexx)~5,x)

[Out] log(1l - d*x - c)~2%(b~2/(16%d*e”5) - b~2/(4*d*(4*c”"4*e”5 + 4*d"4*xe~5*x"4 +
16%c*d"3%e”5*x"3 + 24*c”2xd"2*e"5*x"2 + 16%c”3*d*e"5x*x))) + log(c + d*x + 1
)7"2x(b"2/(16*%d*e”5) - b~2/(16%d"2*e"5*(4*c~3%x + c~4/d + d"3*x"4 + 6xc”2xd*
X"2 + 4%c*xd"2xx73))) + log(l - d*x - c)*(log(c + d*x + 1)*x(b~2/(4*xd*(2xc”4x*
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e”5 + 2%d"4*e"5xx"4 + 8*xc*d"3*e”5*x"3 + 12%c"2xd"2%xe"5*xx"2 + 8*c”3*d*e”5*x)
) = (b72%(c™4 + d74%x74 + 4*xc*d"3*%x"3 + 6*%cT2xd"2%x"2 + 4xc”3*d*x) )/ (4*d* (2
*C~4*xe”5 + 2xd"4*xe”5*x"4 + 8xckd"3*e"5xx”"3 + 12*%cT2xd"2%e”5*x"2 + 8%c”3*d*e
“5%x))) + (3*%b~2)/(4*xd*(24*xc~4*e”5 + 24*d"4*e”"5*x"4 + 96*c*d"3*e”5*x"3 + 14
4xc”2%d"2%e"5xx"2 + 96*c”3*d*e"5%x)) + (3*%b*(8*%a - b))/ (4*d*(24*c"4*e”5 + 2
4xd~4*xe"5xx~4 + 96*c*d"3*%e"5*x"3 + 144*xc”2xd"2*xe"5*x"2 + 96*c”3*d*e”"5*x)) -
(b™2%(c*(2*%c — 3*%c™2 + 4xc™3 + c*x(6*xc™2 - 3*%c + c*x(12%c - 3) + 1) - 1) - 3
*C + x"2%(d*(2xd - 6%c*xd + 12*%c”2*d + d*x(6*%c”2 - 3*%c + c*x(12*xc - 3) + 1) +
cx(24xckd - 3*%d + d*(12*%c - 3))) - 9xc*d™2 + cx(30*%cxd™2 - 3*%d~2 + d*x(24xc*
d - 3*xd + d*x(12*xc - 3))) + 3*d"2 + 18%c”2xd"2) + x*(d*(2%c - 3*c™2 + 4%c”3
+ c*(6%c”2 - 3*%c + cx(12*%c - 3) + 1) - 1) - 3*d + 6%cxd + c*(2*%d - 6*xc*xd +
12%c™2%d + d*(6%c™2 — 3*%c + c*x(12*xc - 3) + 1) + c*(24*cxd - 3*d + d*x(12*c -
3))) - 9%c”2%d + 12*c”3*d) + 3*c”2 - 3*%c”3 + 3*%c"4 + 25%d"4*x74 + x"3%(34x%
cxd”™3 + d*(30%c*xd~2 - 3*d"2 + d*x(24*cxd - 3%d + d*(12%c - 3))) - 3*d"3) + 3
))/ (4xd* (24*c™4*e”5 + 24*d"4*e~5*x"4 + 96*c*d~3*e 5xx"3 + 144*c”2+d”"2%e~5*x
2 + 96%c”3*d*e”"5*x)) + (b"2x(c*(c*x(6xcxe™5 + 2xe”5 + c*(24*xcxe”5 + 6%e”5)
+ 12%c™2*e”5) + 4xcxe”5 + 2%e”5 + 6*%c”2%e”5 + 8*c"3*e”5) + x*(d*(cx(6*xc*e”5
+ 2%e”5 + c*(24*cxe”5 + 6%e”5) + 12%c"2%e”5) + 4*cxe”5 + 2%e”5 + 6xc”2%e”5
+ 8%c~3*e”5) + 6xd*xe”5 + c*x(cx(6xd*e”5 + dx(24*c*e”5 + 6%e”5) + 48*xckxd*e”5
) + d*(6*cxe”5 + 2%e”5 + c*x(24*cxe”5 + 6%e”5) + 12*%c”2%e”5) + 4*d*e”5 + 24%
c"2xd*e”5 + 12xckd*e”5) + 18*%c”2*d*e”5 + 24*c”3xd*e”5 + 12*cxd*e”5) + x"3%(
d* (d* (6xd*e”5 + d*x(24*xc*e”5 + 6*xe”5) + 48xcxd*e”5) + 6xd"2*e”5 + 60*c*xd”2*e
~B) + 6%d"3%e”5 + 68xcxd"3*e"5) + 6*c*e”5 + 6%e”5 + 6xc”2x%e”5 + 6%c”3*%e”5 +
6*xc~4xe”5 + x"2x(cx(d*(6*%d*e”5 + d*(24*xcxe”5 + 6%e~5) + 48*c*d*xe”5) + 6*d”
2*%e”5 + 60*cxd"2*xe”5) + d*(c*(6*d*e”5 + d*x(24*xcxe”5 + 6*e”5) + 48*c*d*e”5)
+ d*(6xcxe”5 + 2%e”5 + c*(24xcxe”5 + 6%e”5) + 12*%c"2xe”5) + 4*d*xe”5 + 24x*c”
2*%d*e”5 + 12xcxd*xe”5) + 6*%d"2*e”5 + 18*ckd"2*e”5 + 36xc”2*xd"2*e”5) + 50*d"4
*e@~5*xx"4)) / (8*xd*xe 5% (24*c~4*e”5 + 24xd"4*e"5%x"4 + 96*c*d"3*e"5xx"3 + 144x*c
~2xd"2%e"5*x"2 + 96%c”3xd*e”5*x))) - (x72x((b"2*d)/2 + 9xaxbkxc*d) + x*(a*b
+ b"2xc + 9kaxb*xc”2) + (3*a”2 + b"2%c”2 + 2*xaxbkc + 6xaxbxc”3)/(2xd) + 3*ax
b*d~2*x"3) / (6*%c”4*e”5 + 6*d"4*e 5*x"4 + 24*cxd"3*e"5*x"3 + 36%c”2*xd"2*e " 5*x
"2 + 24xc”3*d*e"5xx) - (log(c + d*x + 1)*(x"2*%((3*b~2*c + b~2 + 6%b"2%c~2)/
(32%e"5) + dx(d*x((3*%b~2*xc + b2 + 6xb"2*%c"2)/(96*d"2*e"5) + (c*x(4*%b~2*c + b
~2))/(32%d"2xe”5)) + c*x((4*xb~2*c + b~2)/(16%d*e~5) + (b~2*c)/(8*d*e”5)) + (
3*%b~2*%c + b"2 + 6*xb"2%c"2)/(48*d*e”5)) + cx(d*x((4*xb"2xc + b~2)/(16*d*e”5) +
(b~2%xc)/(8*d*e~5)) + (4*%b~2*xc + b~2)/(32*%e”5) + (3*b"2*xc)/(16xe~5)) - (b~2
*(d/4 - (3*cxd)/4 + (3*%c™2xd)/2 + d*(d*((6*%c™2 - 3*c + 1)/(12xd) + (c*(4xc
- 1))/(4*d)) - c/2 + c™2 + cx(3*c - 1/2) + 1/6) + cx((5*%c*d)/2 - d/4 + d*(3
xc — 1/2))))/(8*d*e”5)) + xx(ckx(d*((3*b~2%c + b~2 + 6*b~2%c~2)/(96*d"2*e"5)
+ (cx(4xb~2%c + b~2))/(32%d"2*e”5)) + c*x((4*xb~2*c + b~2)/(16*d*e”5) + (b~2
xc)/(8xd*e~5)) + (3*%b”™2xc + b~2 + 6%b"2xc”2)/(48*d*e~5)) + dx(cx((3*b~2%c +
b2 + 6%b~2%c~2)/(96*d"2*xe"5) + (cx(4*%b~2*c + b~2))/(32*xd"2*xe~5)) + (2*xb~2
*C + b72 + 3%b"2%c”2 + 4xb"2*c”3)/(96%d"2*e”5)) + (2*b"2%c + b~2 + 3*b"2xc”
2 + 4xb~2%c"3)/(32xd*e”5) - (b"2*(c/2 + cx(d*((6%c™2 - 3*c + 1)/(12*%d) + (c
x(4xc - 1))/(4%d)) - c/2 + c™2 + cx(3%xc - 1/2) + 1/6) - (3*%c™2)/4 + c”3 + d
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*(cx((6%c™2 - 3*%c + 1)/(12%d) + (c*x(4xc - 1))/(4*d)) + (2%c - 3%c™2 + 4x%c~3
- 1)/(12%d)) - 1/4))/(8*d*e”5)) + x~3*x(d*x(d*((4*¥b~2*xc + b~2)/(16*d*e”5) +
(b~2*c)/(8xd*e~5)) + (4xb~2*c + b~2)/(32*e~5) + (3*b~2*c)/(16%e”5)) + (b~2*
d + 4xb~2xc*xd)/(32*%e”5) - (b~™2x((17*c*xd"2)/6 - d"2/4 + d*((b*xc*xd)/2 - d/4 +
d*(3*%c - 1/2))))/(8%d*e~5) + (11%b~2%c*d)/(48%e~5)) + c*x(cx((3*%b~2%c + b~2
+ 6%b"2%xc"2)/(96*%d"2*xe"5) + (c*x(4*b~2*%c + b~2))/(32*%d"2*%e"5)) + (2*xb~2*c +
b"2 + 3*%b"2%c”2 + 4xb~2xc”3)/(96*xd"2*e"5)) + (8*a*xb + b"2*c + b2 + b~2*xc”
2 + b™2%c"3 + b~2*xc"4)/(32*%d"2*e"5) - (b~ 2x(c*x(c*x((6*xc™2 - 3*c + 1)/(12%d)
+ (cx(4xc - 1))/(4%d)) + (2%c - 3*c™2 + 4*c"3 - 1)/(12%d)) + (¢"2 - ¢ - ¢c~3
+ ¢4 + 1)/(4%d)))/(8%d*e~5)))/(4xc™3*x + c~4/d + d~3*%x"4 + 6%c"2xd*x"2 +
4xcxd~2*%x"3) + (2¥b~2xlog(c + d*x))/(3*dxe”5) - (log(c + d*x - 1)*(3*axb +
4xb~2))/(12xd*e~5) + (log(c + d*x + 1)*(3*axb - 4%b~2))/(12*d*e”5)
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3.23 [(ce + dex)? (a + btanh™'(c + da;))3 dx

Optimal. Leaf size=263

5 5 bPeX(c+dr)tanh'(c+ dx) be?(a+btanh '(c+ dx))2 be?(c + dz)? (a + btanh " (c + dav))2

ab“e“r+ - + +
d 2d 2d

[Out] a*b”2xe”2*xx+b~3*e”2* (d*x+c) *arctanh (d*x+c)/d-1/2xb*e” 2 (a+b*arctanh (d*x+c))

~2/d+1/2%bxe” 2% (d*x+c) ~2* (a+b*arctanh (d*x+c)) ~2/d+1/3*e~2*x (at+b*arctanh (d*x+

c))~3/d+1/3xe" 2% (d*x+c) ~3* (a+b*arctanh (d*x+c)) ~3/d-b*e~2* (at+b*arctanh (d*x+c

)) "2x1n(2/ (-d*x-c+1))/d+1/2*%b"3*e"2x1n (1-(d*x+c) ~2) /d-b~2*e~2*x (a+b*arctanh (

d*xx+c) ) *polylog(2,1-2/(-d*x-c+1))/d+1/2*%b"3*e~2*polylog(3,1-2/(-d*x-c+1))/d

Rubi [A]

time = 0.34, antiderivative size = 263, normalized size of antiderivative = 1.00, number of

_ _ : e number of rules _
steps used = 14, number of rules used = 11, integrand size = 23, integrand size 0.478,

Rules used = {6242, 12, 6037, 6127, 6021, 266, 6095, 6131, 6055, 6205, 6745}

+ da) oo bef(atbtanh~'(c+da))’  bed(c+dr)? (a+btanh(c+dz))® o+ da)? (a+btanh~(c+dr))’ e*(a+btanh(c+dr)®  be’log (i) (a+ btanh e+ dx))?  BeLis(l - —2) | bellog (1 (c+dz)?) | be(c+ do)tanh ) (c + dx)
+abels — 5 + 57 + 37 + 3 - 7 + T 2 N @

Antiderivative was successfully verified.
[In] Int[(c*xe + dxexx)~2*(a + b*ArcTanh[c + d*xx])~3,x]

[Out] a*b~2*e"2*x + (b~3*e"2x(c + d*x)*ArcTanh[c + d*x])/d - (b*e"2*(a + bxArcTan
hlc + d*x])~2)/(2*%d) + (b*e"2x(c + d*x)~2*(a + b*ArcTanh[c + d*x])~2)/(2*d)

+ (e"2x(a + bxArcTanh([c + d*x])~3)/(3*d) + (e"2*(c + d*x)~3*(a + b*ArcTanh

[c + d*x])~3)/(3*d) - (b*e"2x(a + bxArcTanh[c + d*x]) 2*Log[2/(1 - c - d*x)

1)/d + (b~3*%e"2xLog[1l - (c + d*x)~2])/(2*d) - (b"2*e"2x(a + b*ArcTanh[c + d
*x])*PolyLog[2, 1 - 2/(1 - ¢ - d*x)])/d + (b~3*%e"2*PolyLog[3, 1 - 2/(1 - ¢

- d*x)]1)/(2xd)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQl[a, x] && !Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 266

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + bxx"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQm, n - 1]

Rule 6021

Int[((a_.) + ArcTanh[(c_.)*(x_)~(n_.)]*(b_.))"(p_.), x_Symbol] :> Simp[x*(a
+ bxArcTanh[c*x"n])"p, x] - Dist[b*c*n*p, Int[x"n*((a + bxArcTanh[c*x"n])~
(p - 1)/ - c™2%xx~(2*n))), x]1, x] /; FreeQ[{a, b, c, n}, x] && IGtQ[p, O]
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& (EqQ[n, 11 || EqQlp, 11)

Rule 6037

Int[((a_.) + ArcTanh[(c_.)*(x_)~(n_.)]*(b_.)) " (p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + b*ArcTanh[c*x"n])"p/(m + 1)), x] - Dist[b*c*n*(p/(m
+ 1)), Int[x"(m + n)*((a + bxArcTanh[c*x"n])~(p - 1)/(1 - c™2*%x"(2*n))), x]
, x] /; FreeQ[{a, b, ¢, m, n}, x] & IGtQ[p, 0] && (EqQlp, 1] || (EqQ[n, 1]
&& IntegerQ[m])) && NeQ[m, -1]

Rule 6055

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
1 :> Simp[(-(a + b*ArcTanh[c*x]) “p)*(Log[2/(1 + ex(x/d))]1/e), x] + Dist[b*c
*x(p/e), Int[(a + b*ArcTanh[c*x])~(p - 1)*(Log[2/(1 + ex(x/d))]/(1 - c~2xx~2
)), x]1, x] /; FreeQ[{a, b, c, 4, e}, x] && IGtQ[p, 0] && EqQl[c~2%d~2 - e~2,
0]

Rule 6095

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d.) + (e_.)*(x_)"2), x_Symb
ol] :> Simp[(a + bxArcTanh[c*x])~(p + 1)/(bxc*xdx(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] && EqQ[c™2*d + e, 0] && NeQ[p, -1]

Rule 6127

Int[(((a_.) + ArcTanh[(c_.)*(x_)I*(b_.)) " (p_.)*((f_.)*(x_))"(m_))/((d_ ) + (
e_.)*(x_)"2), x_Symbol] :> Dist[f~2/e, Int[(f*x)~(m - 2)*(a + b*ArcTanh[c*x
1)7p, x1, x] - Dist[d*(£f72/e), Int[(f*x)"(m - 2)*((a + b*ArcTanh[c*x]) p/(d
+ e*x”2)), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[p, 0] && GtQ[m, 1
]

Rule 6131

Int[(((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.)*(x_))/((d) + (e_.)*(x_)"2),
x_Symbol] :> Simp[(a + b*ArcTanh([c*x])~(p + 1)/(b*ex(p + 1)), x] + Dist[1/
(cxd), Int[(a + b*ArcTanh[c*x])~"p/(1 - c*x), x], x] /; FreeQ[{a, b, c, d, e
}, x] && EqQlc™2*d + e, 0] && IGtQ[p, O]

Rule 6205

Int[(Loglu_l*((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.))/((d_) + (e_.)*(x_)"
2), x_Symbol] :> Simp[(-(a + bxArcTanh[c*x]) “p)*(PolyLog[2, 1 - ul/(2xc*d))
, x] + Dist[bx(p/2), Int[(a + bxArcTanh([c*x])~(p - 1)*(PolyLog[2, 1 - ul/(d
+ e*x”2)), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d
+ e, 0] & EqQ[(1 - w~™2 - (1 - 2/(1 - c*x))~2, 0]
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Rule 6242

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)I*(b_.)) " (p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[(f*(x/d)) m*(a + b*ArcTanh([x])~p, x]
, X, ¢ + d*x], x] /; FreeQ[{a, b, ¢, d, e, f, m}, x] && EqQ[d*e - c*f, 0] &
& IGtQ[p, 0]

Rule 6745

Int[(u_)*PolyLog[n_, v_], x_Symbol] :> With[{w = DerivativeDivides[v, u*v,
x]}, Simp[w*PolyLog[n + 1, v], x] /; !FalseQ[w]l] /; FreeQ[n, x]

Rubi steps

Subst <f e’z?(a + btanh_l(a:))3 dz,z,c+ dw)
d
e?Subst (f z*(a + btanh_l(x))3 dz,z,c+ dac)
d
9 1 3 b 2 S b ¢ m3(a+btan
e*(c+dz)® (a + btanh ™' (c + dz)) (be?) Subst ( [ 1

3d d
e?(c+ dz)® (a + btanh ™' (c + dzc))3 N (be?) Subst (f z(a + bt
3d

be?(c + dz)? (a + btanh ' (c + d:c))2 e?(a+btanh ™' (c+d
2d " 3d

/(ce + dex)? (a + btanh ' (c + da:))3 dz =

be2(c + dz)? (a + btanh ' (c+ dz))?  €*(a+ btanh ™} (c + d
2d + 3d

be?(a + btanh ™ (c + dav))2 N be?(c + dz)? (a + btar

_ 292

= ab’e’x >d 2

_ abe’n 4+ b’e?(c + dz) tanh ™ (c + dx) B be?(a + btanh ™ (c +

- d 2d
b3e?(c + dz)tanh ™ (c+ dz) be?(a+btanh™'(c+

_ 322 B

= ab’e’xr + y o

Mathematica [A]
time = 0.44, size = 336, normalized size = 1.28
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Antiderivative was successfully verified.

[In] Integrate[(c*e + dxexx)~2x(a + b*ArcTanh[c + d*x])~3,x]

[Out] (e”2*%(3*a"2xbx(c + d*x)~2 + 2*a~3*x(c + d*x)~3 + 6*a”2xb*(c + d*x) 3*ArcTanh
[c + d*x] + 3*a"2xb*Log[l - (c + d*x)~2] + 6*axb”2x(c + d*x - ArcTanh[c + d

*x] + (c + d*x)~2xArcTanh[c + d*x] - ArcTanh[c + d*x]~2 + (c + d*x)“3*ArcTa

nh[c + d*x]~2 - 2xArcTanh[c + d*x]*Log[l + E~(-2%ArcTanh[c + d*x])] + PolyL

ogl[2, -E~(-2%ArcTanh[c + d*x])]) + b~3*%(6%(c + d*x)*ArcTanh[c + d*x] - 3*(1

- (c + d*x)~2)*ArcTanh[c + d*x]~2 - 2xArcTanh[c + d*x]~3 + 2x(c + d*x)*Arc
Tanh[c + d*x]~3 - 2*(c + d*x)*(1 - (c + d*x)~2)*ArcTanh[c + d*x]~3 - 6*ArcT

anh[c + d*x]~2+Log[1 + E~(-2*ArcTanh[c + d*x])] - 6*Logl[1/Sqrt[l - (c + dxx

)~2]] + 6xArcTanh[c + d*x]*PolyLog[2, -E~(-2*ArcTanh[c + d*x])] + 3*PolyLog

[3, -E~(-2*ArcTanh[c + d*x])])))/(6*d)

Maple [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 15.65, size = 1345, normalized size = 5.11

method result size
derivativedivides | Expression too large to display | 1345
default Expression too large to display | 1345

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*exx+c*e) 2*(a+b*arctanh(d*x+c))~3,x,method=_RETURNVERBOSE)

[Out] 1/d*(-1/2%I*e”2*b~3*Pi*arctanh(d*x+c) " 2xcsgn(I/(1+(d*x+c+1)~2/(1-(d*x+c)~2)
)) "3+1/3%e”2x (d*x+c) "3*a~3+1/4*I*e”2xb~3*Pi*arctanh (d*x+c) “2*csgn(I/(1+(d*x
+c+1) 72/ (1-(d*x+c) ~2) ) ) *csgn (I* (d*x+c+1) ~2/((d*x+c) "2-1) / (1+(d*x+c+1) "2/ (1-
(d*x+c)~2)) ) *csgn(I*(d*x+c+1)~2/((d*x+c) "2-1))-1/4*I*e”~2xb~3*Pi*arctanh (d*x
+c) ~2xcsgn (I* (dxx+c+1) "2/ ((d*x+c) ~2-1) / (1+(d*x+c+1) "2/ (1-(d*x+c)~2))) ~3-1/4
*xIxe”~2xb~3*Pi*arctanh (d*x+c) “2*csgn (I* (d*x+c+1) "2/ ((d*x+c)"2-1) ) "3+1/2*I*e”
2xb~3xPi*arctanh(d*x+c) “2xcsgn(I/(1+(d*x+c+1)~2/(1-(d*x+c)~2))) "2+e"2xa*b~2
* (d*x+c) "3*arctanh (d*xx+c) ~2+e~2*a*b~ 2% (d*x+c) ~2*arctanh (d*x+c)+e”2*a*xb~2*ar
ctanh (d*x+c)*1n(d*x+c-1)+e~2*a*xb~2*arctanh (d*x+c)*1n(d*x+c+1)-1/2*%e"2*a*xb~2
*1n (d*x+c-1) *1n(1/2*%d*x+1/2*c+1/2)+1/2%e"2*a*xb~2x1n(-1/2*d*x-1/2*c+1/2) *1n(
dxx+c+1)-1/2xe"2*xa*xb~2*%1In(-1/2*%d*x-1/2*c+1/2) *1n (1/2*d*x+1/2%c+1/2) +e"2*xa"2
*b* (d*x+c) “3*arctanh (d*x+c)-1/2*%I*e”2*%b~3*Pi*arctanh (d*x+c) ~2+1/2%e"2*a"~2*b
*1n(d*x+c-1)+1/2*%e”2*a " 2xbx1n (d*x+c+1)+e” 2*a*b~2x (d*x+c)+1/2*xe”2*a*b~2*1n(d
*xx+c-1)-1/2%e"2*axb~2+1n (d*x+c+1)-e " 2*axb~2*dilog(1/2*d*x+1/2xc+1/2)+1/4%e”
2%axb”~2*x1n(d*x+c-1) "2-1/4*e"2*a*b~2*1n (d*x+c+1) “2+1/3*%e”2*%b"3* (d*x+c) “3*arc
tanh (d*x+c) "3+1/2*e~2*xb~3* (d*x+c) “2*arctanh (d*x+c) “2+1/2*e”2*¥b~3*arctanh (d*
x+c) "2x1n(d*x+c-1)+1/2*%e”2*%b"~3*arctanh (d*x+c) ~2*1n(d*x+c+1) -e~2*b~3*arctanh
(d*x+c) "2*1n((d*x+c+1)/(1-(d*x+c) ~2) ~(1/2) ) -e~2*b~3*arctanh (d*x+c) *polylog(
2,-(d*x+c+1) "2/ (1-(d*x+c)~2) ) -e~2xb~3*1n(2) *arctanh (d*x+c) ~2+e~2xb~3* (d*x+c
) *arctanh (d*x+c)+1/2%e” 2% (d*x+c) "2*a~2%b+1/2*%e~2xb~3*polylog(3,-(d*x+c+1) "2
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/(1-(d*x+c)~2) ) +1/3%e”2*b~3*arctanh (d*x+c) “3-1/2*e~2*b~3*arctanh (d*x+c) "2+e
~2xb~3*arctanh(d*x+c)-e~2xb~3*1n(1+(d*x+c+1) "2/ (1-(d*x+c) ~2))-1/2%I*e"2*b~3
*Pi*arctanh (d*x+c) “2xcsgn (I* (d*x+c+1) "2/ ((d*x+c) ~2-1)) "2xcsgn (I*(d*x+c+1) /(
1-(d*x+c)~2)~(1/2))-1/4*I*e~2xb~3*Pi*arctanh (d*x+c) “2*csgn (I* (d*x+c+1) ~2/ ((
d*x+c)~2-1) ) *csgn(I* (d*x+c+1) /(1-(d*x+c)~2)~(1/2))"2-1/4*%I*e"2xb~3*Pi*arcta
nh(d*x+c) “2xcsgn(I/(1+(d*x+c+1) "2/ (1-(d*x+c)~2)) ) *csgn(I* (d*x+c+1) "2/ ((d*x+
c)~2-1)/(1+(d*x+c+1) "2/ (1-(d*x+c) ~2))) ~2+1/4*I*e~2¥b~3*Pi*arctanh (d*x+c) ~2x
csgn (I*(d*x+c+1) "2/ ((d*x+c)~2-1)/(1+(d*x+c+1) "2/ (1-(d*x+c) ~2))) “2*csgn(I*(d
*xx+c+1) 72/ ((d*x+c)~2-1)))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*e*x+cxe) 2x(atb*arctanh(d*x+c))~3,x, algorithm="maxima")

[Out] 1/3*a~3*%d"2*x"3*e”2 + a~3*ckd*x"2xe~2 + 3/2*(2*x"2*arctanh(d*x + c) +
x/d72 - (c72 + 2xc + 1)xlog(d*x + c + 1)/d"3 + (c”2 - 2xc + 1)xlog(d*x + c
- 1)/d"3))*a"2xbxcxd*e”2 + 1/2*(2*x"3*arctanh(d*x + c) + d*((d*x"2 - 4*c*x)
/d~3 + (c™3 + 3%c™2 + 3%c + 1)*log(d*x + c + 1)/d"4 - (c™3 - 3%c™2 + 3%c -
1)*log(d*x + c - 1)/d"4))*a"2*%bxd"2%e”2 + a~3*c~2*x*e"2 + 3/2%(2*(d*x + c)*
arctanh(d*x + c) + log(-(d*x + c)~2 + 1))*a~2xbxc"2*e”~2/d - 1/24x((b~3*d"3*
X"3%e”2 + 3xb~3%c*kd"2*x"2%e”2 + 3xb~3*c”2kd*x*e”2 + (c”3 - 1)*b~3*e~2)*log(
-d*x - ¢ + 1)73 - 3*%(2*a*b~2*xd"3*x"3*e"2 + (6*a*xb”2xc*xd"2 + b~ 3*xd"2) *x"2*e”
2 + 2x(3*a*b”2*%c”2xd + b~ 3*cxd)*x*e”2 + (b"3*kd"3*x"3*e”2 + 3*b~3xckxd"2*x"2%
€72 + 3*b"3*c"2xd*x*e”2 + (c”3 + 1)*b"3*e"2)*log(d*x + c + 1))*log(-d*x - ¢
+ 1)72)/d - integrate(-1/8*%((b~3*d~3*x"3*e"2 + (3*c*d™2 - d~2)*b~3*x"2%e"2
+ (3*%c™2xd - 2%c*xd)*b"3*x*xe”2 + (c™3 - c”2)*b"3xe"2)*log(d*x + c + 1)73 +
6% (axb~2*d"3*%x"3*e”2 + (3*c*xd™2 - d"2)*axb~2*x"2%e”2 + (3*%c”2*d - 2kc*d)*ax
b~ 2*x*e”2 + (c73 - c"2)*a*b"2*e"2)*log(d*x + c + 1)72 - (4*axb~2%d"3*x"3*e”
2 + 2x(6*a*b”2xcxd"2 + b~3*%d"2) *x"2%e"2 + 4*(3*axb"2xc”2*d + b~ 3*kc*d) *x*e”2
+ 3*%(b"3*d"3*x"3%e"2 + (3*%c*d"2 - d"2)*b"3*x"2*%e”2 + (3*xc”2*d - 2xc*xd)*b~3
xx*xe”2 + (c™3 - c72)*b"3xe"2)xlog(d*x + c + 1)72 + 2x((6%xa*b”~2*d"3 + b~3*d~
3)*x73*%e”2 + 3% (b~ 3*kc*kd"2 + 2x(3*kc*kd"2 - d~2)*a*b"2)*x"2*%e”2 + 3x(b"3*c”2*d
+ 2% (3*%c”"2*%d - 2%c*xd)*axb”2)*x*e”2 + (6%(c”3 - c”2)*axb”2 + (c”3 + 1)*b"3)
xe~2)*log(d*x + c + 1))*log(-d*x - ¢ + 1))/(d*x + c - 1), x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*e*x+cxe) 2x(atb*arctanh(d*x+c))~3,x, algorithm="fricas")

dx (2%
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[Out] integral((b~3*d~2*x~2 + 2*%b~3*c*d*x + b~3*c”2)*arctanh(d*x + c) 3*e”2 + 3x(
a*xb~2xd"2*x"2 + 2xaxb”~2*ckxd*x + a*b”2*c”2)*arctanh(d*x + c) 2xe”2 + 3*(a"2x*
b*xd"2*xx"2 + 2*a”2%bkckd*x + a~2xbxc~2)*arctanh(d*x + c)*e”2 + (a~3*d"2*xx"2

+ 2*%a”~3*ckxd*x + a~3*c"2)*e”2, x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

»1( / @ dr+ / @t dz + / B atanh® (c + do) dz + / 3ab*e? atanh® (c + dr) dz + / 3a%be? atanh (¢ + dz) dz + / 2a%edr de + / Ba? atanh® (c +dr) dz + / Bab?dPe® atanh® (c + d) de + / 3a%bd** atanh (c + d) de + / Wedz atanh® (c + dr) dz + / 6attedz atanh? (c + do) dz + / 6a*beds m..h(y,+4u)(1,)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*e*x+cxe)**2*(a+b*atanh(d*x+c))**3,x)

[Out] e*x2*(Integral(a*x3*c*x2, x) + Integral (a**3xd**2xx**2, x) + Integral (b**3%
ckx2*atanh(c + d*x)**3, x) + Integral(3xa*b*x2*c*x2*atanh(c + d*x)**2, x) +
Integral (3*a**2*¥bxcx*2*atanh(c + d*x), x) + Integral(2*a*x*3*cxd*x, x) + In
tegral (b**3*d**2*x**2*atanh(c + d*x)**3, x) + Integral (3xaxbx*2kd**2xx**2*a
tanh(c + d*x)**2, x) + Integral(3*a**2xbxd**2xx**2xatanh(c + d*x), x) + Int

egral (2*«b*x3*c*d*x*atanh(c + d*x)**3, x) + Integral(6*axbx*2xcxd*x*atanh(c

+ d*x)**2, x) + Integral(6*ax*2xbxcxd*x*atanh(c + d*x), x))

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*e*x+c*e) 2*(atb*arctanh(d*x+c))~3,x, algorithm="giac")
[Out] integrate((d*e*x + c*e) 2*(b*arctanh(d*x + c) + a)~3, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ (ce+dex)’ (a+ batanh(c+ dz))® dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c*e + d*e*x) 2*(a + b*atanh(c + d*x))~3,x)

[Out] int((c*e + d*xe*xx) 2*(a + b*atanh(c + d*x))~3, x)
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3.24 [ (ce + dezx) (a + btanh ™ (c + d:c))3 dx
Optimal. Leaf size=160

3be(a + btanh ' (c + dac))2 +3be(c +dz) (a+btanh™'(c + dac))2 e(a+btanh™ (c + dz))3 +e(c + dz)?

2d 2d 2d

[Out] 3/2*b*e* (atb*arctanh(d*x+c))~2/d+3/2xb*xe* (d*x+c)* (a+b*arctanh(d*x+c))~2/d-1
/2xe* (a+b*arctanh (d*x+c)) ~3/d+1/2*xe* (d*x+c) ~2* (a+b*arctanh (d*x+c)) ~3/d-3*b~

2*e* (atb*arctanh (d*x+c))*1n(2/(-d*x-c+1))/d-3/2*b~3*e*polylog(2, (-d*x-c-1)/
(-d*x-c+1))/d

Rubi [A]

time = 0.19, antiderivative size = 160, normalized size of antiderivative = 1.00, number of

steps used = 10, number of rules used = 10, integrand size = 21, number of rules _ 0.476,
integrand size

Rules used = {6242, 12, 6037, 6127, 6021, 6131, 6055, 2449, 2352, 6095}

3b2elog (

) (a + btanh™(c + dz)) . 3be(a+ btanh ™' (c + d:tc))2 " 3be(c+ dz) (a +btanh™'(c + dz))2 . e(c+dz)? (a+btanh™'(c + d:tc))3 B e(a+btanh™ (c+ dac))3 3b%eLi, (— et

d 2d 2d 2d 2d 2d

2
—c—dz+1

Antiderivative was successfully verified.
[In] Int[(c*e + d*e*x)*(a + bxArcTanh[c + d*x])~3,x]

[Out] (3*b*e*(a + bxArcTanh[c + d*x])~2)/(2xd) + (3*bxex(c + d*x)*(a + b*ArcTanh[
c + d*x])"2)/(2xd) - (ex(a + b*ArcTanh[c + d*x])~3)/(2*d) + (ex(c + d*x)~2x*

(a + bxArcTanh([c + d*x])"3)/(2*d) - (3*b"2*ex(a + bxArcTanh[c + d*x])*Logl[2

/(1 - c - d*x)])/d - (3*b~3*e*PolyLog[2, -((1 + c + d*x)/(1 - ¢ - d*x))])/(

2xd)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 2352

Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQ[{c, d, e}, x] && EqQle + c*d, 0]

Rule 2449

Int[Logl(c_.)/((d.) + (e_.)*x(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Log[2*d*x]/(1 - 2%d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] && EqQlc, 2*d] && EqQ[e~2*f + d~2xg, 0]

Rule 6021
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Int[((a_.) + ArcTanh[(c_.)*(x_)~(n_.)I*(b_.))"(p_.), x_Symbol] :> Simp[x*(a
+ bxArcTanh[c*x"n])"p, x] - Dist[b*c*n*p, Int[x"n*((a + bxArcTanh[c*x"n])~
(p - 1)/(1 - c”2*x~(2*n))), x], x] /; FreeQ[{a, b, c, n}, x] && IGtQ[p, O]
&& (EqQ[n, 11 || EqQlp, 11D

Rule 6037

Int[((a_.) + ArcTanh[(c_.)*(x_)~(n_.)]1*(b_.)) " (p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + b*ArcTanh[c*x"n])"p/(m + 1)), x] - Dist[b*c*n*(p/(m
+ 1)), Int[x"(m + n)*((a + bxArcTanh[c*x"n])~(p - 1)/(1 - c™2*x"(2*n))), x]
, x] /; FreeQ[{a, b, ¢, m, n}, x] & IGtQ[p, 0] && (EqQlp, 1] || (EqQ[n, 1]
&% IntegerQ[m])) && NeQ[m, -1]

Rule 6055

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
1 :> Simp[(-(a + bxArcTanh[c*x]) “p)*(Log[2/(1 + ex(x/d))]1/e), x] + Dist[b*c
*(p/e), Int[(a + b*ArcTanh[c*x])~(p - 1)*(Log[2/(1 + ex(x/d))]/(1 - c™2*x~2
)), x1, x] /; FreeQ[{a, b, c, 4, e}, x] && IGtQ[p, 0] && EqQ[c™2*d"2 - e~2,
0]

Rule 6095

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d.) + (e_.)*(x_)"2), x_Symb
0l] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(b*c*dx(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] && EqQ[c™2*d + e, 0] && NeQ[p, -1]

Rule 6127

Int[(((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*x((£f_.)*(x_))"(m_))/((d_) + (
e_.)*(x_)"2), x_Symbol] :> Dist[f~"2/e, Int[(f*x)~(m - 2)*(a + b*ArcTanh[c*x
1)7p, x1, x] - Dist[d*(£f72/e), Int[(f*x)"(m - 2)*((a + b*ArcTanh[c*x]) p/(d
+ exx”2)), x], x] /; FreeQ[{a, b, c, 4, e, f}, x] && GtQ[p, 0] && GtQ[m, 1
]

Rule 6131

Int[(((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.)*(x_))/((d) + (e_.)*x(x_)"2),
x_Symbol] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(b*ex(p + 1)), x] + Dist[1/
(c*d), Int[(a + b*ArcTanh[c*x])“p/(1 - c*x), x], x] /; FreeQ[{a, b, c, d, e
}, x] && EqQ[c™2*d + e, 0] && IGtQ[p, 0]

Rule 6242

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)I*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[(f*(x/d)) m*(a + b*ArcTanh[x]) p, x]
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, X, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, £, m}, x] & EqQ[d*e - c*f, 0] &
& I1GtQlp, O]

Rubi steps

Subst (f ez(a+ btanh_l(a:))3 dr,,c+ dw)

/(ce + dex) (a + btanh™'(c + da:))3 dz =

d
eSubst (f z(a+ btanh_l(ac))3 dz,z,c+ dx)
B d
x2(a+btanh™
_e(c+dz)? (a+btanh ™ (c+ dac))3 (3be)Subst (f (+—1—z2
B 2d B 2d
e(c+ dz)? (a+ btanh™(c + dx))3 (3be)Subst (f (a + btanl
= +
2d 2d
_ 3be(c+dz) (a+ btanh ™ (c+ dz))”  e(a+btanh~}(c + dz))
- 2d B 2d
3be(a + btanh ' (c+ dz))®  3be(c+ dx) (a + btanh™}(c + ds
- 2d - 2d

3be(a + btanh ™ (c + dx))2 3be(c + dz) (a + btanh ™" (c + ds
- 2d * 2d

3be(a + btanh ™ (c+ dx))2 3be(c + dz) (a + btanh ™" (c + ds
= +
2d 2d
3be(a + btanh ™ (c+ dar:))2 3be(c + dz) (a + btanh ™" (c + ds
B 2d - 2d

Mathematica [A]
time = (.76, size = 213, normalized size = 1.33

Q(WH e da)(b+a(l+ e+ do)) tanh™ e+ do)? + 21+ ¢+ e + &%) tanh ™ e+ o) + Gbtanh ™ -+ o) (a(2b(e -+ dx) + ada(2e-+ da)) — 2 log (1+ 247 44) ) 4 g (2«41{3h+2aLAad1] — 3ab(~1+ &) log(1 — ¢ — dz) + 3ab(~1+ ) log(1 + ¢ + dz) — 121 log <‘—’+,>) -+ 68°PolyLog(2, —e2 d))
Vi

Antiderivative was successfully verified.

[In] Integrate[(c*e + d¥exx)*(a + bxArcTanh[c + d*x])~3,x]

[Out] (ex(6%b~2%(-1 + c + d*x)*(b + a*(1 + c + d*x))*ArcTanh[c + d*x]~2 + 2xb~3*(
-1 + ¢72 + 2%c*d*x + d"2*x"2)*ArcTanh[c + d*x]~3 + 6xbxArcTanh[c + d*x]*(a*
(2xbx(c + d*x) + a*xd*x*x(2%c + d*x)) - 2xb~2+Log[l + E~(-2*%ArcTanh[c + d*x])
1) + ax(2*a*xd*xx(3*b + 2%a*c + axd*x) - 3*a*xbx(-1 + c"2)*Log[l - c - d*x] +
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3xaxb*x (-1 + c”2)*Log[1l + ¢ + d*x] - 12%b~2xLog[1/Sqrt[1 - (c + d*x)~2]]) +
6*b~3*xPolyLog[2, -E~(-2*ArcTanh[c + d*x])]))/(4xd)

Maple [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 2.89, size = 6414, normalized size = 40.09

method result size
risch Expression too large to display | 1297

derivativedivides | Expression too large to display | 6414

default Expression too large to display | 6414

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*exx+cxe)* (a+b*arctanh(d*x+c))~3,x,method=_ RETURNVERBOSE)
[Out] result too large to display

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 628 vs.
2(148) = 296.
time = 0.46, size = 628, normalized size = 3.92

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*e*x+c*e)*(atb*arctanh(d*x+c))~3,x, algorithm="maxima")

[Out] 1/2*a~3*d*x"2*e + 3/4*(2+x"2*arctanh(d*x + c) + d*(2*x/d"2 - (c”2 + 2xc + 1
)*log(d*x + ¢ + 1)/d™3 + (c72 - 2%c + 1)*log(d*x + c - 1)/d"3))*a"2*b*d*e +
a~3xcxx*xe + 3/2x(2x(d*x + c)*arctanh(d*x + c) + log(-(d*x + c)~2 + 1))*a"2
xbxcxe/d + 3/2%a*b”"2*x(c + 1)*exlog(d*x + c + 1)/d - 3/2*a*b"2x(c - 1)*exlog
(d*x + ¢ - 1)/d + 3/2%(log(d*x + c + 1)xlog(-1/2*d*x - 1/2*%c + 1/2) + dilog
(1/2%d*x + 1/2%c + 1/2))*b"3%e/d + 1/16%(24*axb~2xd*x*exlog(d*x + c + 1) +
(b~3%d"2*x"2%e + 2*b~3*ckxd*x*e + (c”2 - 1)*b~3*e)*log(d*x + c + 1)°3 - (b~3
*d"2%x"2%e + 2%b~3*ckdxxxe + (c”2 - 1)*b~3*e)*log(-d*x - c + 1)73 + 6%(a*b”
2%d"2*%x"2%e + (2%axb~2xcxd + b~3*d)*x*e + ((c”2 - 1)*a*b”2 + b~3*(c + 1))*e
)*xlog(d*x + c + 1)72 + 3%(2xaxb~2xd"2xx"2xe + 2x(2*a*b~2*c*d + b~3*d)*x*e +
2%x((c™2 - 1)*a*b”2 + b~ 3*(c - 1))*e + (b~3*xd"2*x"2%e + 2*b~3*kckd*x*e + (c~
2 - 1)*b"3xe)*log(d*x + c + 1))*log(-d*x - c + 1)72 - 3*(8*a*b~2xd*x*e + (b
“3xd"2*x"2%e + 2%b”3*kckdxx*e + (c72 - 1)*b~3xe)*log(d*x + c + 1)72 + 4*x(a*b
~2xd"2*x"2%e + (2%a*xb”2%c*d + b~3xd)*x*e + ((c72 - 1)*axb”2 + b~3x(c + 1))*
e)*log(d*x + c + 1))*xlog(-d*x - ¢ + 1))/d

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*e*x+cxe)*(atb*arctanh(d*x+c))~3,x, algorithm="fricas")

[Out] integral((b~3*d*x + b~3%c)*arctanh(d*x + c) 3*e + 3*(axb~2*d*x + a*xb~2%c)*a
rctanh(d*x + c)"2%e + 3*(a"2xb*d*x + a~2%b*c)*arctanh(d*x + c)*e + (a~3*d*x

+ a”3xc)*e, x)

Sympy [F]

time = 0.00, size = 0, normalized size = 0.00

e(/axc dz + /aadzdx + /b3catanh3 (c+dz)dz + /3abzcatanh2 (c+dz)dz+ /3a2bcatanh (c+dz)dz + /bad:ﬂ atanh® (c + dz) dz + /3(1172(17, atanh® (c + dz) dw + / 3a’bdz atanh (c + dz) dz)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*e*x+cxe)* (at+tb*atanh(d*x+c))**3,x)

[Out] e*(Integral(a**3*c, x) + Integral(a**3*d*x, x) + Integral(b**3*cxatanh(c +
d*x)**3, x) + Integral(3xaxbx*2*c*atanh(c + d*x)*#*2, x) + Integral(3*a**2xb
xcxatanh(c + d*x), x) + Integral(bx*3*d*x*atanh(c + d*x)**3, x) + Integral(
3xaxbx*2xdxx*atanh(c + d*x)**2, x) + Integral(3*a**2xbxd*x*atanh(c + d*x),

x))

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*e*x+cxe)*(atb*arctanh(d*x+c))~3,x, algorithm="giac")
[Out] integrate((dxe*x + c*e)*(b*arctanh(d*x + c) + a)~3, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/(ce—l—dez) (a + batanh(c + dz))’ dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c*e + d*exx)*(a + b*atanh(c + d*x))~3,x)

[Out] int((c*xe + d*exx)*(a + b*atanh(c + d*x))~3, x)
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3.25

Optimal. Leaf size=257

(a+btanh ™! (c+dx)) 3
| dz
ce+dex

2(a +btanh™'(c + da:))3 tanh™' (1 - —2—) 3b(a+btanh '(c+ da:))2 PolyLog (2,1 — —2) +3b(a +

l—c—dzx c

de 2de

[Out] -2*(at+b*arctanh(d*x+c)) 3*arctanh(-1+2/(-d*x-c+1))/d/e-3/2*b*(a+b*arctanh(d
*xx+c)) "2*polylog(2,1-2/(-d*x-c+1))/d/e+3/2*b*x (atb*arctanh(d*x+c)) ~2*polylog
(2,-1+2/(-d*x-c+1)) /d/e+3/2*b~2x* (at+b*arctanh (d*x+c) ) *polylog(3,1-2/ (-d*x-c+
1))/d/e-3/2xb~2* (a+b*arctanh (d*x+c) ) *polylog(3,-1+2/(-d*x-c+1))/d/e-3/4%b"3
*polylog(4,1-2/(-d*x-c+1))/d/e+3/4*xb~3*polylog(4,-1+2/(-d*x-c+1))/d/e

Rubi [A]

time = 0.35, antiderivative size = 257, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.348,

steps used = 10, number of rules used = 8, integrand size = 23,
Rules used = {6242, 12, 6033, 6199, 6095, 6205, 6209, 6745}

36%Lis (1 — —

2r) (a btanh™(c+ de))  30°Lis(=by — 1) (a+ btanh™ (c+ d) _ 3Lin(1 — —Hry) (a+ btanh™ (o + da))” | Blis(emr =) (a+btanh™(c +dz))° | 2tanh ™ (1 ) (a+btanh™ (e 4+ do))” — 88°Lia(1 - —4y) R )
2de 2de 2de 2de de 4de 4de

Antiderivative was successfully verified.
[In] Int[(a + b*ArcTanh[c + d*x])~3/(c*e + d*xe*xx),x]

[Out] (2x(a + bxArcTanh[c + d*x]) 3*ArcTanh[1 - 2/(1 - ¢ - d*x)])/(d*e) - (3*bx(a
+ bxArcTanh[c + d*x])~2*PolyLog[2, 1 - 2/(1 - c - d*x)])/(2*d*e) + (3xbx(a

+ bxArcTanh[c + d#*x])~2*PolyLogl[2, -1 + 2/(1 - ¢ - d*x)])/(2xd*e) + (3*b~2

*(a + b*ArcTanh([c + d*x])*PolyLog[3, 1 - 2/(1 - c - d*x)])/(2xdxe) - (3*xb~2

*(a + bxArcTanh[c + d*x])*PolyLog[3, -1 + 2/(1 - ¢ - d*x)])/(2*d*e) - (3%b~
3*%PolyLogl4, 1 - 2/(1 - ¢ - d*x)])/(4*d*e) + (3*b~3*PolyLogl[4, -1 + 2/(1 -

c - d*x)])/(4xdxe)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 6033

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_)/(x_), x_Symbol] :> Simp[2x(a +
bxArcTanh [c*x]) “p*ArcTanh[1 - 2/(1 - c*x)], x] - Dist[2xb*c*p, Int[(a + bx*
ArcTanh[c*x])~(p - 1)*(ArcTanh[1 - 2/(1 - c*x)]1/(1 - ¢c"2*x"2)), x], x] /; F
reeQ[{a, b, c}, x] && IGtQ[p, 1]

Rule 6095

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symb
0l] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(b*c*dx(p + 1)), x] /; FreeQ[{a, b



167
, ¢, d, e, p}, x] && EqQ[c™2*d + e, 0] && NeQ[p, -1]

Rule 6199

Int [(ArcTanh[u_]*((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.))/((d_) + (e_.)*(
x_)"2), x_Symbol] :> Dist[1/2, Int[Logl[l + ul*((a + b*ArcTanh[c*x])~p/(d +
exx~2)), x], x] - Dist[1/2, Int[Log[l - ul*((a + b*ArcTanh[c*x])“p/(d + e*x
~2)), x1, x] /; FreeQ[{a, b, c, 4, e}, x] && IGtQ[p, 0] && EqQ[c™2*d + e, O
] & EqQ[u™2 - (1 - 2/(1 - c*x))~2, 0]

Rule 6205

Int [(Loglu_l*((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.))/((d) + (e_.)*x(x_)"
2), x_Symbol] :> Simp[(-(a + b*ArcTanh[c*x]) p)*(PolyLog[2, 1 - ul/(2xc*d))
, x] + Dist[b*(p/2), Int[(a + b*ArcTanh[c*x])~(p - 1)*(PolyLogl[2, 1 - ul/(d
+ exx"2)), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d
+ e, 0] & EqQ[(1 - w~2 - (1 - 2/(1 - c*x))~2, 0]

Rule 6209

Int[(((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.)*PolyLoglk_, u_1)/((d_) + (e_
.)*(x_)"2), x_Symbol] :> Simp[(a + b*ArcTanh[c*x]) “p*(PolyLoglk + 1, ul/(2*
c*d)), x] - Dist[b*(p/2), Int[(a + b*ArcTanh[c*x])~(p - 1)*(PolyLoglk + 1,
ul/(d + e*x~2)), x], x] /; FreeQ[{a, b, ¢, d, e, k}, x] && IGtQ[p, 0] && Eq
Qlc™2*d + e, 0] && EqQ[u™2 - (1 - 2/(1 - c*x))~2, 0]

Rule 6242

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)]*(b_.)) (p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[(f*(x/d)) m*(a + b*ArcTanh[x]) p, x]
, X, ¢ + d*xx], x] /; FreeQ[{a, b, c, d, e, f, m}, x] & EqQ[d*e - c*f, 0] &
& IGtQ[p, 0]

Rule 6745
Int[(u_)*PolyLog[n_, v_], x_Symbol] :> With[{w = DerivativeDivides[v, u*v,

x]}, Simp[w*PolyLog[n + 1, v], x] /; !'FalseQ[wl] /; FreeQ[n, x]

Rubi steps
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(a+btanh~!(z)) 3

/ (a+btanh_1(c+dz))3d B Subst(dex,%C—de)

ce + dex d
Subst (f M dz,z, ¢+ dm)
N de
tanh ! (1—%
_ 2(a+ btanh™*(c + dx))3tanh_1 (1- —2) (6b)Subst (f — =
B de -
(a+btanh~!(z)
_ 2(a+ btanh™'(c + dx))3 tanh™* (1-=2) (3b)Subst (f s
B de - p

2(a+btanh'(c + d:v))3 tanh™ (1— —2—) 3b(a+btanh '(c+ dx)):

— 1—c—dz
de 2de
_ 2(a+ btanh™*(c + dx))3 tanh™ (1— —2—) 3b(a+btanh '(c+ dx)):
B de B 2de
2(a+btanh'(c + dx))3 tanh™ (1— —2—) 3b(a+btanh™'(c+ dz))’
- de B 2de

Mathematica [C] Result contains complex when optimal does not.
time = 0.56, size = 599, normalized size = 2.33

Antiderivative was successfully verified.

[In] Integrate[(a + b*ArcTanh[c + d*x])~3/(c*e + dxexx),x]

[Out] (64*a~3*Loglc + d*x] + 192%a~2xbxArcTanh[c + d*x]*(-Log[1/Sqrt[1 - (c + d*x
)~2]]1 + Log[(I*(c + d*x))/Sqrt[l - (c + d*x)~2]]1) - (96*I)*a~2%bx((-1/4*I)x*
(Pi - (2*%I)*ArcTanh[c + d*x])~2 + I*ArcTanh[c + d*x]~2 + (2*%I)*ArcTanh[c +
d*x]*Log[1 - E~(-2xArcTanh[c + d*x])] + (Pi - (2*I)*ArcTanh[c + d*x])*Logl[1
+ E7(2xArcTanh[c + d*x])] - (Pi - (2*I)*ArcTanh[c + d*x])*Log[2/Sqrt[1 - (
c + d*xx)~2]] - (2*I)*ArcTanh[c + d*x]*Log[((2*I)*(c + d*x))/Sqrt[1 - (c + d
*x)~2]] - I*PolyLog[2, E~(-2%ArcTanh[c + d*x])] - IxPolyLogl[2, -E~(2%ArcTan
hlc + d*x])]) + 8+%axb™2%(I*Pi~3 - 16*ArcTanh[c + d*x]~3 - 24*ArcTanh[c + d*
x] "2*xLog[1 + E~(-2xArcTanh[c + d*x])] + 24xArcTanh[c + d*x]~2*Log[1l - E~(2*
ArcTanh[c + d*x])] + 24xArcTanh[c + d*x]*PolyLog[2, -E~(-2*ArcTanh[c + d*x]
)] + 24xArcTanh[c + d*x]*PolyLog[2, E~(2*ArcTanh[c + d*x])] + 12%PolyLogl[3,
-E~(-2xArcTanh[c + d*x])] - 12*PolyLog[3, E~(2*ArcTanh[c + d*x])]) + b~3%(



169

Pi“4 - 32*%ArcTanh[c + d*x]~4 - 64xArcTanh[c + d*x]~3*Log[l + E~(-2*ArcTanh[
c + d*x])] + 64xArcTanh[c + d*x]~3xLog[l - E~(2*ArcTanh[c + d*x])] + 96%Arc
Tanh([c + d*x]~2*PolyLog[2, -E~(-2*%ArcTanh[c + d*x])] + 96%ArcTanh[c + d*x]~
2¥PolyLog[2, E~(2*ArcTanh[c + d*x])] + 96%ArcTanh[c + d*x]*PolyLog[3, -E~(-
2xArcTanh[c + d*x])] - 96%ArcTanh[c + d*x]*PolyLogl[3, E~(2*ArcTanh[c + d*x]
)] + 48*PolyLogl[4, -E~(-2%ArcTanh[c + d*x])] + 48*PolyLog[4, E~(2xArcTanh[c
+ d*x])]))/(64xdxe)

Maple [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 3.53, size = 1738, normalized size = 6.76

method result size
derivativedivides | Expression too large to display | 1738

default Expression too large to display | 1738

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arctanh(d*x+c)) 3/ (d*e*x+c*e),x,method=_ RETURNVERBOSE)

[Out] 1/d*(1/2*Ixb~3/e*Pi*csgn(I*((d*x+c+1)~2/(1-(d*x+c)~2)-1))*csgn(I/(1+(d*x+c+
1)72/(1-(d*x+c)~2)) ) *csgn (I* ((d*x+c+1) "2/ (1-(d*x+c)~2)-1) / (1+(d*x+c+1)~2/(1
-(d*x+c)~2)) ) *arctanh (d*x+c) “3-3/2*I*a*xb~2/exPi*csgn (I* ((d*x+c+1)~2/(1-(d*x
+c)~2)-1) ) *csgn (I*((d*x+c+1)~2/(1-(d*x+c)~2)-1) /(1+(d*x+c+1) "2/ (1-(d*x+c) "2
)) ) ~2*arctanh (d*x+c) "2-3/2xI*a*b~2/exPixcsgn(I/(1+(d*x+c+1) "2/ (1-(d*x+c) ~2)
))*xcsgn(Ix((d*x+c+1)~2/(1-(d*x+c)~2)-1)/(1+(d*x+c+1) "2/ (1-(d*x+c) ~2))) “2*ar
ctanh (d*x+c) "2+1/2*I*b~3/e*Pi*xcsgn (I* ((d*x+c+1) "2/ (1-(d*x+c)~2)-1)/(1+(d*x+
c+1)72/(1-(d*x+c)~2))) ~3*arctanh(d*x+c) ~3-1/2%I*b~3/e*xPi*csgn (I* ((d*x+c+1)~
2/ (1-(d*x+c) ~2)-1) ) *csgn (I* ((d*x+c+1) "2/ (1-(d*x+c)~2)-1) / (1+(d*x+c+1)~2/(1-
(d*x+c)~2))) ~“2*arctanh(d*x+c) “3-1/2*%I*b~3/e*Pi*csgn(I/(1+(d*x+c+1)~2/(1-(d*
x+c)~2)) ) *csgn(I*((d*x+c+1) "2/ (1-(d*x+c)~2)-1)/ (1+(d*x+c+1) "2/ (1-(d*x+c)~2)
)) "2*arctanh(d*x+c) “3+3/2xI*axb~2/exPi*csgn(I* ((d*x+c+1)~2/(1-(d*x+c)~2)-1)
/ (1+(d*x+c+1) "2/ (1-(d*x+c) ~2)) ) “3*arctanh (d*x+c) “2+3/2*I*a*b~2/e*Pi*xcsgn (I*
((d*x+c+1)~2/(1-(d*x+c) ~2)-1) ) *csgn(I/ (1+(d*x+c+1) "2/ (1-(d*x+c) ~2)) ) *csgn(I
* ((d*x+c+1) "2/ (1-(d*x+c)~2)-1) / (1+(d*x+c+1) “2/(1- (d*x+c) ~2) ) ) *arctanh (d*x+c
) "2+3%a~2%b/ex1n(d*x+c)*arctanh (d*x+c)-3/2*a~2*b/e*1n (d*x+c) *1n (d*x+c+1) +3%
axb~2/e*1n(d*x+c)*arctanh (d*x+c) “2-3*a*b”~2/e*arctanh (d*x+c) *polylog(2,-(d*x
+c+1) 72/ (1-(d*x+c) “2) ) -3*a*xb~2/e*arctanh (d*x+c) “2*1n((d*x+c+1) "2/ (1-(d*x+c)
~2)-1)+3%axb~2/e*xarctanh (d*x+c) “2*1n(1+(d*x+c+1) / (1-(d*x+c) ~2) ~(1/2) ) +6*a*b
~2/e*arctanh (d*x+c)*polylog(2,-(d*x+c+1)/(1-(d*x+c) "2) ~(1/2))+3*a*b~2/e*xarc
tanh (d*x+c) “2*%1n(1-(d*x+c+1) / (1-(d*x+c)~2) ~(1/2) ) +6%a*b~2/e*arctanh (d*x+c) *
polylog(2, (d*x+c+1)/(1-(d*x+c)~2)~(1/2))+a"3/ex1ln(d*x+c)-3/4xb~3/e*polylog(
4,-(d*x+c+1) "2/ (1-(d*x+c) ~2) )+6*b~3/e*polylog(4,-(d*x+c+1)/(1-(d*x+c)~2)~ (1
/2))+6%b~3/e*polylog(4, (d*x+c+1)/(1-(d*x+c)~2)~(1/2))-6%b~3/e*arctanh (d*x+c
)*polylog(3, (d*x+c+1) / (1-(d*x+c)~2)~(1/2))-3/2*a"2*b/e*dilog(d*x+c+1)-3/2*a
~2xb/e*dilog(d*x+c)+3/2*%a*xb~2/e*polylog(3,-(d*x+c+1) "2/ (1-(d*x+c) ~2))-6*a*b
~2/e*polylog(3,-(d*x+c+1)/(1-(d*x+c) ~2)~(1/2))-6*a*b~2/expolylog(3, (d*x+c+1
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)/ (1-(d*x+c)~2)~(1/2) ) +b~3/e*1n(d*x+c) *arctanh (d*x+c) “3-b~3/e*arctanh (d*x+c
) "3%1n((d*x+c+1) "2/ (1-(d*x+c)~2)-1)-3/2*b~3/e*arctanh (d*x+c) ~2*polylog(2,-(
dxx+c+1) "2/ (1-(d*x+c) ~2))+3/2*%b~3/e*arctanh (d*x+c) *polylog(3,-(d*x+c+1) "2/ (
1-(d*x+c)~2))+b~3/exarctanh(d*x+c) “3*1n(1+(d*x+c+1)/(1-(d*x+c) ~2)~(1/2) ) +3*
b~3/exarctanh (d*x+c) ~2xpolylog(2,-(d*x+c+1)/(1-(d*x+c)~2)~(1/2))-6%b~3/e*ar
ctanh (d*x+c)*polylog(3,-(d*x+c+1)/(1-(d*x+c)~2)~(1/2))+b~3/e*arctanh (d*x+c)
~3*1n(1-(d*x+c+1)/(1-(d*x+c)~2) ~(1/2))+3*%b~3/exarctanh (d*x+c) “2*polylog(2, (
d¥x+c+1)/(1-(d*x+c)~2)~(1/2)))

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c)) "3/ (d*e*x+c*e),x, algorithm="maxima")

[Out] a~3*e~(-1)*log(d*x*e + c*e)/d + integrate(1/8*b~3*(log(d*x + c + 1) - log(-
d*x - ¢ + 1))73/(d*x*e + c*e) + 3/4xaxb”2*(log(d*x + c + 1) - log(-d*x - c

+ 1))72/(d*x*e + cxe) + 3/2*a"2*xbx(log(d*x + ¢ + 1) - log(-d*x - ¢ + 1))/(d

*x*e + c*e), X)

Fricas [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c))~3/(d*exx+c*e),x, algorithm="fricas")
[Out] integral((b~3*arctanh(d*x + c)~3 + 3*a*b~2*arctanh(d*x + c)~2 + 3%a~2*b*arc
tanh(d*x + c) + a"3)*e”(-1)/(d*x + c), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

a3 b3 atanh® (c+dz) 3ab? atanh? (c+dzx) 3a?batanh (c+dx)
f c+dz dx + f c+dz dx + f c+dz dx + f c+dzx dx

e
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*atanh(d*x+c))**3/(d*e*xx+cxe),x)

[Out] (Integral(a*x3/(c + d*x), x) + Integral(b**3xatanh(c + d*x)**3/(c + d*x), x
) + Integral(3*axb*x2xatanh(c + d*x)**2/(c + d*x), x) + Integral(3*ax*2*bxa
tanh(c + d*x)/(c + d*x), x))/e
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Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((a+b*arctanh(d*x+c)) 3/ (d*e*x+c*e),x, algorithm="giac")
[Out] integrate((b*arctanh(d*x + c) + a)~3/(d*e*x + c*e), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ (a + batanh(c + dx))*
dx
cet+dex

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + bxatanh(c + d*x))~3/(cxe + d*xe*x),x)

[Out] int((a + b*atanh(c + d*x))~3/(c*e + d*e*xx), x)
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-1 3
f (a+btanh ™ (c+dz)) d

3.26 (ce+dex)?

Optimal. Leaf size=143

(a+btanh " (c+dz))® (a+btanh'(c+dz))’ 3b(a+btanh™ (c+dz))*log (2 — +25) 3b*(a+ bt
de? a de?(c + dz) * de? a

[Out] (at+b*arctanh(d*x+c))~3/d/e"2-(a+b*arctanh(d*x+c)) ~3/d/e"2/ (d*x+c)+3xb* (a+b*
arctanh (d*x+c)) “2*1n(2-2/(d*x+c+1))/d/e~2-3*b~2x (at+b*arctanh (d*x+c) ) *polylo
g(2,-1+2/(d*x+c+1))/d/e~2-3/2*%b"3*polylog(3,-1+2/(d*x+c+1))/d/e"2

Rubi [A]
time = 0.21, antiderivative size = 143, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.348,

steps used = 7, number of rules used = 8, integrand size = 23,
Rules used = {6242, 12, 6037, 6135, 6079, 6095, 6203, 6745}

_ 3b°Lia(25 —1) (a+btanh ™' (c+dz))  (a+btanh™'(c+ d))® N (a+btanh~}(c + dz))’ N 3blog (2 — zr2+7) (a +btanh ™ (c + da))’  36Lis(Grig — 1)
de? de?(c + dzx) de? de? 2de?

Antiderivative was successfully verified.
[In] Int[(a + bxArcTanh[c + d*x])~3/(c*e + d*e*xx)~2,x]

[Out] (a + b*ArcTanh[c + d*x])~3/(d*e”2) - (a + b*ArcTanh[c + d*x])~3/(d*e"2*(c +
d*x)) + (3*b*(a + b*ArcTanh[c + d*x])~2+Log[2 - 2/(1 + c + d*x)])/(d*e"2)

- (3*b"2x(a + bxArcTanh[c + d#*x])*PolyLogl[2, -1 + 2/(1 + c + d*x)])/(d*e"2)

- (3*b~3xPolyLogl[3, -1 + 2/(1 + c + d*x)])/(2*d*e~2)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !Match
QLu, (b_)*(v_) /; FreeQ[b, x]]

Rule 6037

Int[((a_.) + ArcTanh[(c_.)*(x_)~(n_.)]*(b_.)) " (p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + bxArcTanh[c*x™n]) "p/(m + 1)), x] - Dist[b*c*n*(p/(m
+ 1)), Int[x"(m + n)*((a + bxArcTanh[c*x"n])~(p - 1)/(1 - c"2*x~(2%n))), x]
, x] /; FreeQ[{a, b, ¢, m, n}, x] & IGtQ[p, 0] && (EqQlp, 1] || (EqQ[n, 1]
&& IntegerQ[m])) && NeQ[m, -1]

Rule 6079

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))"(p_.)/((x_)*((d_) + (e_.)*(x_))), x
_Symbol] :> Simp[(a + b*ArcTanh[c*x]) “p*(Logl[2 - 2/(1 + ex(x/d))]1/d), x] -
Dist [bxc*(p/d), Int[(a + b*ArcTanh[c*x])~(p - 1)*(Log[2 - 2/(1 + ex(x/d))]/
(1 - c™2*%x~2)), x], x] /; FreeQl{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c™
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2xd~2 - 72, 0]

Rule 6095

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d.) + (e_.)*(x_)"2), x_Symb
0l] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(b*c*d*x(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] && EqQlc™2+d + e, 0] && NeQ[p, -1]

Rule 6135

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))"(p_.)/((x_)*((d_) + (e_.)*(x_)"2)),

x_Symbol] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(b*d*(p + 1)), x] + Dist[1/
d, Int[(a + bxArcTanh[c*x]) p/(x*(1 + c*x)), x], x] /; FreeQ[{a, b, c, d, e
}, x] && EqQ[c™2+d + e, 0] && GtQ[p, O]

Rule 6203

Int[(Loglu_l*((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.))/((d_) + (e_.)*(x_)"
2), x_Symbol] :> Simp[(a + b*ArcTanh[c*x]) “p*(PolyLog[2, 1 - ul/(2%c*d)), x
] - Dist[bx(p/2), Int[(a + b*ArcTanh[c*x])~(p - 1)*(PolyLog[2, 1 - ul/(d +
exx~2)), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQLc™2xd + e
, 0] && EqQ[(1 - uw)"2 - (1 - 2/(1 + c*x))~2, 0]

Rule 6242

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)I*(b_.)) " (p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[(f*(x/d)) m*(a + b*ArcTanh[x]) p, x]
, X, ¢ + d*x], x] /; FreeQ[{a, b, ¢, d, e, f, m}, x] && EqQ[d*e - c*f, 0] &
& I1GtQlp, O]

Rule 6745
Int[(u_)*PolyLog[n_, v_], x_Symbol] :> With[{w = DerivativeDivides[v, u*v,

x]}, Simp[w*PolyLog[n + 1, v], x] /; !'FalseQ[wl] /; FreeQ[n, x]

Rubi steps
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(a+btanh~!(z)) 3

/ (a + btanh~*(c + dz))’ e Sut)st(dexa%C*'dm)

ce + dex)? v d
( )
Subst (f M dz,z,c+ dz)
- de?
a+btanh~!(z) 2
_ (a+btanh(c+da))” N (3b)Subst (f e L do,w, 0 + dz)
de?(c + dz) de?
a+btan

_ (a+btanh™(c+ da:))3 (a+ btanh™(c+ da:))3 N (3b)Subst (f ( (T
B de? de?(c + dz) d
_ (a+btanh™(c+ dac))3 (a+ btanh™(c + dar;))3 N 3b(a+ btanh ™' (c+
B de? de?(c + dz) ¢
_ (a+btanh™(c+ dz))3 (a+ btanh™(c + dz))3 N 3b(a + btanh ' (c+
B de? de?(c + dz) <
_ (a+btanh™(c+ da:))3 (a+ btanh™(c+ da:))3 3b(a+ btanh ™' (c+
B de? a de?(c + dz) * (

Mathematica [C] Result contains complex when optimal does not.
time = 0.63, size = 248, normalized size = 1.73

- - st etl) | alblog(c + dr) - 3a’blog (1 — ¢ = 2odz — ds?) + 6ab(tanh ™! + d) ((1 = g tanh (e + ) + 2log (1 — e~2un"' (149 ) ) — PolyLog(2, -2t~ e040) ) 426342 — tauh™! (e + do)® — St 4 Branh e+ d)log (1
e

Antiderivative was successfully verified.

[In] Integrate[(a + b*ArcTanh[c + d*x])~3/(c*e + dxexx)~2,x]

[Out] ((-2#a"3)/(c + d*x) - (6*a~2*b*ArcTanh[c + d*x])/(c + d*x) + 6*a~2xbxLoglc
+ dxx] - 3%a”2xbxLog[l - c™2 - 2xcxd*x - d72*x"2] + 6%a*b”2*(ArcTanh[c + d*
x]*((1 - (c + d*x)~(-1))*ArcTanh[c + d*x] + 2*Log[l - E~(-2%ArcTanh[c + d*x

1)1) - PolyLog[2, E~(-2*ArcTanh[c + d*x])]) + 2xb~3%((I/8)*Pi~3 - ArcTanh[c

+ d*x]~3 - ArcTanh[c + d*x]~3/(c + d*x) + 3*ArcTanh[c + d*x]~2xLog[l - E~(
2xArcTanh[c + d*x])] + 3%ArcTanh[c + d*x]*PolyLog[2, E~(2xArcTanh[c + d*x])

1 - (3*PolyLog[3, E~(2*ArcTanh[c + d*x])])/2))/(2*d*e"2)

Maple [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 2.88, size = 1867, normalized size = 13.06

’ method result ‘ size ‘
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derivativedivides | Expression too large to display | 1867

default Expression too large to display | 1867

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(d*x+c)) 3/ (d*e*x+c*e) 2,x,method=_ RETURNVERBOSE)

[Out] 1/d*(-a~3/e"2/(d*x+c)+3/2*Ixb~3/e ~2*Pi*csgn (I*((d*x+c+1)~2/(1-(d*x+c)~2)-1)
)*csgn(I/(1+(d*x+c+1) "2/ (1-(d*x+c)~2)) ) *csgn(I*((d*x+c+1) 2/ (1-(d*x+c)~2)-1
)/ (1+(d*x+c+1) "2/ (1-(d*x+c)~2)) ) *arctanh (d*x+c) “2-3/4*I*b~3/e"2xPi*arctanh (
d*x+c) "2xcsgn(I/(1+(d*x+c+1)~2/(1-(d*x+c) ~2)) ) *csgn(I* (d*x+c+1) "2/ ((d*x+c)~
2-1) / (1+(d*x+c+1) "2/ (1-(d*x+c) ~2)) ) *csgn (I* (d*x+c+1) "2/ ((d*x+c) "2-1) ) +3/2%1
*b~3/e”~2*Pi*csgn (I* ((d*x+c+1) "2/ (1-(d*x+c)~2)-1)/(1+(d*x+c+1) "2/ (1-(d*x+c)”
2)) )~ 3*arctanh(d*x+c) "2-3/2*a"2*b/e"2*1n(d*x+c+1) +3*%a~2*b/e~2*1n (d*x+c)-3/2
*a~2%b/e”~2x1n(d*x+c-1)+3*¥b~3/e"2*1n(2) *arctanh (d*x+c) “2+3*b~3/e~2*arctanh(d
*xx+c) “2%1n((d*x+c+1)/(1-(d*x+c) ~2)~(1/2))-b~3/e~2/ (d*x+c) *arctanh (d*x+c) ~3+
3*axb~2/e"2*dilog(1/2*%d*x+1/2%c+1/2)-3/4*axb~2/e”~2x1n(d*x+c-1) “2+3/4*a*xb~2/
e~ 2x1n(d*x+c+1) "2-3*a*b~2/e"2*dilog(d*x+c+1) -3*a*b~2/e"2*dilog(d*x+c)+3*xb~3
/e~2*1n(d*x+c) *arctanh (d*x+c) ~2+6%b~3/e~2*arctanh (d*x+c) *polylog(2, (d*x+c+1
)/ (1-(d*x+c)~2)~(1/2) ) +3*b~3/e~2*arctanh (d*x+c) "2*1n(1- (d*x+c+1) / (1-(d*x+c)
~2)7(1/2))+3*b~3/e"2*arctanh (d*x+c) “2*1n (1+(d*x+c+1) /(1-(d*x+c) ~2)~(1/2))+6
*b~3/e”2*arctanh (d*x+c) *polylog(2,-(d*x+c+1)/(1-(d*x+c)~2)~(1/2))-3*xb~3/e"2
*xarctanh (d*x+c) “2x1n((d*x+c+1) "2/ (1-(d*x+c) "2)-1)-3/2%b~3/e"2*arctanh (d*x+c
) "2*1n(d*x+c-1)-3/2*xb~3/e”2*arctanh (d*x+c) “2*1n(d*x+c+1)+3/2*a*b~2/e~2*1n(d
*xx+c-1)*1n(1/2*d*x+1/2%c+1/2)-3/2*a*b”2/e~2x1n(-1/2*d*x~-1/2%c+1/2) *1n (d*x+c
+1)+3/2%axb~2/e~2x1n(-1/2*d*x-1/2%c+1/2) *1n(1/2*d*x+1/2*c+1/2) -3*%a*b~2/e"~ 2%
1n(d*x+c) *1n(d*x+c+1)-3*a~2%b/e~2/ (d*x+c)*arctanh (d*x+c)-3*a*b~2/e~2/ (d*x+c
)*arctanh (d*x+c) ~2-3*a*b~2/e~2*arctanh (d*x+c) *1n (d*x+c+1) +6*%axb~2/e~2%1n (d*
x+c)*arctanh (d*x+c)-3*axb~2/e”~2*arctanh (d*x+c)*1n(d*x+c-1)+3/2*I*b~3/e"2*Pi
*xarctanh (d*x+c) “2-6xb~3/e”~2xpolylog(3, (d*x+c+1)/(1-(d*x+c) ~2)~(1/2))-6%b"3/
e~ 2*polylog(3,-(d*x+c+1)/(1-(d*x+c)~2)~(1/2))-b~3/e"2*arctanh (d*x+c) "3+3/2x
Ixb~3/e”~2+Pi*arctanh (d*x+c) “2*csgn(I/ (1+(d*x+c+1) "2/ (1-(d*x+c)~2))) ~3+3/4*1
*b~3/e”2*Pi*arctanh (d*x+c) “2*csgn (I* (d*x+c+1) ~2/((d*x+c)~2-1) / (1+(d*x+c+1)~
2/ (1-(d*x+c)~2))) ~3+3/4*Ixb~3/e”2*Pi*arctanh (d*x+c) "2*csgn (I* (d*x+c+1) "2/ ((
d*x+c)~2-1))~3-3/2xI*b~3/e”"2xPix*arctanh(d*x+c) “2xcsgn(I/(1+(d*x+c+1)~2/(1-(
dxx+c)~2)))"2-3/4*I*b"3/e"2+Pixarctanh (d*x+c) “2*csgn (I* (d*x+c+1) "2/ ((d*x+c)
~2-1)/ (1+(d*x+c+1) "2/ (1-(d*x+c) "2) ) ) "2*csgn (I* (d*x+c+1) "2/ ((d*x+c) ~2-1) ) +3/
2%I*b~3/e”2*Pi*arctanh (d*x+c) “2*csgn(I* (d*x+c+1) "2/ ((d*x+c) "2-1)) “2*csgn (I*
(d*x+c+1) /(1-(d*x+c)~2)~(1/2) )+3/4*I*b~3/e”~2xPi*arctanh (d*x+c) "2*xcsgn (I* (d*
x+c+1) 72/ ((d*x+c) "2-1) ) *csgn (I* (d*x+c+1) / (1-(d*x+c) ~2) ~(1/2) ) ~2-3/2xI*xb"3/e
~2xPixcsgn(I/(1+(d*x+c+1)~2/(1-(d*x+c)~2)))*csgn(I* ((d*x+c+1)~2/(1-(d*x+c)”
2)-1)/(1+(d*x+c+1) "2/ (1-(d*x+c) "2) ) ) “2*arctanh (d*x+c) “2-3/2*I*b~3/e"2*Pi*cs
gn (I*((d*x+c+1)~2/(1-(d*x+c) "2)-1) ) *csgn(I*((d*x+c+1)~2/(1-(d*x+c)~2)-1)/(1
+(d*x+c+1) "2/ (1-(d*x+c)"2))) “2xarctanh (d*x+c) "2+3/4*I*b"3/e"2*Pi*arctanh (d*
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x+c) "2xcsgn(I/(1+(d*x+c+1) "2/ (1-(d*x+c) ~2))) *csgn(I* (d*x+c+1) "2/ ((d*x+c) ~2-
1)/ (1+(d*x+c+1) "2/ (1-(d*x+c)72))) ~2)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctanh(d*x+c)) 3/ (d*exx+c*e)~2,x, algorithm="maxima")

[Out] -3/2%(d*x(e”(-2)*log(d*x + c + 1)/d"2 - 2*e”~(-2)*log(d*x + c)/d"2 + e~ (-2)*1
og(d*x + ¢ - 1)/d"2) + 2*arctanh(d*x + c)/(d"2*x*e”2 + c*d*e”~2))*a"2*b - a~
3/(d"2xx*e”2 + cxdxe”2) - 1/8%((b~3*d*x + b~3*(c - 1))*log(-d*x - c + 1)73

+ 3x(2xa*b”2 + (b73xd*x + b"3x(c + 1))*log(d*x + ¢ + 1))*log(-d*x - c + 1)~
2)/(d"2*x*e”2 + c*xd*e”2) - integrate(-1/8*((b~3*d*x + b~3*(c - 1))*log(d*x

+ c + 1)73 + 6%(a*b™2xd*x + a*b"2x(c - 1))*log(d*x + c + 1)72 + 3*(4*axb~2x

d*x + 4*xaxb”2%c - (b~3xd*x + b~3x(c - 1))*log(d*x + c + 1)72 + 2%(b~3*d"2*x

"2 + (c72 + c)*b”3 - 2*%axb”2x(c - 1) + ((2%c*kd + d)*b~3 - 2*axb~2%d)*x)*log

(d*x + ¢ + 1))*log(-d*x - c + 1))/(d"3*x"3%e”2 + (3*cxd™2 - d72)*x"2%e"2 +
(3%c™2xd - 2xc*xd)*x*e”2 + (c”3 - c”2)*e"2), x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c)) 3/ (d*exx+cxe)”2,x, algorithm="fricas")

[Out] integral((b~3*arctanh(d*x + c)~3 + 3%a*b~2*arctanh(d*x + c)~2 + 3%a”2*b*arc
tanh(d*x + c) + a~3)*e”(-2)/(d"2*x"2 + 2xcxd*x + ¢c~2), X)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

a3 b3 atanh? (c+dzx) 3ab? atanh? (c+dzx) 3a?batanh (c+dzx)
f c2+2cdz+d?z? dr + f c2+2cdz+d?z? dz + f c2+2cdz+d?z? dz + f c2+2cdz+d?z? d

o2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*atanh(d*x+c))**3/(d*e*xx+ckxe)**2,x)

[Out] (Integral(a**3/(c**2 + 2%cxd*x + d**2*x**2), x) + Integral (b**3*atanh(c + d
*xx)**3/ (c*k*2 + 2%ckd*x + d**2xx**2), x) + Integral(3*axbx*2xatanh(c + d*x)x*
*x2/(cx*2 + 2xckxd*x + d**2xx**2), x) + Integral (3*a**x2*b*atanh(c + d*x)/(c*x*

2 + 2kckdxx + dxx2xx*%x2), x))/e*x*2
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Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((a+b*arctanh(d*x+c)) 3/ (d*e*x+c*e) 2,x, algorithm="giac")
[Out] integrate((b*arctanh(d*x + c) + a)~3/(d*e*x + c*e)~2, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ (a + batanh(c + dx))* i
(ce+dex)’

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c + d*x))~3/(c*e + d*e*xx)"2,x)
[Out] int((a + b*atanh(c + d*x))~3/(c*e + d*exx)~2, x)
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-1 3
sa7 [l y,

Optimal. Leaf size=166

3b(a + btanh(c+dz))® 3b(a+btanh'(c+dz))” (a+btanh '(c+dz))’ (a+ btanh ' (c+ dx))’

2de3 a 2de3(c + dx) + 2de3 2de3(c + dx)?

[Out] 3/2*b*(a+b*arctanh(d*x+c))~2/d/e”3-3/2*b* (a+b*arctanh(d*x+c))~2/d/e"3/ (d*xx+
c)+1/2x*(a+b*arctanh(d*x+c))~3/d/e~3-1/2x(a+b*arctanh(d*x+c))~3/d/e~3/ (d*x+c

) "2+3xb~2* (a+b*arctanh (d*x+c) ) *1n(2-2/ (d*x+c+1) ) /d/e"3-3/2%b~3*polylog(2,-1
+2/(d*x+c+1))/d/e”3

Rubi [A]
time = 0.24, antiderivative size = 166, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.348,

steps used = 9, number of rules used = 8, integrand size = 23,
Rules used = {6242, 12, 6037, 6129, 6135, 6079, 2497, 6095}

3b%log (2 — 2+) (a+ btanh™(c+ da)) B 3b(a+btanh71(c+dz))2 3()(0,-%—btamhfl(c-%—dac))2 (a+btanh71(c+dz))3 (a+btanh71(c+d:c))3 B 3b°Lis (g — 1)

de3 2de(c + dz) + 2de? 2de3(c + dz)? + 2de? 2de3

Antiderivative was successfully verified.
[In] Int[(a + bxArcTanh[c + d*x])~3/(c*e + d*xe*xx)~3,x]

[Out] (3*bx(a + b*ArcTanh[c + d*x])~2)/(2xd*xe~3) - (3*b*(a + bx*ArcTanh[c + d*x])~
2)/(2xd*e~3*(c + d*x)) + (a + bxArcTanh[c + d*x])~3/(2xd*e"3) - (a + b*ArcT

anh[c + d*x])~3/(2xd*e"3*(c + d*x)~2) + (3*b"2%(a + bxArcTanh[c + d*x])*Log

[2 - 2/(1 + c + d*x)])/(d*e”3) - (3*b~3*PolyLog[2, -1 + 2/(1 + c + d*x)])/(
2*d*e”3)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 2497

Int[Loglu_]*(Pq_)~(m_.), x_Symbol] :> With[{C = FullSimplify[Pq"m*((1 - u)/

D[u, x])1}, Simp[C*PolyLogl[2, 1 - ul, x] /; FreeQIC, x]] /; IntegerQ[m] &&

PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
x] [[2]], Expon[Pq, x]]

Rule 6037

Int[((a_.) + ArcTanh[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol]
> Simp[x~(m + 1)*((a + b*ArcTanh[c*x"n])"p/(m + 1)), x] - Dist[b*cxn*(p/(m
+ 1)), Int[x~(m + n)*((a + b*ArcTanh[c*x™n])~(p - 1)/(1 - c~2*x~(2*n))), x]
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, x] /; FreeQ[{a, b, ¢, m, n}, x] & IGtQ[p, 0] && (EqQlp, 1] || (EqQ[n, 1]
&& IntegerQ[m])) && NeQ[m, -1]

Rule 6079

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((x_)*((d_) + (e_.)*(x_))), x
_Symbol] :> Simp[(a + b*ArcTanh[c*x]) p*(Log[2 - 2/(1 + ex(x/d))1/d), x] -
Dist [bxcx(p/d), Int[(a + b*ArcTanh[c*x])~(p - 1)*(Log[2 - 2/(1 + ex(x/d))]1/
(1 - ¢*2%x72)), x], x] /; FreeQ[{a, b, c, d, e}, x] & IGtQ[p, 0] && EqQlc”
2xd"2 - e~2, 0]

Rule 6095

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symb
ol] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(b*c*dx(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] && EqQ[c~2*d + e, 0] && NeQ[p, -1]

Rule 6129

Int[(((a_.) + ArcTanh[(c_.)*(x_)1*(b_.)) " (p_.)*((f_.)*(x_))"(m_))/((d ) + (
e_.)*(x_)"2), x_Symbol] :> Dist[1/d, Int[(f*x) m*(a + bxArcTanh[c*x]) p, x]
, x] - Dist[e/(d*f"2), Int[(f*x)"(m + 2)*((a + b*ArcTanh[c*x]) p/(d + exx~2
)), x]1, x]1 /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[p, 0] && LtQ[m, -1]

Rule 6135

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((x_)*((d ) + (e_.)*(x_)"2)),
x_Symbol] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(b*xd*(p + 1)), x] + Dist[1/
d, Int[(a + bxArcTanh[c*x])"p/(x*(1 + c*x)), x], x] /; FreeQ[{a, b, c, 4, e
}, x] && EqQlc™2*d + e, 0] && GtQ[p, 0]

Rule 6242

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)I*(b_.)) " (p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[(f*(x/d)) m*(a + b*ArcTanh[x]) p, x]
, X, ¢ + dxx], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && EqQ[d*e - c*f, 0] &
& 1GtQ[p, O]

Rubi steps
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(a+btanh~!(z)) 3

/ (a + btanh~*(c + dz))’ e Sut)st(dexa%C*'dm)

(ce + dex)? v d
Subst (f Wﬂﬂ dz,z,c+ dz)
- de?
a+btanh—(z))>
_ (a+btanh™'(c+dz))®  (3b)Subst (f ) d,z,c + dz)
2de3(c + dx)? + 2de3
a+btanh~1(z))?
_ (a+btanh™(c+ dr))’ N (3b)Subst (f w dz,z,c+ dx) N (
B 2de3(c + dx)? 2de3

3b(a + btanh™ (c + dac))2 (a+ btanh™(c + dz))3 (a+ btanh™'(c
2de3(c + dx) 2de3 2de3(c + d:

3b(a+ btanh™ (c + dav))2 3b(a+ btanh™ (c + dav))2 (a+btanh™'(c

2de? 2de3(c + dx) 2de?

3b(a+ btanh ™' (c+ dm))2 3b(a + btanh ™' (c+ dac))2 (a+ btanh™'(c

2de3 2de3(c + dx) 2de3
_ 3b(a+ btanh™'(c + dac))2 3b(a + bta,nh_l(c+da:))2 (a+btanh™'(c
2de3 2de3(c + dx) 2de3

Mathematica [C] Result contains complex when optimal does not.
time = 0.83, size = 335, normalized size = 2.02

-+ d) (=28 ) + a1 + ¢+ 2+ d5) + 2+ g (1 2o «v)ym,,ww(w] ,Ax,.w,myw\ﬁ;\mwww(wj 120+ de)PolyLog (2,2 o)

Antiderivative was successfully verified.

[In] Integrate[(a + b*ArcTanh[c + d*x])~3/(c*e + dxexx)~3,x]

[Out] (-4*a~3 - 12*xa”2*b*c + I*b~3*%c”3*%Pi~3 - 12%a~2xbxd*x + (2*I)*b~3*c”2*d*Pi~3
*x + I*b"3*ckd"2*Pi~3*x"2 + 12%b~ 2% (-1 + ¢ + d*x)*(b*x(c + d*x) + a*x(1 + ¢ +
d#*x))*ArcTanh[c + d*x]~2 + 4*b~3*%(-1 + c~2 + 2*c*d*x + d~2*x"2)*ArcTanh[c
+ d*x] "3 + 12xb*ArcTanh[c + d*x]*(ax(-2xb*(c + d*x) + ax(-1 + c™2 + 2xc*d*x
+ d72%x72)) + 2x%b"2*(c + d*x) "2*Log[l - E~(-2xArcTanh[c + d*x])]) + 24*axb
~2xc"2xLog[(c + d*x)/Sqrt[1 - (c + d*x)~2]] + 48*a*b~2*ckd*x*Log[(c + d*x)/
Sqrt[1 - (c + d*x)~2]] + 24*a*b~2*xd"2*x"2*Log[(c + d*x)/Sqrt[1l - (c + d*x)~
2]]1 - 12%b~3*(c + d*x) ~2*PolyLog[2, E~(-2*ArcTanh[c + d*x])])/(8*d*e~3*(c +
d*xx) ~2)
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Maple [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 3.13, size = 5530, normalized size = 33.31

method result size
derivativedivides | Expression too large to display | 5530

default Expression too large to display | 5530

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(d*x+c))~3/(d*e*x+c*e) 3,x,method=_RETURNVERBOSE)
[Out] result too large to display

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctanh(d*x+c))~3/(d*e*x+c*e) 3,x, algorithm="maxima")

[Out] 3/4*%(d*(e~(-3)*log(d*x + c + 1)/d"2 - e~ (-3)*1log(d*x + c - 1)/d"2 - 2/(d"3*
x*e”3 + c*d"2*e"3)) - 2*arctanh(d*x + c)/(d"3*x"2*%e”3 + 2%c*kd~"2*x*e”3 + c72
*xdxe~3))*a"2xb - 3/8%(d"2*((log(d*x + c + 1)72 - 2*log(d*x + c + 1)*log(d*x
+c - 1) + log(d*x + ¢ - 1)72 + 4xlog(d*x + c - 1))*e”(-3)/d"3 + 4xe”(-3)*
log(d*x + c + 1)/d"3 - 8xe~(-3)*log(d*x + c)/d~3) - 4xd*(e~(-3)*log(d*x + c
+1)/d72 - e7(-3)*log(d*x + ¢ - 1)/d"2 - 2/(d"3*x*e”3 + c*d~2*e~3))*arctan
h(d*x + c))*axb™2 - 1/16%b~3*(((d"2*x"2 + 2*c*kd*x + c”2 - 1)*log(-d*x - c +
1)73 + 3%(2xd*x - (d"2*%x"2 + 2%c*d*x + c”2 - 1)*log(d*x + c + 1) + 2%c)*lo
g(-d*x - c + 1)72)/(d"3*x"2%e”3 + 2xc*d~2*x*e”3 + c"2xdxe~3) + 2*integrate(
-((d*x + ¢ - 1D)xlog(d*x + c + 1)73 + 3*(2%d"2*x"2 + 4*cxd*x - (d*x + ¢ - 1)
*xlog(d*x + c + 1)72 + 2%c™2 - (d73*x"3 + 3*kckd™2*%x"2 + c¢~3 + (3xc”2xd - d)*
x - c)*log(d*x + c + 1))*log(-d*x - c + 1))/(d"4*x"4%e”~3 + (4*c*d™3 - d~3)*
X"3%e”3 + 3% (2%c72xd"2 - c*xd"2)*x"2%e”3 + (4*c”"3*d - 3*c"2xd)*x*e”3 + (c74
- ¢c~3)*e”3), x)) - 3/2xaxb”2*xarctanh(d*x + c)~2/(d"3*x"2%e"3 + 2*c*xd 2*x*e”
3 + c"2*%d*e”3) - 1/2%a"3/(d"3%x"2%e"3 + 2*c*d"2*x*e”3 + c"2xd*e”3)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c)) 3/ (d*exx+c*e)~3,x, algorithm="fricas")

[Out] integral((b~3*arctanh(d*x + c)~3 + 3*a*b~2*arctanh(d*x + c)~2 + 3%a~2*b*arc
tanh(d*x + c) + a~3)*e”(-3)/(d"3*x"3 + 3xcxd~2*%x"2 + 3*c”2*d*x + c~3), x)



182

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00
a3 b3 atanh® (c+dzx) 3ab? atanh? (c+dz) 3a?batanh (c+dz)
f c3+3c2dz+3cd?z?+d323 dr + f c3+3c2dz+3cd?z?+d3x3 dr + f c3+3c2dz+3cd?z?+d323 dr + f c3+3c2dz+3cd?z? +d3 23 dx

63
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(d*x+c))**3/(d*e*x+c*e)**3,x)

[Out] (Integral(a**3/(c**3 + 3kc**2kd*x + 3kckd**x2xx**2 + d**x3*xx**3), x) + Integr
al (bx*3*xatanh(c + d*x)**3/(c**3 + kck*k2kd*x + Jkckd**kx**k2 + d**k3kx**3) ,

x) + Integral(3*a*b*x2*atanh(c + d*x)**2/(c**3 + 3kcx*k2kd*xx + 3Ikckd**kkx**2

+ dx*3*x*x*3), x) + Integral(3*a**2*b*atanh(c + d*x)/(c**3 + 3*c*k*2*d*x + 3
*Ckd**2%x k%2 + dkk3kx*k*3), x))/e*x*3

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctanh(d*x+c)) 3/ (d*exx+cxe) 3,x, algorithm="giac")
[Out] integrate((b*arctanh(d*x + c) + a)~3/(dxe*x + c*e)”3, x)
Mupad [F]

time = 0.00, size = -1, normalized size = -0.01

(a + batanh(c + d z))®
(ce+dex)’

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c + d*x))~3/(c*xe + d*e*x)~3,x)
[Out] int((a + b*atanh(c + d*x))~3/(c*xe + d*xe*x)~3, x)
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-1 3
f (a+btanh ™ (c+dz)) d

3.28 (ce+dex)*

Optimal. Leaf size=269

b*(a+btanh ' (c+dz)) b(a+btanh ' (c+ d:l:))2 b(a+btanh ' (c + dw))2 (a + btanh™" (c + dz))

de*(c + dx) + 2de* 2de*(c + dzx)? 3de*

[Out] -b~2*(at+b*arctanh(d*x+c))/d/e"4/(d*x+c)+1/2*b*x (a+b*arctanh(d*x+c))~2/d/e"4-
1/2*xb* (a+b*arctanh(d*x+c)) ~2/d/e"4/ (d*x+c) ~2+1/3* (a+b*arctanh(d*x+c))~3/d/e
~4-1/3*(at+b*arctanh (d*x+c))~3/d/e”4/ (d*x+c) “3+b~3*1ln(d*x+c)/d/e"4-1/2*b~3%1
n(1-(d*x+c)~2)/d/e"4+b* (a+b*arctanh (d*x+c)) ~2%1n(2-2/ (d*x+c+1))/d/e"4-b~2%(
atbxarctanh(d*x+c))*polylog(2,-1+2/(d*x+c+1))/d/e~4-1/2xb~3*polylog(3,-1+2/
(d*x+c+1))/d/e"4

Rubi [A]

time = 0.36, antiderivative size = 269, normalized size of antiderivative = 1.00, number of

_ _ : o number of rules _
steps used = 16, number of rules used = 13, integrand size = 23, integrand size 0.565,

Rules used = {6242, 12, 6037, 6129, 272, 36, 31, 29, 6095, 6135, 6079, 6203, 6745}

\2

PLip(z25 = 1) (a+btanh ' (c+dx))  #(a+btanh~'(c+dz))  bla+btanh~(c+dz))’® , o+ btanh ™! (c +dv))
A - B 2de

_ (a+btanh(c+dr)’  (a+btanh”(c+da))’  Hlog (2 i) (a+btanh e+ do))’ bLin(s —1) | Plogle+de) _ Plog(1— (c+da)?)
de’ det(c+ dz) 2de*(c + dz)? 3det et et det

3de*(c + dz)® 3de d 2 2de”

Antiderivative was successfully verified.
[In] Int[(a + bxArcTanh[c + d*x])~3/(c*e + d*e*xx)~4,x]

[Out] -((b~2%(a + bxArcTanh[c + d*x]))/(d*e"4*x(c + d*x))) + (bx(a + b*ArcTanh[c +
d*x])"2)/(2*d*xe"4) - (bx(a + b*ArcTanh[c + d*x])~2)/(2xd*e~4*(c + d*x)~2)

+ (a + bxArcTanh[c + d*x])~3/(3*d*e"4) - (a + b*ArcTanh[c + d*x])~3/(3*d*e”

4x(c + d*x)~3) + (b~3*Loglc + d*x])/(d*e~4) - (b~3xLogl[l - (c + d*x)~2])/(2

*xdxe~4) + (bx(a + bxArcTanh[c + d*x])~2xLog[2 - 2/(1 + c + d*x)])/(d*e”4) -
(b~2x(a + bxArcTanh[c + d*x])*PolyLogl[2, -1 + 2/(1 + c + d*x)])/(d*e”4) -
(b~3%PolyLog[3, -1 + 2/(1 + c + d*x)])/(2*d*e"4)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !'Match
QLu, (b_)*(v_) /; FreeQ[b, x]]

Rule 29
Int[(x_)~(-1), x_Symbol] :> Simp[Loglx], x]

Rule 31

Int[((a_) + (b_.)*(x_))"(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, xI]
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Rule 36

Int[1/(((a_.) + (b_.)*(x_))*((c_.) + (d_.)*(x_))), x_Symbol] :> Dist[b/(b*c
- axd), Int[1/(a + b*x), x], x] - Dist[d/(b*c - axd), Int[1/(c + d*x), x],
x] /; FreeQ[{a, b, c, d}, x] && NeQ[b*xc - axd, 0]

Rule 272

Int[(x_)"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQ[{a, b
, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 6037

Int[((a_.) + ArcTanh[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + b*ArcTanh[c*x"n])"p/(m + 1)), x] - Dist[b*c*n*(p/(m
+ 1)), Int[x"(m + n)*((a + bxArcTanh[c*x"n])~(p - 1)/(1 - c™2*%x~(2*n))), x]
, x] /; FreeQ[{a, b, ¢, m, n}, x] & IGtQ[p, 0] && (EqQlp, 1] || (EqQ[n, 1]
&& IntegerQ[m])) && NeQ[m, -1]

Rule 6079

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((x_)*((d_) + (e_.)*(x_))), x
_Symbol] :> Simp[(a + b*ArcTanh[c*x]) “p*(Logl[2 - 2/(1 + ex(x/d))]1/d), x] -
Dist [bxcx(p/d), Int[(a + b*ArcTanh[c*x])~(p - 1)*(Log[2 - 2/(1 + ex(x/d))]1/
(1 - ¢c™2%x72)), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, O] && EqQ[c~
2xd~2 - 72, 0]

Rule 6095

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))"(p_.)/((d ) + (e_.)*(x_)"2), x_Symb
0l] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(b*cxd*(p + 1)), x] /; FreeQ[{a, b
, €, d, e, p}, x] && EqQ[c™2*d + e, 0] && NeQ[p, -1]

Rule 6129

Int[(((a_.) + ArcTanh[(c_.)*(x_)1*(b_.)) " (p_.)*((f_.)*(x_))"(m_))/((d ) + (
e_.)*(x_)"2), x_Symbol] :> Dist[1/d, Int[(f*x) m*(a + b*ArcTanh[c*x]) p, xI]
, x] — Dist[e/(d*£72), Int[(f*x)"(m + 2)*((a + b*ArcTanh[c*x]) p/(d + exx~2
)), x]1, x] /; FreeQ[{a, b, c, d, e, f}, x] & GtQ[p, 0] && LtQ[m, -1]

Rule 6135

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))"(p_.)/((x)*((d)) + (e_.)*(x_)"2)),
x_Symbol] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(bxd*(p + 1)), x] + Dist[1/
d, Int[(a + bxArcTanh[c*x])"p/(x*(1 + c*x)), x], x] /; FreeQ[{a, b, c, 4, e
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}, x] && EqQlc™2*d + e, 0] &% GtQ[p, O]

Rule 6203

Int [(Loglu_l*((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.))/((d)) + (e_.)*(x_)"
2), x_Symbol] :> Simp[(a + b*ArcTanh[c*x]) “p*(PolyLog[2, 1 - ul/(2%c*d)), x
1 - Dist[bx(p/2), Int[(a + b*ArcTanh[c*x])~(p - 1)*(PolyLog[2, 1 - ul/(d +
exx~2)), x], x] /; FreeQ[{a, b, c, 4, e}, x] && IGtQ[p, 0] && EqQlc™2*d + e
, 0] & EqQ[(1 - w2 - (1 - 2/(1 + c*x))~2, 0]

Rule 6242

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)I*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[(f*(x/d)) m*(a + b*ArcTanh[x]) p, x]
, X, ¢ + dxx], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && EqQld*e - cxf, 0] &
& I1GtQlp, 0]

Rule 6745
Int [(u_)*PolyLog[n_, v_], x_Symbol] :> With[{w = DerivativeDivides[v, uxv,

x]}, Simp[w*PolyLog[n + 1, v], x] /; !FalseQ[wl] /; FreeQ[n, x]

Rubi steps
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a+btanh~!(z) 8
(a+ btanh™(c + d.qc))3 B Subst (f % dz,z,c+ dz)
(ce + dex)* = d
-1 3
Subst ( i —(”ertar;ll @) gp 2, ¢+ da:)
- det
a+btanh~(z))?
_ (a+btanh™(c+ dav))3 bSubst, (f : +x§(1—x2§ ) dz, 2, ¢+ dx)
3det(c + dz)? de*

(a + btanh_l(c + dx))?’ bSubst ( [ M dr,z,c+ d:v) bSul

3de*(c + dx)3

b(a+btanh ' (c+ cl:c))2

det

(a+ btanh™ (c+ d:z:))3

+

(a + btanh™(c

2de*(c + dx)?

b(a+btanh'(c + da:))2

3de?

(a+ btanh™ (c+ da;))3

3de(c+ dx

(a+ btanh™'(c 4

2de*(c + dz)?

b*(a + btanh™' (c + dz))

3det

3de(c+ dx

b(a+btanh ' (c+ d:l:))2 b(a + btanh™(c

de*(c + dx) 2det 2de*(c+d
v (a+btanh™'(c+dz)) b(a+btanh '(c+ da:))2 B b(a+ btanh™(c
de(c + dx) 2de* 2det(c+d
_ b*(a+btanh™'(c+dz)) b(a+btanh ™ (c+ da:))2 b(a+ btanh™(c
de*(c + dx) 2det 2det(c+d
_ b*(a+btanh™'(c+dz)) b(a+btanh™(c+ dx))2 b(a+ btanh™(c
de*(c + dx) 2det 2de*(c+d

Mathematica [C] Result contains complex when optimal does not.
time = 0.91, size = 393, normalized size = 1.46

e S | e+ d) — Sablog (1 — ¢ — ek — e + 6ok o

e 2 (1 e ) Pl o)) 5 I b g 1 - ) g

Antiderivative was successfully verified.

[In] Integrate[(a + b*ArcTanh[c + d*x])~3/(c*e + dxexx)~4,x]

[Out] ((-2#a~3)/(c + d*x)~3 - (3*a”2%b)/(c + d*x)~2 - (6%a~2*bxArcTanh[c + d*x])/
(c + d*x)~3 + 6*%a~2xb*Logl[c + d*x] - 3*a~2*bxLog[l - c™2 - 2*ckd*x - d~2*x~
2] + 6*xaxb~2*(-(((c + d*x)~2 + ArcTanh[c + d*x]~2)/(c + d*x)~3) + ArcTanh[c
+ d*x]*(-((1 - (c + d*x)~2)/(c + d*x)~2) + ArcTanh[c + d*x] + 2*Log[l - E~
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(-2%ArcTanh[c + d*x])]) - PolyLogl[2, E~(-2*ArcTanh[c + d*x])]) + 6xb~3*((I/
24)*Pi~3 - ArcTanh[c + d*x]/(c + d*x) - ((1 - (c + d*x)~2)*ArcTanh[c + d*x]
~2)/(2*%(c + d*x)~2) - ArcTanh[c + d*x]~3/3 - ArcTanh[c + d*x]~3/(3*(c + d*x
)) - ((1 - (c + d*x)"2)*ArcTanh[c + d*x]~3)/(3*(c + d*x)~3) + ArcTanh[c + d
*xx] “2xLog[1 - E~(2*%ArcTanh[c + d*x])] + Logl(c + d*x)/Sqrt[l - (c + d*x)~2]
] + ArcTanh[c + d*x]*PolyLog[2, E~(2*ArcTanh[c + d*x])] - PolyLog[3, E~(2%A
rcTanh[c + d*x])]1/2))/(6*d*e~4)

Maple [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 6.38, size = 2080, normalized size = 7.73

method result size
derivativedivides | Expression too large to display | 2080
default Expression too large to display | 2080

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(d*x+c)) 3/ (d*e*x+c*e) 4,x,method=_RETURNVERBOSE)

[Out] 1/d*(-1/3*a"3/e"4/(d*x+c) " 3+1/2%I*b"3/e"4*Pixcsgn(I*((d*x+c+1)~2/(1-(d*x+c)
~2)-1)/ (1+(d*x+c+1) "2/ (1-(d*x+c) "2) ) ) "3*arctanh (d*x+c) “2+1/2%I*b~3/e"4*Pixc
sgn (I*((d*x+c+1) "2/ (1-(d*x+c)~2)-1))*csgn(I/(1+(d*x+c+1) 2/ (1-(d*x+c)~2)) ) *
csgn(I*x((d*x+c+1) "2/ (1-(d*x+c)~2)-1)/(1+(d*x+c+1) "2/ (1-(d*x+c)"2)) ) *arctanh
(d*x+c)~2-1/4*%I*b~3/e~4*Pi*arctanh (d*x+c) “2*csgn(I/ (1+(d*x+c+1) "2/ (1-(d*x+c
)~2))) *csgn (I*(d*x+c+1) "2/ ((d*x+c)~2-1) / (1+(d*x+c+1) "2/ (1-(d*x+c) "2) ) ) *csgn
(Ix(d*x+c+1)~2/((d*x+c) "2-1))+1/4xIxb~3/e~4*Pi*arctanh(d*x+c) “2*csgn (I*(d*x
+c+1) 72/ ((d*x+c) "2-1) ) *csgn (I* (d*x+c+1) / (1-(d*x+c) ~2) ~(1/2)) ~2-1/2%I*b"3/e”
4xPixcsgn(I/(1+(d*x+c+1) 2/ (1-(d*x+c) ~2)))*csgn(I*((d*x+c+1)~2/(1-(d*x+c) "2
)-1)/ (1+(d*x+c+1) "2/ (1-(d*x+c) ~2)) ) "2*arctanh(d*x+c) "2-1/2*I*b~3/e"4*Pixcsg
n(I*((d*x+c+1)~2/(1-(d*x+c)~2)-1))*csgn(I*((d*x+c+1)~2/(1-(d*x+c)~2)-1)/(1+
(d*x+c+1) "2/ (1-(d*x+c)~2))) "2xarctanh(d*x+c) “2+1/4*I*b"3/e~4*Pixarctanh (d*x
+c) "2*csgn (I/ (1+(d*x+c+1) "2/ (1-(d*x+c) ~2) ) ) *csgn (I* (d*x+c+1) ~2/ ((d*x+c) ~2-1
)/ (1+(d*x+c+1) "2/ (1-(d*x+c) ~2)) ) "2-1/4%I%b~3/e~4*Pi*arctanh (d*x+c) “2xcsgn (I
* (d*x+c+1) "2/ ((d*x+c) "2-1) / (1+(d*x+c+1) "2/ (1-(d*x+c) ~2)) ) "2*csgn (I* (d*x+c+1
)~2/((d*x+c)~2-1))+1/2%xIxb~3/e”4*Pi*arctanh (d*x+c) "2*csgn (I* (d*x+c+1)~2/((d
*xx+c) "2-1)) "2*csgn (I* (d*x+c+1) /(1-(d*x+c) ~2)~(1/2))-1/2*%I*b"3/e~4+Pi*arctan
h(d*x+c) "2*csgn(I/ (1+(d*x+c+1) "2/ (1-(d*x+c)~2))) "2+1/2*%I*b~3/e~4*Pi*arctanh
(d*x+c) "2*csgn(I/ (1+(d*x+c+1) "2/ (1-(d*x+c)~2)) ) ~3+1/4*I*b~3/e~4*Pi*arctanh (
d*x+c) “2xcsgn (I*(d*x+c+1) "2/ ((d*x+c)~2-1)/ (1+(d*x+c+1) "2/ (1-(d*x+c) ~2))) "3+
1/4%I%b~3/e~4xPixarctanh(d*x+c) “2xcsgn(I*(d*x+c+1)~2/((d*x+c)~2-1))~3-a"2*b
/e~4/(d*x+c) ~3*arctanh (d*x+c)-a*b~2/e~4/ (d*x+c) “3*arctanh (d*x+c) “2-a*b~2/e”
4xarctanh (d*x+c) *1n(d*x+c+1)-a*b~2/e~4/ (d*x+c) "2*arctanh (d*x+c) +2*a*xb~2/e~4
*1n (d*x+c)*arctanh (d*x+c)-a*xb~2/e"4*arctanh (d*x+c) *1n(d*x+c-1)+1/2*%a*xb~2/e"
4x1n(d*x+c-1)*1n(1/2*d*x+1/2%c+1/2)-1/2%a*b~2/e"4*1n(-1/2*d*x-1/2%c+1/2)*1n
(d*x+c+1)+1/2%xa*b”2/e~4*1n(-1/2*d*x-1/2%c+1/2) *1n(1/2*d*x+1/2*c+1/2)-a*b~2/
e~ 4x1n(d*x+c)*1n(d*x+c+1)+1/2*%I*b~3/e"4*Pi*arctanh(d*x+c) “2-a*xb~2/e~4/ (d*x+



188

c)+1/2%a*b~2/e~4*1n(d*x+c+1)-1/2%axb~2/e”4*1n(d*x+c-1)+axb~2/e"4*dilog(1/2%
d*x+1/2%c+1/2)-1/4*a*xb~2/e"4x1n(d*x+c-1) "2+1/4*a*xb”2/e"4*1n(d*x+c+1) “2-a*b~
2/e"4xdilog(d*x+c+1)-a*b~2/e"4xdilog(d*x+c)-1/2*xa~2*b/e"4/(d*x+c) ~2-1/2%a"2
*b/e”~4*1n(d*x+c+1)+a"2*b/e~4*1n(d*x+c)-1/2*a"2*b/e~4*1n(d*x+c-1)-b~3/e~4/(d
*x+c)*arctanh (d*x+c)+b~3/e~4*1n (d*x+c)*arctanh (d*x+c) ~2+2%b~3/e " 4*arctanh(d
*xx+c)*polylog(2, (d*x+c+1)/(1-(d*x+c)~2)~(1/2))+b~3/e 4*arctanh (d*x+c) ~2*1n(
1-(d*x+c+1)/(1-(d*x+c)~2) " (1/2) )+b~3/e"4*arctanh (d*x+c) “2*x1n (1+(d*x+c+1) /(1
-(d*x+c)~2)~(1/2))+2xb~3/e"4*arctanh (d*x+c) *polylog(2,-(d*x+c+1)/(1-(d*x+c)
~2)7(1/2))-b"3/e"4*arctanh (d*x+c) "2*1n((d*x+c+1) "2/ (1-(d*x+c)~2)-1)-1/2*b"3
/e”~4/ (dxx+c) “2*arctanh(d*x+c) "2-1/2%b"3/e"4*arctanh (d*x+c) “2*1ln(d*x+c-1)-1/
2%b~3/e"4*arctanh (d*x+c) “2*x1n(d*x+c+1)+b~3/e"4*1n(2) *arctanh (d*x+c) "2+b~3/e
~4xarctanh (d*x+c) "2*1n((d*x+c+1) / (1-(d*x+c)~2)~(1/2))-1/3*%b"3/e"4/(d*x+c) "3
*arctanh (d*x+c) “3-b~3/e 4*arctanh (d*x+c)+1/2%b~3/e~4*arctanh (d*x+c) ~2-2xb~3
/e~4xpolylog(3, (d*x+c+1)/(1-(d*x+c)~2)~(1/2))-2*xb~3/e"4*polylog(3,-(d*x+c+1
)/ (1-(d*x+c)~2)~(1/2))+b~3/e"4x1n (1+(d*x+c+1) / (1-(d*x+c)~2)~(1/2))-1/3*b"3/
e~ 4xarctanh(d*x+c) ~3+b~3/e"4*1n((d*x+c+1) /(1-(d*x+c)~2)~(1/2)-1))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c)) 3/ (d*exx+cxe) 4,x, algorithm="maxima")

[Out] -1/2%(d*(e~(-4)*log(d*x + c + 1)/d"2 - 2xe~(-4)*log(d*x + c)/d"2 + e~ (-4)*1
og(d*x + c - 1)/d"2 + 1/(d"4*x"2%e"4 + 2xcxd"3*x*e™4 + c”2*%d"2%e"4)) + 2*ar
ctanh(d*x + c)/(d"4*x"3%e"4 + 3xcxd"3*x"2xe"4 + 3xc"2xd"2*x*e"4 + c"3*d*e”4
))*a~2%b - 1/3%a”3/(d"4*x"3*%e"4 + 3*kckd"3xx"2%e”4 + 3*xc”2*d"2*x*e”4 + c"3xd
xe~4) - 1/24x((b~3*%d"3*x"3 + 3*%b~3xc*d"2*x"2 + 3*%b”3*c"2xd*x + (c”3 - 1)*b~
3)*log(-d*x - c + 1)73 + 3*%(b"3*d*x + b~3%c + 2xa*b”2 + (b"3*d"3*x"3 + 3*b~
3kcxd"2%x72 + 3xb73*kc"2xd*x + (c”3 + 1)*b~3)*log(d*x + c + 1))*1log(-d*x - ¢
+ 1)72)/(d74*x"3xe"4 + 3xcxd"3xx"2%e"4 + 3xc"2xd"2*x*e"4 + c"3*d*e"4) - in
tegrate(-1/8*%((b~3*d*x + b~3*(c - 1))*log(d*x + c + 1)73 + 6%x(a*b™2xd*x + a
*b~2%(c - 1))*log(d*x + c + 1)72 + (2%b~3*%d"2*x"2 + 2%b~3%c"2 + 4*a*b~2xc -
3x(b"3*d*x + b~3*(c - 1))*xlog(d*x + c + 1)72 + 4*(b~3*cxd + a*b™2*xd)*x + 2
*(b7™3%d"4%x"4 + 4%b~3%c*d"3%x"3 + 6xb~3xc”2xd"2*xx"2 + (c"4 + c)*b~3 - 6*axb
“2%(c - 1) + ((4*%c™3xd + d)*b"3 - 6*axb”~2+d)*x)*log(d*x + c + 1))*log(-d*x
- ¢ + 1))/(@"5*x"5%xe"4 + (5xc*d™4 - d~4)*x"4%e”4 + 2% (5xc”2+d"3 - 2%c*d"3)*
X"3%e”4 + 2x(5*c"3x%d"2 - 3*c"2xd"2)*x"2*%e"4 + (5xc”4*d - 4*xc”3xd)*x*xe”4 + (
c”5 - c"4)*e"4), x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctanh(d*x+c))~3/(d*e*x+c*e) 4,x, algorithm="fricas")

[Out] integral((b~3*arctanh(d*x + c)~3 + 3*a*b~2*arctanh(d*x + c)~2 + 3*a”2*b*arc
tanh(d*x + c) + a"3)*e”(-4)/(d"4*x"4 + 4xcxd"3*x"3 + 6*xc™2xd"2*x"2 + 4*c”3x%

dxx + c74), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00
3 3 2 2 2
f c4+4c3dz+6c2dg;2+4cd3:1:3+d4z4 dz + f c4+4c3df+2223212(:—:(3§z3+d4z4 dz + f c“+4c3d3;iﬁ:;;222-5—64t3§;3+d4z4 dz + f c4+4c3dzié)ca2'iia2nzh?$1—cdd€)za+d4z4 dz

64
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*atanh(d*x+c))**3/(d*exx+cxe)**4,x)

[Out] (Integral(a**3/(cx*4 + 4xc**3*xd*x + GkCk*k2kd*x*kkx*x*2 + 4xckd**3*x**3 + d**4
xx*x*4) , x) + Integral(b*x3*atanh(c + d*x)**3/(c**4 + 4xcx*3xdxx + Gkck*2kd*
*k2xx*k*2 + Akckdx*3*kx**3 + dx*k4kxx*4), x) + Integral (3*a*b**2*atanh(c + d*x)

*%2/ (c*x*4 + 4*ckk3xd*x + GkCkk2xd*kkx**2 + 4kxckdk*3*x*k*3 + dkkdkxx**x4), x)

+ Integral(3xa*x*2xbxatanh(c + d*x)/(c**4 + 4kck*3kd*x + GkCk*kkd*k*kx**2 +
dxcxd*k3xx**3 + d¥kdxx**x4), x))/exxd

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctanh(d*x+c)) 3/ (d*e*x+c*e) 4,x, algorithm="giac")
[Out] integrate((b*arctanh(d*x + c) + a)~3/(d*e*x + c*e)”4, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ (a + batanh(c + d))* i
(ce+dex)*

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c + d*x))~3/(c*e + d*e*xx)~4,x)

[Out] int((a + b*atanh(c + d*x))~3/(c*e + d*exx)~4, x)
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tanh ™! (1+z
3.29 [ () gy

Optimal. Leaf size=21
1 1
—L—lPolyLog(2, —1—z)+ ZPolyLog(Q, 1+ x)

[Out] -1/4%polylog(2,-1-x)+1/4*polylog(2,1+x)

Rubi [A]
time = 0.02, antiderivative size = 21, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.250,

steps used = 3, number of rules used = 3, integrand size = 12,
Rules used = {6242, 12, 6031}

4 4

Antiderivative was successfully verified.

[In] Int[ArcTanh[1 + x]/(2 + 2%*x),x]

[Out] -1/4%PolyLog[2, -1 - x] + PolyLogl[2, 1 + x]/4
Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !'Match
QLu, (b_)*(v_) /; FreeQ[b, x]]

Rule 6031

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))/(x_), x_Symbol] :> Simpl[a*Logl[x], x
1 + (-Simp[(b/2)*PolyLog[2, (-c)*x], x] + Simp[(b/2)*PolyLogl[2, c*x], x]) /
; FreeQ[{a, b, c}, x]

Rule 6242

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)I*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[(f*(x/d)) m*(a + b*ArcTanh[x]) p, x]
, X, ¢ +dxx], x] /; FreeQ[{a, b, ¢, d, e, f, m}, x] && EqQld*e - cxf, 0] &
& 1GtQ[p, O]

Rubi steps
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-1 -1
/de28ubst(/tam;—(x)dx,x,l+x)

2+ 22 T
-1
=18ubst(/de,x,l+m>
2 z
1. Lix(1+ =z
ity D)

Mathematica [A]
time = 0.00, size = 31, normalized size = 1.48

1 1 1 1
—ZPolyLog (2, 5(—2 - 2x)) + ZPolyLog (2, 5(2 + 2x))

Antiderivative was successfully verified.

[In] Integrate[ArcTanh[1 + x]/(2 + 2*x),x]
[Out] -1/4%PolyLogl[2, (-2 - 2*x)/2] + PolyLogl[2, (2 + 2xx)/2]/4

Maple [A]
time = 0.93, size = 34, normalized size = 1.62

method result size
risch dilog(—x)  dilog(z+2) 14
4 4
. . . In(1+x) arctanh(1+x) dilog(z+2) In(14z) In(z+2) dilog(14x)
derivativedivides | =222t SOBEES 4 — =5 34
In(1+z) arctanh(14-x) dilog(z+2) In(14z) In(xz+2) dilog(14+x)
default DRSS e 4 — =5 34

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arctanh(1+x)/(2+2*x),x,method=_RETURNVERBOSE)
[Out] 1/2*1n(1+x)*arctanh(1+x)-1/4*dilog(x+2)-1/4*1n(1+x)*1n(x+2)-1/4*dilog(1+x)

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 58 vs.
2(15) = 30.
time = 0.25, size = 58, normalized size = 2.76

1 1 1 1 1 1
~1 (log (z +2) —log (z))log (z + 1) + 3 artanh (z + 1)log (z + 1) — 1 log (z + 1) log (z) + 1 log (z +2)log (—z — 1) — 1 Lix(—z) + 1 Liz(z +2)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(1+x)/(2+2%x),x, algorithm="maxima")
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[Out] -1/4%(log(x + 2) - log(x))*log(x + 1) + 1/2%arctanh(x + 1)*log(x + 1) - 1/4
xlog(x + 1)*log(x) + 1/4xlog(x + 2)*log(-x - 1) - 1/4xdilog(-x) + 1/4*dilog

(x + 2)

Fricas [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(1+x)/(2+2%x),x, algorithm="fricas")

[Out] integral(1l/2*arctanh(x + 1)/(x + 1), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

atanh (z+1)
f z+1 dzx

2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atanh(1+x)/(2+2%x),x)
[Out] Integral(atanh(x + 1)/(x + 1), x)/2

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(1+x)/(2+2%x),x, algorithm="giac")

[Out] integrate(1/2*arctanh(x + 1)/(x + 1), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.05

atanh(z + 1)
/ set2 @

Verification of antiderivative is not currently implemented for this CAS.

[In] int(atanh(x + 1)/(2%x + 2),x)
[Out] int(atanh(x + 1)/(2%x + 2), x)
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3.30 f tanh_l(a—l—bx) dx

%d-i-dx
Optimal. Leaf size=32

_ PolyLog(2, —a — bz)  PolyLog(2,a + bz)
2d 2d

[Out] -1/2%polylog(2,-b*x-a)/d+1/2*polylog(2,b*x+a)/d

Rubi [A]
time = 0.02, antiderivative size = 32, normalized size of antiderivative = 1.00, number of

number of rules _ ( 153
integrand size ’

steps used = 3, number of rules used = 3, integrand size = 19,
Rules used = {6242, 12, 6031}

Lis(a +bz) Liy(—a —bz)
2d 2d

Antiderivative was successfully verified.

[In] Int[ArcTanh[a + b*x]/((a*d)/b + d*x),x]

[Out] -1/2%PolyLogl[2, -a - b*x]/d + PolyLogl[2, a + b*x]/(2xd)
Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 6031

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))/(x_), x_Symbol] :> Simp[a*Log[x], x
1 + (-Simp[(b/2)*PolyLog[2, (-c)*x], x] + Simp[(b/2)*PolyLogl2, c*x], x]) /
; FreeQ[{a, b, c}, x]

Rule 6242

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[(f*(x/d)) m*(a + b*ArcTanh[x]) p, x]
, X, ¢ + d*x], x] /; FreeQ[{a, b, ¢, d, e, f, m}, x] && EqQ[d*e - c*f, 0] &
& 16tQ[p, 0]

Rubi steps
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tanh_l(a + bx) Subst (f W dx,x,a + bx)
dx =
/ “Td +dx v b

Subst (f tanh# dz,z,a + bx)

d
_ Lig(—a —bx) + Liy(a + bx)
2d 2d

Mathematica [A]
time = 0.01, size = 52, normalized size = 1.62

b (_ PolyLog(Q, —%) 4 PolyLog(2, %))

2bd 2bd

Antiderivative was successfully verified.

[In] Integrate[ArcTanh[a + bxx]/((a*d)/b + d*x),x]

[Out] bx(-1/2*%PolyLogl[2, -((a*d + b*d*x)/d)]/(bxd) + PolyLog[2, (a*d + bxd*x)/dl/
(2%b*d) )

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 61 vs.

2(28) = 56.
time = 0.87, size = 62, normalized size = 1.94

method result size

s dilog(b: 1 dilog(—bz—a+1
risch __ dilog( 2acd+a+ ) + ilog( 25 a+1) 29

b(dilog(bw+a+1) In(bz+a) In(bz+a+1) dilog(bw+a)>
2 + 2 + 2

bln(bz+a) arctanh(bz+a)

derivativedivides d 5 d 62
dilog(bz+a+1 In(bz+a) In(bz+a+1 dilog(bz+a

b( gbztatl) 4 In(bota) In(botatl) | g(2+)>

bln(bz+a) arctanh(bz+a)

default 4 5 d 62

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arctanh(b*x+a)/(a*d/b+d*x),x,method=_RETURNVERBOSE)

[Out] 1/b*(b/d*1n(b*x+a)*arctanh(b*x+a)-b/d*(1/2*dilog(b*x+a+1)+1/2*1n(b*x+a)*1n(
bxx+a+1)+1/2*dilog(b*x+a)))

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 132 vs.

2(26) = 52.

time = 0.26, size = 132, normalized size = 4.12

b(w - %) log (dz + %) N artanh (bz + a) log (dz + %%)

71b(log(bz+a)log(bz+a— 1) +Liy(~bz —a+1) log(bz+a+1)log(~bz —a)+Lis(bz +a+ 1)) _
2d d

bd bd
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)/(a*d/b+d*x),x, algorithm="maxima")

[Out] -1/2%b*((log(b*x + a)*log(b*x + a - 1) + dilog(-b*x - a + 1))/(bxd) - (log(
bxx + a + 1)*log(-b*x - a) + dilog(b*x + a + 1))/(b*d)) - 1/2*b*(log(b*x +

a+ 1)/b - log(b*x + a - 1)/b)*log(d*x + axd/b)/d + arctanh(b*x + a)*log(d*

x + axd/b)/d

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)/(a*d/b+d*x),x, algorithm="fricas")
[Out] integral(b*arctanh(b*x + a)/(b*d*x + a*d), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

atanh (a+bx
bf : a-isz ) dx

d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atanh(b*x+a)/(a*d/b+d*x),x)
[Out] bxIntegral(atanh(a + b*x)/(a + b*x), x)/d
Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)/(a*d/b+d*x),x, algorithm="giac")
[Out] integrate(arctanh(b*x + a)/(d*x + axd/b), x)

Mupad [F]

time = 0.00, size = -1, normalized size = -0.03

/ atanh(a -I;db x) d
dz + B

Verification of antiderivative is not currently implemented for this CAS.

[In] int(atanh(a + b*x)/(d*x + (axd)/b),x)
[Out] int(atanh(a + b*x)/(d*x + (a*d)/b), x)
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3.31 [(e+ fz)? (a+ btanh™'(c + dz)) dzx

Optimal. Leaf size=168

bf (6d%?® — 12cdef + (1 +6¢) f2)xz  bf*(de — cf)(c+dz)® bf3(c+dzx)® (e+ fz)* (a+ btanh™ (c+ da
A + 244 1244 if

[Out] 1/4*%b*f*x(6x%d~2%e~2-12%cxd*e*xf+(6%c”~2+1)*f~2)*x/d"3+1/2%b*xf 2% (—c*xf+d*xe)* (d*
x+c) ~2/d"4+1/12xb*xf 3% (d*x+c) ~3/d"4+1/4* (fxx+e) “4* (atb*arctanh (d*x+c))/f+1/

8xb* (—cxf+d*xe+f) “4*x1n(-d*x—-c+1)/d"4/f-1/8%b*x (-cxf+d*xe-f) ~4*x1n(d*x+c+1)/d"4/

f

Rubi [A]
time = 0.24, antiderivative size = 168, normalized size of antiderivative = 1.00, number of

number of rules _ ( 97g
integrand size ’

steps used = 7, number of rules used = 5, integrand size = 18,
Rules used = {6246, 6063, 716, 647, 31}

(e+ fx)* (a+btanh™'(c+dz)) | bfz((6c2+1) f2 — 12cdef +6d%%)  bf>(c+dz)*(de—cf) b(—cf +de— f)*log(c+dz +1) = b(—cf +de+ f)log(—c—dz +1)  bf3(c+dz)?
af + 4 + 2d* - 8d'f + 8d'f T

Antiderivative was successfully verified.
[In] Int[(e + f*xx)~3%(a + b*ArcTanh[c + dx*xx]),x]

[Out] (b*f*(6%d"2xe”2 - 12kckd¥exf + (1 + 6%c™2)*f72)*x)/(4*d"3) + (b*f~2*(d*e -
cxf)*(c + d*x)~2)/(2%d"4) + (b*f~3x(c + d*x)~3)/(12xd"4) + ((e + fxx)~4x(a

+ bxArcTanh[c + d*x]))/(4xf) + (bx(d*e + f - c*f) 4*Log[l - c - d*x])/(8xd~

4xf) - (bx(d*e - f - c*f)~4*Logl[l + c + d*x])/(8*d~4xf)

Rule 31

Int[((a_) + (b_.)*(x_))"(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x]1 /; FreeQ[{a, b}, xI

Rule 647

Int[((d)) + (e_.)*x(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> With[{q = Rt[(-
a)*c, 21}, Distl[e/2 + cx(d/(2*q)), Int[1/(-q + c*x), x], x] + Dist[e/2 - c*
(d/(2*q)), Int[1/(q + c*x), x], x]1] /; FreeQl{a, c, 4, e}, x] && NiceSqrtQ[
(-a)x*c]

Rule 716

Int[((d_) + (e_.)*(x_))"(m_)/((a_) + (c_.)*(x_)"2), x_Symbol] :> Int[Polyno
mialDivide[(d + e*x)™m, a + c*xx~2, x], x] /; FreeQ[{a, c, d, e}, x] && NeQ[
c*d™2 + a*e”2, 0] && IGtQ[m, 1] && (NeQ[d, 0] || GtQ[m, 2])

Rule 6063
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Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol
1 :> Simp[(d + e*x)~(q + 1)*((a + bxArcTanh[c*x])/(ex(q + 1))), x] - Dist[b
x(c/(ex(q + 1)), Int[(d + exx)"(q + 1)/(1 - c"2%x"2), x], x] /; FreeQl{a,

b, ¢, d, e, q}, x] && NeQ[q, -1]

Rule 6246

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)I*(b_.)) " (p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[((d*e - cxf)/d + f*(x/d)) "m*x(a + b*xA
rcTanh[x])"p, x], x, c + d*x], x] /; FreeQ[{a, b, ¢, d, e, f, m}, x] && IGt
Qlp, 0]

Rubi steps

Subst (f (% + %)3 (a+btanh™'(z)) dz,z,c + dx)
d

/(e + fz)? (a + btanh™'(c + dz)) dz =

de—cf | fz\*
. . bSubst | [ —( dl_w2d> dz, z,
(e+ fz)* (a + btanh™'(c + dz))

Af 4f

_ (e+ fz)* (a+ btanh™'(c+ dz)) bSubst (f (‘ = mdzehmfﬁﬂ‘
— i _

_ bf(6d%e* — 12cdef + (1+6¢%) f2)x | bf?*(de — cf)(c+ dx)?

B Ad? * 2d* *
_ bf(6d%e® —12cdef + (14 6¢%) f)x | bf?*(de — cf)(c+ dx)?

B Ad? * 2d* *
_ bf(6d*e* — 12cdef + (14 6¢%) f*)x | bf*(de — cf)(c+ dzx)?

B 4d3 * 2d* *

Mathematica [A]
time = 0.16, size = 270, normalized size = 1.61

6d(4ad’e® + bf (6P€? — Sedef + (1 +3%) f2)) o + 6 f (6ad’e? + bf (2de — cf)) 2 + 2d° 2(12de + bf)a® + 6ad " + 6bd*z(4e® + 662 [z + def? + [2°) tanh™ (¢ + dz) = B(=1 + ©) (4°€> = 6(=1 + Ja%€f + 4(=1 + def? — (=1 + &)%) log(1 — ¢ = dz) = 3b(1 +¢) (~4PE> + 6(1 + JPef — 4(1 + °def? + (1 + ¢)*f*) log(1 + ¢+ d)
24T

Antiderivative was successfully verified.

[In] Integrate[(e + f*x)~3%(a + b*ArcTanh[c + d*x]),x]

[Out] (6%d*(4*axd”3xe”3 + b*xfx(6%d~2%e"2 — 8xckdxexf + (1 + 3*c™2)*f~2))*x + 6%d~
2xf* (6*xaxd"2xe”2 + bxfx(2xd*e — c*xf))*x"2 + 2%d"3*f 2% (12%a*xd*e + b*f)*x"3
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+ Bxaxd~4*xf73%xx"4 + 6%bxd"4*x* (4*e”3 + 6ke”2xfxx + 4dxexf 2xx"2 + f73xx73)*A

rcTanh[c + d*x] - 3xb*(-1 + c)*(4%d"3%e"3 - 6x(-1 + c)*d™2xe”2xf + 4x(-1 +
c)"2xdxexf"2 - (-1 + c)"3*xf73)*Log[l - ¢ - d*x] - 3*bx(1 + c)*(-4*d"3*e”3 +
6%(1 + c)*d"2%e"2*f - 4%(1 + c)"2*d*e*xf~2 + (1 + c)73*xf73)*Logl[l + c + d*x
1)/(24xd"4)

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 981 vs.
2(156) = 312.

time = 1.40, size = 982, normalized size = 5.85

method result
isch bed In(dx+c+1) + bedIn(—dz—c+1)  2f2bcex + f2In(dz+ct+l)bcle  3fIn(dz+ctl)bc?e?  f2In(—dw—cH
Ts¢ 2d 2d 2 288 i 283

derivativedivides | Expression too large to display
default Expression too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((f*x+e) 3*(at+b*arctanh(d*x+c)),x,method=_RETURNVERBOSE)

[Out] 1/d*(1/2%bxe~3*1n(d*x+c-1)+1/2%b*e~3*1n(d*x+c+1)-3*%b/d"2*xf " 2xc*xe* (d*x+c)+3/
2%b/d"3*%f"3%c"2x (d*x+c)+1/8%b/d"3*f ~3*1n(d*x+c—1) *c~4-1/2%b/d"3*f " 3*1n (d*x+
c-1)*c~3+3/4*b/d"3*f~3*1n(d*x+c-1) *c~2-1/2*%b/d"3*f~3*1n (d*x+c-1) *c+1/4%b/d~
3*f~3*arctanh (d*x+c)*c~4+1/4%b/d"3*f"3*arctanh (d*x+c) * (d*x+c) ~4+1/4*xb*xd/f*a
rctanh (d*x+c) *e~4-3/4xb/d*f*1n(d*x+c+1) *e~2+1/2*b/d"2*f ~2x1n (d*x+c+1) *xe+3/4
*b/dxf*1n(d*x+c—1) *e”~2+1/2xb/d"2*f " 2*1n (d*x+c-1) *e-1/8*b*d/f*1n(d*x+c+1)*e”
4+1/8*bxd/f*1n(d*x+c-1) *e~4-1/8%b/d"3*f ~3*1n (d*x+c+1) *c~4-1/2*%b/d"3*f ~3*1n(
d*x+c+1)*c~3-3/4%b/d"3*f " 3*%1n(d*x+c+1)*c~2-1/2%b/d~3*f ~3*1n(d*x+c+1) *c+3/2%
b/d*f*e”2x (d*xx+c)+1/2xb/d"2*f " 2xex (d*x+c) ~2-1/2*b/d"3*f ~3*c* (d*x+c) “2-b/d"3
*f ~3*arctanh (d*x+c) *c~3* (d*x+c)+3/2*b/d"3*f ~"3*arctanh (d*x+c) *c~2*x (d*x+c) ~2-
b/d"3*f~3*arctanh (d*x+c) *xc* (d*x+c) ~3-1/2%b/d~2*f~2*1n (d*x+c—1) *c"3*e+3/4*b/
dxf*x1n(d*x+c—1)*c"2%e”2+3/2%b/d~2*f ~2*x1n (d*x+c—1) *c"2*e-3/2*b/d*f*1n (d*x+c-
1) *xcxe~2-3/2xb/d"2*f " 2*1n (d*x+c—-1) *cxe+1/2xb/d~2*f ~2*1n (d*x+c+1) *c~3*e-3/4x*
b/dxf*1n(d*x+c+1) *c™2%e”~2+3/2xb/d"2*f ~2*1n (d*x+c+1) *xc~2%e-3/2xb/d*f*1n (d*x+
c+1)*c*xe™2+3/2xb/d"2*f " 2x1n (d*x+c+1) *cxe-b/d"2*f ~2*xarctanh (d*x+c) *c~3*e+3/2
*b/dxf*arctanh (d*x+c) *c~2xe”~2+3/2*b/d*f*arctanh (d*x+c) *e 2% (d*x+c) ~2+b/d~2x*
f~2*arctanh (d*x+c) *e* (d*x+c) "3+1/4* (cxf-d*xe-f* (d*x+c)) “4*a/d"3/f+1/4*xb/d"3*
£73*% (d*x+c)+1/12%b/d"3*f " 3* (d*x+c) "3-1/2*b*1n(d*x+c—1) *c*e~3+1/2*b*1n (d*x+c
+1) *c*xe~3-b*arctanh (d*x+c) *c*e”~3+b*arctanh (d*x+c) *e~3* (d*x+c)+1/8%b/d~3*f"~3
*1n(d*x+c-1)-1/8*b/d"3*f " 3*1n(d*x+c+1)+3*b/d"2*f " 2*xarctanh (d*x+c) *xc~2*e* (d*
x+c)-3*b/d*xf*arctanh (d*x+c) *cxe~ 2% (d*x+c)-3*xb/d"2+f ~2*arctanh (d*x+c) *c*e* (d
*x+c) "2)

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 331 vs.
2(161) = 322.
time = 0.26, size = 331, normalized size = 1.97
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) 3*(at+b*arctanh(d*x+c)),x, algorithm="maxima")

[Out] 1/4*axf~3*x"4 + axf~2*%x"3%e + 1/24x(6*x"4*arctanh(d*x + c) + d*(2*(d"2*x"3
- 3xcxd*x"2 + 3*(3%c”2 + 1)*x)/d"4 - 3*%(c™4 + 4xc”3 + 6%c”2 + 4*c + 1)*log(

d*x + ¢ + 1)/d”™5 + 3%(c™4 - 4%c”3 + 6%c”2 - 4xc + 1)xlog(d*x + c - 1)/d"5))
*xbxf~3 + 3/2xaxf*x"2%e”2 + 1/2%(2*x"3*arctanh(d*x + c) + d*((d*x"2 - 4*c*x)

/d"3 + (c™3 + 3xc™2 + 3*c + 1)*xlog(d*x + c + 1)/d"4 - (c™3 - 3*c™2 + 3*c -
1)*log(d*x + ¢ - 1)/d"4))*b*f"2xe + 3/4*%(2*x"2*arctanh(d*x + c) + d*(2xx/d"

2 - (c72 + 2xc + 1)*log(d*x + ¢ + 1)/d"3 + (c™2 - 2xc + 1)*log(d*x + ¢ - 1)
/d"3))*bxfxe”2 + axx*e”3 + 1/2%x(2*(d*x + c)*arctanh(d*x + c) + log(-(d*x +

c)”2 + 1))*b*e~3/d

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 818 vs.
2(161) = 322.
time = 0.41, size = 818, normalized size = 4.87

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) 3*(at+b*arctanh(d*x+c)),x, algorithm="fricas")

[Out] 1/24*(6*a*d~4*f~3*x"4 + 2%b*xd~3*xf 3%x~3 — 6*b*xc*d"2*%f " 3*%x"2 + 24*a*xd~4*x*co
sh(1)~3 + 24*a*xd”"4*x*sinh(1)~3 + 6% (3*b*c™2 + b)*d*f~3*x + 36*(a*xd~4*f*x"2
+ bxd~3*f*xx)*cosh(1)"2 + 36*(a*d~4*xf*x"2 + 2xaxd~4*x*cosh(1l) + b*d~3*fx*x)x*s
inh(1)72 + 12*x(2*%a*d~4*f~2*x"3 + bxd~3*f~2%x"2 — 4xb*c*d~2xf~2*x)*cosh(1) +
3% (4*(bxc + b)*d~3*cosh(1)~3 + 4*x(b*c + b)*d"3*sinh(1)~3 - 6*(b*xc™2 + 2*b*
c + b)*d"2+fxcosh(1)"2 + 4x(b*c™3 + 3*b*c”™2 + 3*b*c + b)*d*f~2*cosh(1) - (b
*Cc"4 + 4%b*c”3 + 6xb*xc”2 + 4xbxc + b)*f"3 + 6% (2x(b*c + b)*d"3*cosh(1) - (b
*C"2 + 2%bxc + b)*d"2*f)*sinh(1)~2 + 4*(3*x(b*c + b)*d~3*cosh(1)~2 - 3*(bxc™
2 + 2xbxc + b)*d"2xf*cosh(1l) + (b*c™3 + 3*b*c™2 + 3*b*c + b)*d*f~2)*sinh(1)
)*log(d*x + c + 1) - 3*%(4*(b*c - b)*d~3*cosh(1)~3 + 4x(b*c - b)*d~3*sinh(1)
3 - 6%(b*c™2 - 2*b*c + b)*d"2*f*cosh(1)"2 + 4x(bxc™3 - 3*b*xc™2 + 3*b*c - b
Y*d*xf~2xcosh(1) - (b*c™4 - 4xb*c™3 + 6*%b*xc”2 - 4*b*c + b)*f~3 + 6x(2x(b*c -
b)*d~3*cosh(1) - (b*c™2 - 2%b*c + b)*d"2*f)*sinh(1)~2 + 4*(3*(b*c - b)*d"3
*cosh(1)72 - 3*(b*c™2 - 2xbxc + b)*d~2xf*cosh(1l) + (b*c™3 - 3*bxc”™2 + 3*b*c
- b)*d*f~2)*sinh(1))*log(d*x + c — 1) + 3*(bxd~4*f~3*x"4 + 4*b*d~4xf~2*x"3
*cosh(1) + 6xbxd~4x*xf*x"2*xcosh(1) 2 + 4xbxd~4*x*cosh(1)~3 + 4xbxd~4*x*sinh(1
)"3 + 6%(b*d"4*f*x"2 + 2%bkd~4*x*cosh(1))*sinh(1)"2 + 4*x(b*d~4*xf~2*xx~3 + 3%
bxd~4xf*x~2*cosh(1) + 3*bxd~4*x*cosh(1) 2)*sinh(1))*log(-(d*x + c + 1)/(d*x
+ ¢ - 1)) + 12%x(2%xa*xd~4*f"2*%x"3 + b*d"3*f"2*xx"2 + 6*a*d”4*x*cosh(1)"2 - 4x
bxcxd"2+%f"2xx + 6% (axd~4*xf*x"2 + bxd"3*f*x)*cosh(1))*sinh(1))/d"4

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 644 vs.
2(151) = 302.
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time = 2.07, size = 644, normalized size = 3.83

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)**3*(at+b*atanh(d*x+c)),x)

[Out] Piecewise((axex*3*x + 3xakxex*2*xf*x*x*x2/2 + akexfxx2kx**3 + axf*x*k3*x**x4/4 - b
xcxxdxf*x*k3*atanh(c + d*x)/(4*xd**4) + bxcx*k3kexf*x2xatanh(c + d*xx)/d**3 - bx
ckx3*xf*x3xlog(c/d + x + 1/d)/d**4 + bxcx*3xfx*3*atanh(c + d*x)/d**4 - 3xbxc
*xx2kex*2xfxatanh(c + d*x)/(2%d**2) + 3xbxck*2kxexf**2*xlog(c/d + x + 1/d)/d**
3 - 3xbkxck*2*exfxx2katanh(c + d*x)/d**3 + 3kbkc*k*2xf**x3*x/(4*d**3) - 3*b*cx*
*2xfxk3*atanh(c + d*x)/(2xd**4) + bxcxex*x3*atanh(c + d*x)/d - 3xbkcke**2xfx*
log(c/d + x + 1/d)/d**2 + 3xbxcke*x2*f*atanh(c + d*x)/d**2 — 2xbxcxe*f*x2*x
/Ad**2 — bxcxfxx3xx*xx2/(4*d**2) + 3*bkckexfxx2xatanh(c + d+*x)/d**3 — bxcxf*xx*
3*%log(c/d + x + 1/d)/d**4 + b*c*f**3*atanh(c + d*x)/d**4 + bke*x3xx*atanh(c
+ d*xx) + 3*bxex*2xfirx*x2katanh(c + d*x)/2 + bkexfx*2+x**3*atanh(c + d*xx) +
bxf**3xx**4xatanh(c + d*x)/4 + b*e*x3*log(c/d + x + 1/d)/d - bxe**3xatanh(
c + d*x)/d + 3xbkex*2*fxx/(2%d) + brxexfxk2*xx**2/(2*d) + b*f**x3xx**3/(12*d)
- 3%bke*xx2xfxatanh(c + d*x)/(2xd**2) + bxexf**2xlog(c/d + x + 1/d)/d**3 - b
xexf**2*%atanh(c + d*xx)/d**3 + b*xf**x3*x/(4*d**3) - bxf**x3*xatanh(c + d*x)/(4*
d*x4), Ne(d, 0)), ((a + b*atanh(c))*(ex*x3*x + 3kex*x2*xfxx**2/2 + exf**2xx**3
+ f*x3xx*x*4/4), True))

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 2336 vs.
2(156) = 312.
time = 0.46, size = 2336, normalized size = 13.90

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) 3x(atb*arctanh(d*x+c)),x, algorithm="giac")

[Out] 1/6%((c + 1)*d - (c - 1)*d)*(3*((d*x + c + 1) 3*b*d"3*e~3/(d*x + ¢ - 1)°3 -
3%(d*x + ¢ + 1)72xbxd"3*e"3/(d*x + ¢ - 1)72 + 3*%(d*x + c + 1)*bxd"3*e"3/(d
*x + ¢ - 1) - bxd"3%e”3 - 3%(d*x + c + 1) 3%bxcxd"2xe"2%f/(d*x + ¢ - 1)°3 +
9% (d*x + c + 1) 2xbkc*d™2*e"2xf/(d*x + ¢ — 1)72 - 9x(d*x + c + 1)x*bkc*d 2%
e"2%f/(d*x + ¢ — 1) + 3*b*c*d"2*e”2*%f + 3x(d*x + c + 1) 3*b*c ™ 2*kd*xexf~2/(dx*
X+ c - 1)73 - 9%x(d*x + c + 1) 2xbkc™2*d*exf"2/(d*x + ¢ — 1)72 + 9x(d*x + ¢
+ 1)*bxc™2xd*e*f~2/(d*x + ¢ - 1) - 3*b*c™2xd*exf"2 - (d*x + c + 1) 3*xb*c™3
*f73/(d*x + ¢ - 1)73 + 3x(d*x + ¢ + 1) " 2%b*c”™3*f~3/(d*x + ¢ - 1)72 - 3*(d*x
+ ¢ + 1)*b*c”3*f"3/(d*x + ¢ - 1) + b*c™3*f"3 + 3x(d*x + c + 1) 3*b*d"2*e"2
*f/(d*x + ¢ - 1)73 - 6x(d*x + c + 1) 2%b*d"2%e"2xf/(d*x + ¢ - 1)72 + 3*(d*x
+ ¢ + 1)*bkd"2%e"2xf/(d*x + ¢ — 1) - 6%(d*x + c + 1) 3xbxckd*e*xf~2/(d*x +
c — 1)73 + 12x(d*x + c + 1) 2*xb*c*d*exf~2/(d*x + ¢ — 1)72 - 6x(d*x + ¢ + 1)
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xbxcxdxe*f~2/(d*x + ¢ - 1) + 3*(d*x + ¢ + 1) 3*bxc™2*xf"3/(d*x + ¢ - 1)°3 -
6%(d*x + c + 1)"2xbkc™2+%f~3/(d*x + ¢ - 1)72 + 3*(d*x + c + 1)*bxc™2*f~3/(d*
X+ c - 1) + 3%(d*x + ¢ + 1) 3xbxd*exf"2/(d*x + ¢ - 1)73 - 3*%(d*x + ¢ + 1)~
2%b*xd*exf~2/(d*x + ¢ - 1)72 + (d*x + ¢ + 1)*bxd*xexf~2/(d*x + ¢ - 1) - bxdx*e
*f72 — 3*%(d*x + c + 1)73*bxcxf~3/(d*x + ¢ - 1)73 + 3*(d*x + c + 1) 2%b*cxf”
3/(d*x + ¢ - 1)72 - (d*x + ¢ + 1)*b*c*f~3/(d*x + ¢ — 1) + b*c*f~3 + (d*x +
c + 1)73*%bxf~3/(d*x + ¢ - 1)73 + (d*x + c + 1)*xb*f~3/(d*x + ¢ - 1))*log(-(d
*x + ¢ + 1)/(d*x + ¢ - 1))/((d*x + ¢ + 1)74%d"5/(d*x + ¢ - 1)74 - 4*(d*x +
c + 1)7°3%d"5/(d*x + ¢ - 1)°3 + 6%(d*x + ¢c + 1)72*d"5/(d*x + ¢ - 1)72 - 4%(d
*x + ¢ + 1)*d"5/(d*x + ¢ - 1) + d75) + (6%(d*x + c + 1) 3*%axd~3*e”3/(d*x +
c - 1)73 - 18%(d*x + ¢ + 1) 2%a*d"3*e"3/(d*x + ¢ - 1)72 + 18*x(d*x + c + 1)*
a*d~3*xe"3/(d*x + ¢ - 1) - 6*xaxd"3*e”3 - 18x(d*x + c + 1) 3*a*xcxd~2xe”2*f/(d
*Xx + ¢ - 1)73 + 54%(d*x + c + 1) 2%axcxd"2*e"2xf/(d*x + ¢ - 1)72 - 54x(d*x
+ ¢ + 1)*axcxd"2*xe"2*f/(d*x + ¢ - 1) + 18*axcxd"2*xe”2*f + 18*%(d*x + ¢ + 1)~
3*xaxc~2xd*e*f~2/(d*x + ¢ - 1)73 - 54x(d*x + c + 1) 2xaxc ™ 2*d*exf~2/(d*x + c
- 1)72 + 54*x(d*x + ¢ + 1)*axc”2*d*e*f~2/(d*x + ¢ - 1) - 18*axc™2*d*e*f"2 -
6*%(d*x + c + 1)73*xaxc”™3*%f"3/(d*x + ¢ - 1)73 + 18*(d*x + c + 1) 2*xa*xc”3*f"3
/(d*x + ¢ - 1)72 - 18%(d*x + ¢ + 1)*a*xc™3*xf"3/(d*x + ¢ - 1) + 6*xaxc”3*f"3 +
18+ (d*x + c + 1) 3*axd"2xe”2+f/(d*x + c - 1)73 - 36*x(d*x + c + 1) 2%a*d~2*
e"2*%f/(d*x + ¢ - 1)72 + 18*(d*x + c + 1)*axd"2xe"2xf/(d*x + ¢ - 1) + 9*x(d*x
+ ¢ + 1)73*b*d"2xe"2*f/(d*x + ¢ - 1)73 - 27*(d*x + c + 1) 2%bxd"2xe"2*f/(d
*Xx + ¢ — 1)72 + 27%(d*x + c + 1)*b*d"2xe"2*f/(d*x + ¢ — 1) - 9*xb*d"2%e~2xf
- 36x(d*x + c + 1) " 3*akckd*exf~2/(d*x + ¢ — 1)73 + 72x(d*x + c + 1) " 2*a*c*d
xexf~2/(d*x + ¢ - 1)72 - 36x(d*x + ¢ + 1)*a*ckxd*xexf~2/(d*x + ¢ - 1) - 18x(d
*x + ¢ + 1) " 3*bkckxdxexf~2/(d*x + ¢ - 1)73 + bd*x(d*x + c + 1) 2xb*c*d*e*xf~2/
(d*x + ¢ - 1)72 - B54x(d*x + c + 1)*bxc*d*exf~2/(d*x + ¢ — 1) + 18xb*cxd*ex*f
~2 + 18%(d*x + ¢ + 1) 3xaxc”2*%f~3/(d*x + ¢ - 1)73 - 36x(d*x + ¢ + 1) 2%a*xc”
2+%f~3/(d*x + ¢ - 1)72 + 18*x(d*x + c + 1)*axc™2*%f~3/(d*x + ¢ - 1) + 9*x(d*x +
c + 1)73%b*xc™2*xf"3/(d*x + ¢ - 1)73 - 27x(d*x + c + 1) 2%b*c™2*xf~3/(d*x + c
- 1)72 + 27x(d*x + ¢ + 1)*b*xc™2*%f"3/(d*x + ¢ — 1) — 9*bxc™2xf~3 + 18*(d*x
+ c + 1)73*axd*exf~2/(d*x + ¢ - 1)73 - 18*(d*x + c + 1) 2*xa*xd*e*f~2/(d*x +
c - 1)72 + 6x(d*x + c + 1)*akxd*e*xf~2/(d*x + ¢ - 1) - 6*a*xd*xexf~2 + 6*(d*x +
c + 1)73*b*d*exf"2/(d*x + ¢ — 1)73 - 12x(d*x + c + 1) 2%b*d*exf~2/(d*x + c
- 1)72 + 6%(d*x + c + 1)*bxdxexf"2/(d*x + ¢ - 1) - 18%(d*x + c + 1) 3*axcx
£f73/(d*x + ¢ - 1)73 + 18*(d*x + c + 1) " 2%a*xcxf~3/(d*x + ¢ - 1)72 - 6%(d*x +
c + 1)xa*xcxf~3/(d*x + ¢ - 1) + 6xaxcxf~3 - 6x(d*x + c + 1) 3*xbxc*f~3/(d*x
+ c - 1)73 + 12+%(d*x + c + 1) 2xbxc*f~3/(d*x + ¢ - 1)72 - 6%(d*x + c + 1)*b
*cxf~3/(d*x + ¢ — 1) + 6x(d*x + ¢ + 1)"3*a*xf"3/(d*x + ¢ - 1)73 + 6%(d*x + ¢
+ 1)*xaxf~3/(d*x + ¢ — 1) + 3*x(d*x + ¢ + 1)73*b*f"3/(d*x + ¢ - 1)73 - 6%(d*
X+ c+ 1)72%bxf~3/(d*x + ¢ - 1)72 + 5x(d*x + ¢ + 1)*b*f"3/(d*x + ¢ - 1) -
2xb*f~3)/((d*x + ¢ + 1)74*d"5/(d*x + ¢ - 1)74 - 4%(d*x + c + 1)73*%d"5/(d*x
+ ¢ -1)"3 + 6%x(d*x + ¢ + 1)72%d"5/(d*x + ¢ - 1)72 - 4%(d*x + ¢ + 1)*d~5/(d
*x + ¢ — 1) + d75) - 3*%(bxd"3*e”3 - 3*bxckd"2%e"2xf + 3*b*c 2xd*exf"2 - bxc
~3%f73 + bxdxe*f~2 - bxcxf~3)*log(-(d*x + ¢ + 1)/(d*x + ¢ - 1) + 1)/d"56 + 3
* (bxd~3*%e”3 - 3xbkc*d"2xe~2*f + 3*bxc 2kd*e*f~2 - bkc"3*%f~3 + bkd*exf"2 - b



202

xcxf~3)*xlog(-(d*x + ¢ + 1)/(d*x + ¢ - 1))/d”b)

Mupad [B]
time = 1.72, size = 737, normalized size = 4.39

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e + f*x)~3%(a + b*atanh(c + d*x)),x)

[Out] log(c + d*x + 1)*((b*xf~3%xx~4)/8 + (b*e"3*x)/2 + (3*bxe"2xf*x"2)/4 + (bkexf”
2%x73)/2) - log(l - d*x - c)*((b*xf~3%x74)/8 + (b*xe"3*x)/2 + (3*b*e 2xf*x"2)
/4 + (bxexf~2%x73)/2) + x*((ex(6*a*c™2+xf~2 — 6*a*xf~2 + 2*ka*d"2xe”2 + 3*b*d*
exf + 12*akckdxexf))/(2+%d"2) - ((4*%c™2 - 4)*x((£72x(bxf + 8*axcxf + 12*axdxe
))/(4%d) - (2xaxc*£73)/d))/(4*%d"2) + (2*c*((2*xcx((£f72*(bxf + 8*a*xcxf + 12*a
*d*e))/(4*%d) - (2xaxc*xf~3)/d))/d - (4*a*c™2*%f"3 - 4*xaxf~3 + 4xbxd*e*xf~2 + 1
2%a*xd"2xe”"2xf + 24xaxckd*xe*xf~2)/(4*d"2) + (axf~3x(4*xc”2 - 4))/(4x%d"2)))/d)
- x72%((cx((£72% (b*f + 8*axcxf + 12%axd*e))/(4*d) - (2*axcxf~3)/d))/d - (4x*
a*xc™2xf"3 - 4xaxf~3 + 4xbxdxexf”"2 + 12xaxd"2*e 2xf + 24*a*ckdxexf~2)/(8+%d"2
) + (a*xf~3x(4*xc™2 - 4))/(8*%d"2)) + x"3*x((£72x(bxf + 8*axcxf + 12*axdxe))/(1
2xd) - (2*%a*xc*f~3)/(3%d)) + (axf~3*x"4)/4 + (log(c + d*x - 1)*x(b*f~3 + 6*b*
cT2xf"3 - 4xb*c”3*xf"3 + 4xbxd"3*%e”3 + b*kc"4*xf"3 - 4xb*c*kf~3 + 4*bkdkexf"2 -
4xbxcxd"3*%e”3 + 6*xb*d"2*%e"2xf — 12%bkckd"2xe"2*xf + 12¥b*cT2xd*e*f”2 - 4xbx*
c~3*dxexf~2 + 6%bxc”2*%d"2*%e"2xf - 12xbkckd*exf~2))/(8%d"4) - (log(c + dxx +
1)*x(b*xf~3 + 6%b*c™2*%f"3 + 4*xbxc~3*%f~3 - 4xb*d"3*e”3 + b*c"4*xf~3 + 4xbkxcxf”
3 - 4xbxd*e*xf~2 - 4xbxckd"3*%e”3 + 6*%b*xd"2xe"2*xf + 12xbkxckxd"2*%e”2*%f - 12%b*c
~2xd*xexf"2 — 4xbxc”3kdxe*xf~2 + 6xbkxc 2%d"2%xe 2xf - 12xbxckd*exf~2))/(8+%d"4)
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3.32 [(e+ fz)? (a+ btanh™'(c + dz)) dz

Optimal. Leaf size=120

bf(de —cf)x bf?(c+dz)® (e+ fz)® (a+btanh ™ (c+dz)) b(de+ f —cf)?log(l —c—dx) b(de—
& e 37 ¥ 6 f -

[Out] b*xfx(-cxf+d*e)*x/d~2+1/6%b*xf 2% (d*x+c) ~2/d"3+1/3* (f*x+e) ~3*(a+b*arctanh (d*x
+c)) /f+1/6%b* (—c*xf+d*e+f) “3*1n(-d*x-c+1)/d"3/f-1/6%b* (d*xe- (1+c)*f) ~3*%1n (d*x
+c+1)/d4°3/f

Rubi [A]
time = 0.15, antiderivative size = 120, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.278,

steps used = 7, number of rules used = 5, integrand size = 18,
Rules used = {6246, 6063, 716, 647, 31}

(e + fz)* (a + btanh™(c + dz)) N b(—cf +de+ f)*log(—c—dz +1) b(de — (c+1)f)3log(c+dz +1)  bf*(c+dx)® bfz(de— cf)

3f 6d3f 6 f 6@ @

Antiderivative was successfully verified.
[In] Int[(e + f*x)~2%(a + b¥ArcTanh[c + d*x]),x]

[Out] (bxf*x(dxe - c*f)*x)/d"2 + (b*f~2x(c + d*x)~2)/(6%d"3) + ((e + f*x)"3%x(a + b
xArcTanh[c + d*x]))/(3*f) + (bx(d*e + f - c*f)~3*Logl[l - c - d*x])/(6%d"3*f
) — (bx(dxe - (1 + c)*f)~3xLogl[l + c + d*x])/(6*%d"3*f)

Rule 31

Int[((a_) + (b_.)*(x_))"(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, xI

Rule 647

Int[((d)) + (e_.)*x(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> With[{q = Rt[(-
a)*c, 21}, Dist[e/2 + cx(d/(2*%q)), Int[1/(-q + c*x), x], x] + Dist[e/2 - cx*
(d/(2*q)), Int[1/(q + c*x), x], x]1] /; FreeQl{a, c, 4, e}, x] && NiceSqrtQ[
(-a)*c]

Rule 716

Int[((d)) + (e_.)*(x_))"(m_)/((a_) + (c_.)*(x_)"2), x_Symbol] :> Int[Polyno
mialDivide[(d + e*x)™m, a + c*x~2, x], x] /; FreeQ[{a, c, d, e}, x] && NeQ[
c*xd™2 + a*e”2, 0] && IGtQ[m, 1] && (NeQ[d, 0] || GtQ[m, 2])

Rule 6063

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol
1 :> Simp[(d + e*x)~(q + 1)*((a + b*ArcTanh[c*x])/(ex(q + 1))), x] - Dist[b
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*(c/(ex(q + 1))), Int[(d + exx)~(q + 1)/(1 - ¢c~2%x~2), x], x] /; FreeQ[{a,
b, c, d, e, q}, x] && NeQ[q, -1]

Rule 6246

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (f_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[((d*e - c*f)/d + f*(x/d)) " m*x(a + bxA
rcTanh([x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGt
Qlp, 0]

Rubi steps

Subst (f (%=l 4 %)2 (a+ btanh™(z)) dz,z,c+ dx)
d

/(e + fz)? (a+ btanh™'(c + dz)) dz =

de—cf | fz\3
bSubst f%dw,x,c
(e + fz)® (a + btanh™"(c + dz))

3f 3f
(e + fz)® (a + btanh™"(c + dz)) bSubst, (f (_W - J:_Bz ’

— 37 _

_ bf(de—cf)z  bf*(c+dx)? (e+ fz)®(a+btanh™'(c+ dz))
= 2 YTl t 3f
_bf(de—cf)z  bf*(c+dx)? (e+ fz)®(a+btanh™'(c+ dz))
=T 2 Yt el 7 37
_bf(de—cf)z | bf*(c+dx)?  (e+ fz)’(a+ btanh ™ (c + dz))
= 2 toew * 3/

Mathematica [A]
time = 0.12, size = 174, normalized size = 1.45

2d(3ad?e? + bf (3de — 2cf)) & + d*f (6ade + bf)a? + 2ad® f%® + 2bd*z(3¢? + 3efa + f2%?) tanh ™ (c + do) — b(—1 + ¢) (3d%* — 3(—1 + c)def + (=1 + )2f?) log(l — ¢ — d) + b(1 + ) (3d%¢? — 3(1 + c)def + (1 + ¢)*f?) log(1 + ¢ + da)
645

Antiderivative was successfully verified.

[In] Integratel[(e + f*x)~2x(a + b*ArcTanh[c + d*x]),x]

[Out] (2*xd*(3*a*d~2xe”2 + b*f*x(3xdke - 2*xcxf))*x + d~2xf*x(6*xa*d*e + b*f)*x"2 + 2%
a*d~3*xf"2*x"3 + 2xbkd"3*x*(3*xe”2 + 3*exfxx + £f"2+%x"2)*ArcTanh[c + d*x] - b*

(-1 + c)*(3*%d"2%e"2 - 3*(-1 + c)*d*exf + (-1 + c)"2xf72)*Logl[l - c - d*x] +

bx(1 + c)*(3*d"2xe”2 - 3*%(1 + c)*d*xexf + (1 + c)~2xf~2)xLogl[l + c + d*x])/
(6%d~3)
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Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 589 vs.
2(112) = 224.
time = 0.70, size = 590, normalized size = 4.92 Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((f*x+e) "2x(atb*arctanh(d*x+c)),x,method=_RETURNVERBOSE)

[Out] 1/d*x(1/2*bxe~2*1n(d*x+c-1)+1/2*xbxe~2x1n(d*x+c+1)-b/d"2*f " 2*arctanh (d*x+c)*c
* (d*x+c) "2-b/d*xf*1n(d*x+c—1) *cxe-1/2%b/d*f*1n (d*x+c+1) *c " 2xe-b/d*f*1n(d*x+c
+1)*c*xe+1/2%b/d*xf*1n(d*x+c-1)*c~2*%e+b/d*f*xarctanh (d*x+c) *xe* (d*xx+c) ~2+b/d*fx*
arctanh (d*x+c) *c~2xe+b/d~2*f " 2*arctanh (d*x+c) *c~2* (d*x+c) -b*arctanh (d*x+c) *
cxe”2+b*arctanh (d*xx+c) *e~2x (d*x+c)+1/6xb/d"2*f ~2x (d*x+c) "2+1/6*b/d"2*f ~2x1n
(d*x+c-1)+1/6%b/d"2*%f~2*1n (d*x+c+1)+1/2*b*1n (d*x+c+1) *ckxe~2-1/2*b*1n (d*x+c-
1) *xc*e”2-1/3* (cxf-dxe-f* (d*x+c)) “3*a/d~2/f-2*b/d*f*arctanh (d*x+c) *c*xex* (dxx+
c)-b/d"2*%f"2*c*k (d*x+c) +b/dxfxex (d*x+c)-1/6%b/d"2*f~2x1n (d*x+c-1) *c~3+1/2%b/
d"2+f"2x1n(d*x+c-1)*c~2-1/2%b/d"2*f " 2*1n (d*x+c—1) *c+1/6*b/d~2*f " 2*1n (d*x+c+
1) *c™3+1/2xb/d"2+f " 2x1n (d*x+c+1) *c~2+1/2%b/d~2*f ~2*1n (d*x+c+1) *c-1/3*b/d" 2%
f~2xarctanh (d*x+c)*c~3+1/3*b/d~2*f " 2*arctanh (d*x+c) * (d*x+c) ~3+1/6*xb*xd/f*1n(
d*xx+c-1)*e~3+1/2*b/d*f*1n(d*x+c-1) *e-1/6*bxd/f*1n(d*x+c+1) *e~3-1/2*xb/d*f*1n
(d*x+c+1) *e+1/3%b*d/f*arctanh (d*x+c)*e~3)

Maxima [A]
time = 0.26, size = 207, normalized size = 1.72

2 2 3 330 EETIR a_ e -+ c)arta ~ 2 4 1))be?
%aﬁzwm’wé(uum-mw«wud(“" mm+<e +3c+3c \dl.,)log(dz te+l) (@-3E+3c dl‘)lug[rtz +e n))“,+%(zrzmmhw_c)w(%i(:1 +2c+ 1)};;(4: retl) | (¢ -2ed l):)‘g(dl c 1)))”/”‘"#” (2@ r)anmh(dx+t?);log[ (dz + 0)* +1))be

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) 2*(at+b*arctanh(d*x+c)),x, algorithm="maxima")

[Out] 1/3*axf~2*x~3 + axf*x"2%e + 1/6%(2*x"3*arctanh(d*x + c) + d*((d*x"2 - 4*c*x
)/d~3 + (c™3 + 3%c™2 + 3%c + 1)*log(d*x + c + 1)/d™4 - (c™3 - 3*%c™2 + 3*c -
1)*log(d*x + ¢ - 1)/d"4))*bxf~2 + 1/2%(2+x"2*arctanh(d*x + c) + d*(2xx/d"2
- (c72 + 2xc + 1)xlog(d*x + c + 1)/d"3 + (c™2 - 2%c + 1)*log(d*x + c - 1)/
d~3))*bxfxe + a*xx*xe”2 + 1/2x(2x(d*x + c)*arctanh(d*x + c) + log(-(d*x + c)~
2 + 1))*b*e”2/d

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 421 vs.
2(119) = 238.
time = 0.41, size = 421, normalized size = 3.51

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) 2*(a+b*arctanh(d*x+c)),x, algorithm="fricas")

[Out] 1/6%(2%a*xd~3*f~2%xx~3 + b*d~2*xf~2*x"2 + 6%axd~3*x*cosh(1)~2 + 6*xa*xd”3*x*sinh
(1)72 - 4xbkxcxd*f~2xx + 6% (a*d~3*f*x"2 + b*d~2xf*xx)*cosh(1l) + (3x(b*c + b)*
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d"2*cosh(1)"2 + 3*(b*c + b)*d~2*sinh(1)"2 - 3*(b*c™2 + 2*b*c + b)*d*f*cosh(
1) + (bxc™3 + 3*b*c™2 + 3*b*c + b)*f~2 + 3*x(2x(b*c + b)*d"2*cosh(1l) - (b*c~
2 + 2%b*c + b)*dxf)*sinh(1))*log(d*x + c + 1) - (3*(b*c - b)*d~2*cosh(1)"2

+ 3% (b*c - b)*d"2*sinh(1) "2 - 3*(b*c™2 - 2xb*c + b)*d*f*cosh(1l) + (b*c~3 -

3*%b*xc”2 + 3*b*c - b)*f"2 + 3x(2x(b*c - b)*d"2*cosh(1l) - (b*c™2 - 2*b*c + b)
*xd*f)*sinh(1))*log(d*x + ¢ - 1) + (b*d~3*f72xx"3 + 3*bxd~3*f*x"2*cosh(1) +

3*b*xd~3*x*cosh(1) "2 + 3*b*d~3*x*sinh(1)~2 + 3*(b*d~3*f*x"2 + 2*b*xd”~3*x*cosh
(1))*sinh(1))*log(-(d*x + c + 1)/(d*x + c - 1)) + 6x(a*d™3*f*x"2 + 2¥axd~3*
x*cosh(1) + b*d~2*f*x)*sinh(1))/d"3

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 369 vs.
2(105) = 210.
time = 2.26, size = 369, normalized size = 3.08

{(u+ atanh (¢) (22

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)**2*(a+b*atanh(d*x+c)),x)

[Out] Piecewise((axex*2*x + axexfxx**2 + axfxx2*xx**3/3 + bkc**3*xfxx2xatanh(c + dx*

x)/(3%d**3) - bxcx*2xexf*atanh(c + d*x)/d**2 + bxcx*2xfx*2xlog(c/d + x + 1/

d) /d**3 - bkxc**2*xfxx2xatanh(c + d*xx)/d**3 + bxcke**2*atanh(c + d*x)/d - 2%b

xcxexf*xlog(c/d + x + 1/d)/d**2 + 2xb*ckexf*atanh(c + d*x)/d**2 - 2xbxc*f*x2

*x/ (3*d**2) + bxckxf**2*atanh(c + d*x)/d**3 + b*exx2xx*atanh(c + d*x) + bxex

f*xx*x2xatanh(c + d*x) + b*f*x2xx**3*atanh(c + d*x)/3 + bkxexx2xlog(c/d + x +
1/d)/d - bxe**2*atanh(c + d*x)/d + bxexfxx/d + b*f**2*kx**2/(6*d) - bxexfxa

tanh(c + d*x)/d**2 + bxf*x2xlog(c/d + x + 1/d)/(3*d**3) - b*f**2*atanh(c +

d*x)/(3*d**3), Ne(d, 0)), ((a + bxatanh(c))*(e**2*x + exf*xx**2 + fx*xkx**3/

3), True))

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 976 vs. 2(112) =
224.
time = 0.43, size = 976, normalized size = 8.13

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) ~2*(atb*arctanh(d*x+c)),x, algorithm="giac")

[Out] 1/6%((c + 1)*d - (c - 1)*d)*((3*(d*x + c + 1) 2*xb*d"2*e"2/(d*x + ¢ - 1)72 -
6*%(d*x + c + 1)*bxd"2*e”2/(d*x + ¢ - 1) + 3*b*d"2%e"2 - 6*%(d*x + c + 1)72%

bxcxdxexf/(d*x + ¢ - 1)72 + 12x(d*x + ¢ + 1)*b*ckd*e*xf/(d*x + ¢ - 1) - 6%*b*
cxdxexf + 3*x(d*x + c + 1)"2xbkc™2+f72/(d*x + ¢ - 1)72 - 6%(d*x + c + 1)*Db*c
“2%f72/(d*x + ¢ - 1) + 3%bxc”2x%f"2 + 6%(d*x + ¢ + 1) " 2xbxdxexf/(d*x + ¢ - 1

)72 - 6%(d*x + c + 1)*bxd*exf/(d*x + ¢ — 1) - 6x(d*x + c + 1) " 2%b*cxf~2/(d*

X+ c-1)"2 + 6x(d*x + c + 1)*bxc*f"2/(d*x + ¢ - 1) + 3*(d*x + c + 1) 2%b*
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£72/(d*x + ¢ - 1)72 + bxf"2)*log(-(d*x + ¢ + 1)/(d*x + c - 1))/((d*x + c +
1)7°3%d"4/(d*x + ¢ - 1)73 - 3*%(d*x + ¢ + 1)72*%d"4/(d*x + ¢ - 1)72 + 3*x(d*x +
c + 1)*d74/(d*x + ¢ - 1) - d74) + 2x(3x(d*x + ¢ + 1) 2*a*xd"2*xe"2/(d*x + c
- 1)72 - 6x(d*x + ¢ + 1)*a*d"2*%e"2/(d*x + ¢ - 1) + 3*a*xd"2*e”2 - 6x(d*x + c
+ 1) 2xaxckd*exf/(d*xx + ¢ - 1)72 + 12+%(d*x + c + 1)*axckd*e*xf/(d*x + ¢ - 1
) — 6*axcxdxexf + 3*%(d*x + c + 1) 2xaxc”™2*%f72/(d*x + ¢ - 1)72 - 6%(d*x + c
+ 1)*axc™2xf"2/(d*x + ¢ - 1) + 3*xaxc™2+%f"2 + 6x(d*x + c + 1) 2%axdxexf/(d*x
+ ¢c - 1)72 - 6%(d*x + ¢ + 1)*axdxexf/(d*x + ¢ - 1) + 3x(d*x + c + 1) 2%bxd
xexf/(d*x + ¢ - 1)72 - 6x(d*x + ¢ + 1)*b*d*e*f/(d*x + ¢ - 1) + 3*bxd*exf -
6*%(d*x + c + 1)"2xaxc*f~2/(d*x + ¢ - 1)72 + 6*%(d*x + c + 1)*axcxf~2/(d*x +
c — 1) - 3%(d*x + c + 1)"2xbxc*f~2/(d*x + ¢ - 1)72 + 6%(d*x + c + 1)*b*cxf~
2/(d*x + ¢ — 1) - 3*bkc*f~2 + 3x(d*x + ¢ + 1) 2*a*xf~2/(d*x + ¢ - 1)72 + axf
"2 + (d*x + ¢ + 1)72%b*xf72/(d*x + ¢ - 1)72 - (d*x + ¢ + 1)*bxf~2/(d*x + ¢ -
1))/((d*x + ¢ + 1)73%d"4/(d*x + ¢ - 1)°3 - 3*%(d*x + ¢ + 1)72%d"4/(d*x + ¢
- 1)72 + 3*%(d*x + ¢ + 1)*d74/(d*x + ¢ - 1) - d74) - (3*bxd"2*xe”2 - 6*bkc*dx*
exf + 3*b*c™2*xf72 + b*f"2)*log(-(d*x + ¢ + 1)/(d*x + c - 1) + 1)/d"4 + (3%b
*d"2%e”2 - 6xbxckdkexf + 3*b*c"2xf72 + b*f"2)*log(-(d*x + ¢ + 1)/(d*x + c -

1))/d"4)

Mupad [B]
time = 1.39, size = 381, normalized size = 3.18

2e(lblgpett ) 4iapy acde + 308 4 30de] 90 s | af0F J‘] (1220 poy g erde o) (Frd(E befer i) ¢ @ (3 -00) 20092 ) inerda i) (£ -d (B2 vefer ) ¢ 8 (407 10002 0F)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e + fxx)~2%(a + b*atanh(c + d*x)),x)

[Out] x"2x((f*x(b*f + 6xaxckf + 6xaxd*e))/(6%d) - (a*xc*f~2)/d) - log(l - d*x - c)*
((bxf~2%x73) /6 + (b*e"2xx)/2 + (b*xexf*x72)/2) - x*x((2*c*((fx(b*xf + 6*axcxf

+ 6*axdxe))/(3*%d) - (2*a*c*f~2)/d))/d - (3*axc”™2*f~2 - 3*xa*xf~2 + 3*xaxd"2*e”

2 + 3xbxd*exf + 12%axcxd*e*f)/(3xd"2) + (axf~2*(3*c”2 - 3))/(3*d"2)) + log(

c + d*x + 1)*((b*f~2*xx"3)/6 + (b*xe"2*x)/2 + (b*exf*x~2)/2) + (axf~2%*x~3)/3

+ (log(c + d*x - 1)*((b*xf~2)/6 + d*((bxexf)/2 + (bxc~2%e*f)/2 - bxcxexf) +
d"2x((bxe~2)/2 - (b*c*e~2)/2) + (bxc™2xf~2)/2 - (b*xc~3*%f"2)/6 - (b*c*xf~2)/2
))/d"3 + (log(c + d*x + 1)*x((b*£72)/6 - dx((b*xe*f)/2 + (b*c™2%exf)/2 + bx*c*

exf) + d"2%((bxe”2)/2 + (bxcxe”2)/2) + (bxc™2%f72)/2 + (b*c~3*xf~2)/6 + (b*c
x£~2)/2))/d"3
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3.33 [(e+ fz) (a+ btanh*(c+ dz)) d

Optimal. Leaf size=97

bfr (e+ fz)? (a+btanh '(c+dz)) b(de+ f —cf)?log(l — c—dx) b(de — (1+c)f)?log(l + ¢+ dx)
2d * 2f + AP ] B A f

[Out] 1/2*%bxfxx/d+1/2*%(f*xx+e) 2% (a+b*arctanh(d*x+c))/f+1/4*b*(-cxf+d*xe+f) "2x1n(-d
*x-c+1) /d"2/f-1/4*xbx (d*xe- (1+c) *f) "2*1n(d*x+c+1)/d"2/f

Rubi [A]
time = 0.12, antiderivative size = 97, normalized size of antiderivative = 1.00, number of

number of rules _
’ integrand size 0.312,

steps used = 7, number of rules used = 5, integrand size = 16
Rules used = {6246, 6063, 716, 647, 31}

(e+ fz)? (a+btanh™'(c +dz)) = b(—cf +de+ f)?log(—c —dz +1)  b(de — (c+1)f)?log(c + dz + 1) bfz
of + A f - AP f 2d

Antiderivative was successfully verified.

[In] Int[(e + f*x)*(a + b*ArcTanh[c + d*x]),x]

[Out] (bxfxx)/(2*%d) + ((e + f*x)~"2*(a + bxArcTanh[c + d*x]))/(2*%f) + (bx(d*xe + f
- cxf)"2xLog[l - ¢ - d*x])/(4*%d"2*xf) - (b*(d*e - (1 + c)*f)~2xLog[l + c + d
*xx] )/ (4%d~2*f)

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, x]

Rule 647

Int[((d)) + (e_.)*x(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> With[{q = Rt[(-
a)*c, 2]}, Dist[e/2 + c*x(d/(2*%q)), Int[1/(-q + c*x), x], x] + Dist[e/2 - cx*
(d/(2xq)), Int[1/(q + c*x), x], x]] /; FreeQ[{a, c, d, e}, x] && NiceSqrtQ[
(-a)*c]

Rule 716

Int[((d_) + (e_.)*x(x_))"(m_)/((a_) + (c_.)*(x_)"2), x_Symbol] :> Int[Polyno
mialDivide[(d + e*x)"m, a + c*x~2, x], x] /; FreeQ[{a, c, d, e}, x] && NeQ[
cxd”2 + a*e”2, 0] && IGtQ[m, 1] && (NeQ[d, 0] || GtQ[m, 2])

Rule 6063

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol
1 :> Simp[(d + e*x)~(q + 1)*((a + b*ArcTanh[c*x])/(ex(q + 1))), x] - Dist[b
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*(c/(ex(q + 1))), Int[(d + exx)~(q + 1)/(1 - ¢c~2%x~2), x], x] /; FreeQ[{a,
b, c, d, e, q}, x] && NeQlq, -1]

Rule 6246

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)I*x(0_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[((d*e - c*f)/d + f*(x/d)) m*x(a + bxA
rcTanh[x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, ¢, d, e, f, m}, x] && IGt
Qlp, 0]

Rubi steps

Subst ([ (@ + %z) (a+ btanh™(z)) dz, z,c + dz)
d

/(e + fz) (a+ btanh™(c + dz)) dz =

bSubst | [ wi—t%) dz,z,c
(e + fx)? (a+ btanh™*(c + dz)) z
= 57 3 .
_ (e + fxz)? (a+btanh_1(c+dm)) bSubst (f <_§_; + M
= 7 B
_bfz  (e+ fz)? (a+btanh (c+dy)) bSubst ( [ L2edei 1
b (et o s bt e d) O+ £ — )b
Tt 2f - 4d
_ bfz + (e + fz)? (a + btanh™'(c + dz)) N b(de + f — cf)?log(1 -
2d 2f 1]

Mathematica [A]
time = 0.07, size = 138, normalized size = 1.42

aex + bfw + %aff + bez tanh ™' (c + dz) + %bfyn2 tanh™'(c + dz) + u

(1—2c+c?) flog(1l — c — dx) n b(—1—2c—c?) flog(1 + c+dx) n be(—((—1+c)log(1 — ¢ — dz)) + (1 + ¢)log(1 + ¢ + dx))
2d

4d? 4d? 2d

Antiderivative was successfully verified.

[In] Integrate[(e + f*x)*(a + b*ArcTanh[c + d*x]),x]

[Out] axexx + (b*f*xx)/(2xd) + (axf*x~2)/2 + bkexx*ArcTanh[c + d*x] + (b*f*x~2*Arc
Tanh[c + d*x])/2 + (b*x(1 - 2xc + c~2)*f*Log[l - ¢ - d*x])/(4xd"2) + (bx(-1

- 2xc - c"2)*f*Log[l + c + d*x])/(4xd"2) + (bxex(-((-1 + c)*Logl[l - c - d*x

1) + (1 + c)*Logll + ¢ + d*x]))/(2xd)



Maple [B] Leaf co
2(89) = 178.
time = 0.19, size =
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unt of result is larger than twice the leaf count of optimal. 184 vs.

185, normalized size = 1.91

method result
a (fC(derc)fe(derc)dfAf(d$2+0)2 > , ha fetd ) , ha " )2 brd
arctan x+c) fe(dx+c arctan. T—+cC x+c T
. . o . — — +e(dz+c)barctanh(dz+c)+ +
derivativedivides 4 4 (dztc) (dztc) 2d 7 2d
f(dz+o)? )
a| fe(dztec)—e(dztc)d———F——
_ < . _b arctanh(dz;c)fc(da:-ﬁ-c) -I—e(dx—i—c)b arctanh(dm+c)+ b arctanh(dacz-;c)f(dar;-g-c)2 + bf(céa;
default 3
isch bz(fz+2e) In(dz+c+1) bf 22 In(—dz—c+1) bex In(—dz—c+1) af z? In(dz+c+1)bc? f In(dz+c+1)b
IS¢ 1 - 1 - 2 +75 - 12 + 2d

Verification of antiderivative is not currently implemented for this CAS.

[In] int((f*x+e)*(at+b*arctanh(d*x+c)),x,method=_RETURNVERBOSE)

[Out] 1/d*x(-a/d*(fxcx(d*x+c)-ex(d*x+c)*d-1/2xf*(d*x+c) ~2)-b/d*arctanh (d*x+c)*f*xcx*
(d*x+c)+e* (d*x+c) *bkarctanh (d*x+c)+1/2*b/d*arctanh (d*xx+c) *f* (d*x+c) ~2+1/2%b
/d*xf*(d*xx+c)-1/2xb/d*1n(d*x+c-1) *f*c+1/2*bxex1n (d*x+c-1)+1/4*b/d*1n(d*x+c-1
)*xf-1/2%b/d*1n(d*x+c+1) *f*xc+1/2*%bxex1n(d*x+c+1)-1/4%b/d*1n(d*x+c+1) *f)

Maxima [A]
time = 0.26, size =

%af12+ % (212artanh(dz+0)+d(

Verification of antid

111, normalized size = 1.14

(2 (dz + ¢) artanh (dz + ¢) + log (—(dz + ¢)* +1) ) be

2z (+2c+1)log(de+c+1) 4 (02—20+1)log(dx+cfl)))bf+aze+
2d

2 & &

erivative is not currently implemented for this CAS.

[In] integrate((f*x+e)*(atb*arctanh(d*x+c)),x, algorithm="maxima")

[Out] 1/2*%axf*x"2 + 1/4%(2*x"2*arctanh(d*x + c) + d*x(2*x/d"2 - (c”2 + 2*%c + 1)*lo
g(d*x + ¢ + 1)/d"3 + (c72 - 2*%c + 1)*log(d*x + c - 1)/d73))*b*f + axx*e + 1
/2% (2% (d*x + c)*arctanh(d*x + c) + log(-(d*x + c)~2 + 1))*bxe/d

Fricas [A]
time = 0.37, size =

2ad?fz? + 4ad?z cosh (1) + 4 ad*z sinh (1) + 2bdfz + (2 (be

177, normalized size = 1.82

c + b)d cosh (1) + 2 (be + b)dsinh (1) — (be? + 2be + b)f) log (dz + ¢ +1) — (2 (be — b)d cosh (1) + 2 (be — b)dsinh (1) — (be? — 2be + b) f) log (dz + ¢ — 1) + (b2 + 2bd®x cosh (1) + 2 bz sinh (1)) log (—4ezet])

i®

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)*(atb*arctanh(d*x+c)),x, algorithm="fricas")

[Out] 1/4*%(2*a*xd"2xf*x"2 + 4xaxd~2*x*cosh(l) + 4*axd~2*x*sinh(1l) + 2*¥bxdxf*x + (2
*(bkc + b)*dxcosh(1l) + 2x(b*c + b)*d*sinh(1) - (b*c™2 + 2¥b*c + b)*f)*log(d

*x + ¢ + 1) - (2%(b*xc - b)*d*cosh(1l) + 2*(b*c - b)*d*sinh(1) - (b*c™2 - 2xb

xc + b)*xf)*xlog(d*x + c - 1) + (bxd"2*f*x"2 + 2%b*d~2*x*cosh(1l) + 2xb*xd~2%x*
sinh(1))*log(-(d*x + ¢ + 1)/(d*x + c - 1)))/d"2
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Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 173 vs.
2(82) = 164.
time = 1.04, size = 173, normalized size = 1.78

{aez + # _ bc’fatazl?ﬂh(udz) + bcsaﬁan: (ctdz) _ beflog (dﬁ;rﬁ%) + bcfaﬁar;};(c+dz) + bez atanh (¢ + dz) + bfzzatar;h(ﬁ»dz) + belog(ﬁdﬂﬁ) _ beatanl;(c+dz) + %I _ bfatal;l;z(ﬁ»dz) ford 0

(a + batanh (c)) (ez + %) otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)*(at+b*atanh(d*x+c)),x)

[Out] Piecewise((a*exx + a*xfxx**x2/2 - bxcxx2xfxatanh(c + d*x)/(2*xd**2) + b*cxexat
anh(c + d*x)/d - bxcxfxlog(c/d + x + 1/d)/d**2 + bkcxfxatanh(c + d*x)/d**2

+ b¥exx*atanh(c + d*x) + b*f*xx*2%atanh(c + d*x)/2 + b*exlog(c/d + x + 1/d)

/d - bxexatanh(c + d*x)/d + bxf*xx/(2+%d) - bxf*atanh(c + d*x)/(2xd**2), Ne(d

, 0)), ((a + b*atanh(c))*(exx + fxx*x2/2), True))

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 341 vs. 2(89) =
178.
time = 0.43, size = 341, normalized size = 3.52

(dz+ct1)bde (dz+ct1)bef (dz+et1)bf dztc- - ac 2 (dz+c+1)ac 2 (dz+c+1)a, lz-+c- o] lz+c-
= —bde — US| o 4 Ut ) log (—fetetl)  2(stert _ g g, _ 2stetteel g g 2stelal | Gt _pr (e — bef)log (—d2etl + 1) (bde — bef) log (— et
) dotet '@ 2(datetDd 4 g3 dotet'E _ 2(datet)d 4 g3 - &3 + 3

(dzte—1)? dote—1 (da- 2 dote—1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)*(atb*arctanh(d*x+c)),x, algorithm="giac")

[Out] 1/2*((c + 1)*d - (c - 1)*d)*(((d*x + c + 1)*bxd*e/(d*x + ¢ - 1) - b*dxe - (
d*x + ¢ + 1)*b*c*xf/(d*x + ¢ — 1) + bkc*f + (d*x + ¢ + 1)*b*f/(d*x + ¢ - 1))
xlog(-(d*x + ¢ + 1)/(d*x + ¢ - 1))/((d*x + c + 1)72%d"3/(d*x + ¢ - 1)72 - 2
*(d*x + ¢ + 1)*d"3/(d*x + ¢ - 1) + d73) + (2%(d*x + c + 1)*axd*xe/(d*x + c -
1) - 2%axdxe - 2*%(d*x + c + 1)*axcxf/(d*x + c — 1) + 2¥axcxf + 2*(d*x + c
+ D*axf/(d*x + ¢ = 1) + (d*x + ¢ + 1)*b*xf/(d*x + ¢ - 1) - b*f)/((d*x + c +
1)72%d~3/(d*x + ¢ - 1)72 - 2%(d*x + ¢ + 1)*d"3/(d*x + ¢ - 1) + d”3) - (b*d
xe — b*ckxf)*log(-(d*x + ¢ + 1)/(d*x + ¢ - 1) + 1)/d"3 + (b*d*e - bxcxf)x*log
(-(d*x + ¢ + 1)/(@*x + c - 1))/d"3)

Mupad [B]
time = 1.34, size = 136, normalized size = 1.40

2 2 2 _ 2
dezt afZI . beln(c?+2cdz+d*z? — 1) _ bfatanh(c+dz) 4 b f 2% atanh(c + d z) N bedz +besatanh(c+ dz) —

b fatanh(c+da) befIn(®+2cdz+d?a® —1) . bceatanh(c +dz)
2d 24?2 2

2d? 2d? d

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e + f*x)*(a + b*atanh(c + d*x)),x)

[Out] a*xexx + (axf*x"2)/2 + (bxexlog(c™2 + d72%x"2 + 2xcxd*x - 1))/(2%d) - (bxfxa
tanh(c + d*x))/(2%d"2) + (b*f*x"2*atanh(c + d*x))/2 + (b*f*xx)/(2%d) + b*e*x
*atanh(c + dxx) - (bxc™2xf*atanh(c + d*x))/(2*d"2) - (b*cxfxlog(c™2 + d™2#*x

~2 + 2%ckd*x - 1))/(2%d"2) + (b*c*e*atanh(c + d*x))/d
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3.34 [ (a+btanh™'(c +dz)) dz

Optimal. Leaf size=40

b(c + dz) tanh ™! (c + dz) N blog (1 — (c + dz)?)

ax d 2

[Out] a*x+b*(d*x+c)*arctanh(d*x+c)/d+1/2xbx1n(1-(d*x+c)~2)/d

Rubi [A]
time = 0.02, antiderivative size = 40, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.300,

steps used = 4, number of rules used = 3, integrand size = 10,
Rules used = {6238, 6021, 266}

N blog (1 — (c + dz)?) N b(c + dz) tanh ™' (c + dz)

ax 2d d

Antiderivative was successfully verified.

[In] Int[a + bx*ArcTanh[c + d*x],x]

[Out] a*x + (b*(c + d*x)*ArcTanh[c + d*x])/d + (b*Log[l - (c + d*x)~2])/(2%d)
Rule 266

Int[(x_)~"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
t[a + bxx"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 6021

Int[((a_.) + ArcTanh[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.), x_Symbol] :> Simp[x*(a
+ bxArcTanh[c*x"n])"p, x] - Dist[b*c*n*p, Int[x"n*((a + bxArcTanh[c*x"n])~
(p - 1/ - c™2%x"(2%n))), x], x] /; FreeQ[{a, b, c, n}, x] && IGtQ[p, O]
& (EqQ[n, 1] || EqQlp, 11)

Rule 6238

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)1*(b_.))"(p_.), x_Symbol] :> Dist[1/d
, Subst[Int[(a + b*ArcTanh[x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, d}
, x] && IGtQ[p, 0]

Rubi steps
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/ (a+btanh™(c+dz)) dz = az + b/tanh_l(c + dz) dx
bSubst ([ tanh™'(z) dz, z, ¢ + dz)

=axr + P
b(c+ dz)tanh ' (c+ dz) bSubst([ 1%z dz,z,c+ dx)
=ar + 4 — ¥
-1 _ 9
ezt b(c+ dx) ta;lh (c+ dx) + blog (1 220 + dx)?)

Mathematica [A]
time = 0.02, size = 48, normalized size = 1.20

az + ba tanh~ (¢ + dz) + b(—((—=14+c)log(l —c— dazcgl) + (1 +¢) log(1 + ¢ + dz))

Antiderivative was successfully verified.

[In] Integratel[a + b*ArcTanh[c + d*x],x]
[Out] a*x + bxx*ArcTanh[c + d*x] + (b*(-((-1 + c)*Log[l - ¢ - d*x]) + (1 + c)*Log
[1 + c + d*x]))/(2xd)

Maple [A]
time = 0.58, size = 44, normalized size = 1.10

method result
bln(1-(do+c)?)
derivativedivides (dz+c)a+t(dz+c)b arctan(lil(dx+c)+ —
barctanh(dz+-c)c bln<1—(dﬂﬂ+c)2)
default ax + barctanh (dz + ¢) x + d( toe | -
risch ar + bln(dw;—c—}—l)x _ bxln(—ciac—c-{-l) + bln(—dzxd—c—l)c _ bln(da;—;c—l)c + bln(—téz—c—l) + bln(da;(—ii—c

Verification of antiderivative is not currently implemented for this CAS.
[In] int(atb*arctanh(d*x+c),x,method=_RETURNVERBOSE)
[Out] a*x+b*arctanh(d*x+c)*x+b/d*arctanh(d*x+c)*c+1/2¥b*1n(1-(d*x+c)~2)/d

Maxima [A]
time = 0.26, size = 36, normalized size = 0.90

(2 (dz + c) artanh (dz + ¢) + log (—(dz +¢)* +1))b
ax + 2d
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atb*arctanh(d*x+c),x, algorithm="maxima")
[Out] a*x + 1/2%(2*(d*x + c)*arctanh(d*x + c) + log(-(d*x + c)~2 + 1))*b/d
Fricas [A]

time = 0.38, size = 61, normalized size = 1.52

bdz log (—9£51) 4 2adx + (be + b) log (dz + ¢ + 1) — (be — b) log (dz + ¢ — 1)
2d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(a+b*arctanh(d*x+c),x, algorithm="fricas")
[Out] 1/2*%(bxd*x*log(-(d*x + c + 1)/(d*x + c - 1)) + 2*a*xd*x + (bxc + b)*log(d*x
+ c+ 1) - (bxc - b)*xlog(d*x + c - 1))/d

Sympy [A]
time = 0.23, size = 46, normalized size = 1.15

b cata,nhd(c-i-dx) + zatanh (C + d.’l?) + log (c—i(—idx-l—l) _ atanhl(ic+dac) for d ?é 0
azxr
z atanh (c) otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(at+b*atanh(d*x+c),x)
[Out] a*x + bxPiecewise((c*atanh(c + d*x)/d + x*atanh(c + d*x) + log(c + d*x + 1)
/d - atanh(c + d*x)/d, Ne(d, 0)), (x*atanh(c), True))

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 200 vs. 2(38) =

76.
time = 0.40, size = 200, normalized size = 5.00

(M,H 4
_ dz+c—1 1
¢ (dztctD)d _, +
lo S dofo—1_
tae B T e
—dr—c1 z+c—
1 — .
S ((e+ 1)d 1d)b log (5T )  tog (| —detet 1)) eser
5((04- )d — (c—1)d) a2 - a2 + 2 (Lt ) +az
dz+c—1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atb*arctanh(d*x+c),x, algorithm="giac")

[Out] 1/2%((c + 1)*d - (c - 1)*d)*bx(log(abs(-d*x - ¢ - 1)/abs(d*x + ¢ - 1))/d"2
- log(abs(-(d*x + ¢ + 1)/(d*x + ¢ - 1) + 1))/d"2 + log(-(c - ((d*x + c + 1)
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*(c - 1)/(d*x + c - 1) - c - 1)*d/((d*x + ¢ + 1)*d/(d*x + c - 1) - 4d) + 1)/
(c - ((@*x + ¢c + D*x(c - 1)/(d*x + ¢ - 1) - ¢ - 1)*d/((d*x + ¢ + 1)*d/(d*x
+c-1) -d) - 1))/(@2%((d*x + ¢ + 1)/(d*x + ¢ - 1) - 1))) + a*xx

Mupad [B]
time = 1.44, size = 48, normalized size = 1.20

b ln(c2+20dz+d2 :E2—1) beatanh d
azx + 2 d+ catanh(c + dz) + bz atanh(c+ dx)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(a + b*atanh(c + d*x),x)
[Out] a*x + ((b*log(c™2 + d~2*x~2 + 2%c*d*x - 1))/2 + bxc*atanh(c + d*x))/d + b*x
*atanh(c + d*x)
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3.35 f a+btanh ™! (c+dx) dx

e+fx
Optimal. Leaf size=130
(a+ btanh™'(c+ dz)) log (725) N (a+btanh™ (c + dz)) log <(de-|—f2:ié;—)‘r({g—cl—)c+dx)> +bPolyLog (2,1 -
f f 2f

[Out] -(a+b*arctanh(d*x+c))*1n(2/(d*x+c+1))/f+(a+b*arctanh(d*x+c))*1n(2*d* (f*x+e)
/ (—cxf+dxe+f) / (d*x+c+1))/f+1/2xb*polylog(2,1-2/(d*x+c+1)) /f-1/2*%b*polylog(2
, 1-2xd* (f*x+e) / (-cxf+d*xe+f) / (d*xx+c+1)) /£

Rubi [A]
time = 0.10, antiderivative size = 130, normalized size of antiderivative = 1.00, number of

number of rules _ ( 97g
integrand size ’

steps used = 5, number of rules used = 5, integrand size = 18,
Rules used = {6246, 6057, 2449, 2352, 2497}

-1 2d(e+fz) _ : 2d(e+fz) .
(a+btanh™(c + dz)) log <7(c+dm+1)(,cf+de+f)> log (ﬁ) (a+btanh™(c + dz)) bLis (1 - (de—cf+f)(c+d:v+1)) N bLis (1 — ﬁ)

f f 2f 2f

Antiderivative was successfully verified.
[In] Int[(a + bxArcTanh[c + d*x])/(e + f*x),x]

[Out] -(((a + b*ArcTanh[c + d*x])*Log[2/(1 + c + d*x)])/f) + ((a + b*ArcTanh[c +
d*x])*Log[(2*d*(e + f*x))/((d*e + £ - cxf)*(1 + ¢ + d*x))]1)/f + (b*PolyLogl

2, 1 -2/(1 + ¢ + d*x)])/(2%f) - (b*PolyLogl[2, 1 - (2xd*(e + f*x))/((d*e +

f - cxf)*(1 + c + d*x))])/(2%f)

Rule 2352

Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQ[{c, d, e}, x] && EqQle + c*d, 0]

Rule 2449

Int[Logl(c_.)/((d_) + (e_.)*x(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Log[2*d*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] && EqQ[c, 2*d] &% EqQle~2xf + d~2*g, 0]

Rule 2497

Int[Loglu_J*(Pq_)~(m_.), x_Symbol] :> With[{C = FullSimplify[Pq m*((1 - u)/

D[u, x1)1}, Simp[C*PolyLog[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&

PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
x] [[2]], Expon[Pq, x]]

Rule 6057



217

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> S
imp[(-(a + b*ArcTanh[c*x]))*(Log[2/(1 + c*x)]/e), x] + (Dist[b*(c/e), Int[L
ogl2/(1 + c*x)]1/(1 - c~2%x72), x], x] - Dist[b*(c/e), Int[Log[2*c*((d + e*x
)/((c*xd + e)*(1 + c*xx)))]/(1 - c”2*%x~2), x], x] + Simp[(a + b*ArcTanh[c*x])
*(Log[2%c*((d + e*xx)/((cxd + e)*(1 + c*x)))]/e), x]) /; FreeQ[{a, b, c, d,
e}, x] && NeQ[c™2x%d"2 - e~2, 0]

Rule 6246

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)I*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[((d*e - cxf)/d + f*(x/d)) m*(a + b*A
rcTanh[x])“p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGt
Qlp, 0]

Rubi steps

_ Subst a—i—bianh_l(m)d ., d
/a-l—btanh 1(c-l—dgy) dp — ubs (f—%Jr%z T, T, C+ z)

e+ fz d

a + btanh™ (c + dz)) log a anh (¢ +ax)) log ( G f—cj

— ' 1+c2—|—dz + ( + btanh 1( +d )) ! ( e
B f f

a+ btanh™ (c+ dx)) log (—=— a anh “(c+dzx)) log | o+ f—cj

_ ' 1+62+d9: + ( * btanh 1( + d )> : ( A
B f f

(a+btanh™'(c+ dz)) log (52—) (a +btanh™ (c + dz)) log <(de+f2ii£j

- _ 1+c+dx +

f f

Mathematica [C] Result contains complex when optimal does not.
time = 0.36, size = 329, normalized size = 2.53

) e i o (£52) e ) ) - 30—t~ B - (272) e ) o i o .2 00) o (452) Y ) (1.2 2 604)) (om0 () (272 ) b (s s (252) b)) a2

Antiderivative was successfully verified.

[In] Integrate[(a + b*ArcTanh[c + dx*x])/(e + f*x),x]

[Out] (a*Logle + f*x] + b*ArcTanh[c + d*x]*(-Log[1/Sqrt[1 - (c + d*x)~2]] + Logl[I

*Sinh[ArcTanh[(d*e - c*f)/f] + ArcTanh[c + d*x]]]) - (I/2)*b*((-1/4*I)*(Pi
- (2*%I)*ArcTanh[c + d*x])~2 + I*(ArcTanh[(d*e - cxf)/f] + ArcTanh[c + d*x])
2 + (Pi - (2*I)*ArcTanh[c + d*x])*Logl[l + E~(2*ArcTanh[c + dxx])] + (2xI)x*



218

(ArcTanh[(d*e - cxf)/f] + ArcTanh[c + d*x])#*Log[l - E~(-2*(ArcTanh[(d*e - c
xf)/f] + ArcTanh[c + d*x]))] - (Pi - (2xI)*ArcTanh[c + d*x])*Logl[2/Sqrt[1 -
(c + d*x)~2]] - (2*I)*(ArcTanh[(d*e - cxf)/f] + ArcTanh[c + d*x])*Log[(2*I
)*Sinh[ArcTanh[(d*e - cxf)/f] + ArcTanh[c + d*x]]] - I*PolyLog[2, -E~(2*Arc
Tanh[c + d*x])] - I*PolyLog[2, E~(-2*(ArcTanh[(d*e - c*f)/f] + ArcTanh[c +

d*x1))1))/f

Maple [A]
time = 13.64, size = 220, normalized size = 1.69

method result

. (—dz—c+1)f+cf—de—f (—dz—c+1)f+cf—de—f
. bd110g< cf—de—f ) bln(—dz—c+1) ln( cf—de—f ) aln((—dz—c+1) f+cf—de—f)
risch - of - 2f + f +

bdln(cf —de—f(dz+c)) ln(%) bd dilog(%}ﬂi—?_}i

adln(cf—de—f(dz+c)) + bdIn(cf—de—f(dz+c)) arctanh(dz+c)
derivativedivides L L = 5 =
—f(da+o)—f don( =F(dzte)—f
ad 1n(cf—de—f(da:+c))+bd In(cf—de—f(dz+c)) arctanh(dz+c) _bdln(cf—de—f(dw+c))ln( —cf+de—f ) _bdd log( —cf+de—f
default L L = - =

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arctanh(d*x+c))/(f*x+e),x,method=_RETURNVERBOSE)

[Out] 1/d*(a*d*1n(cxf-d*e-f*(d*x+c))/f+bxd*1n(c*f-d*xe-f*(d*x+c))/f*arctanh(d*x+c)
-1/2xbxd/f*1n(cxf-d*e-f* (d*x+c) ) *1n((-f*(d*x+c)-f)/(-cxf+d*e-f))-1/2%b*d/fx*
dilog((-f*x(d*x+c)-f)/(-c*xf+dxe-f))+1/2xb*d/f*1n(c*f-d*e-f*(d*x+c))*1n((-f*(
dxx+c)+f) / (-cxf+dxe+f) ) +1/2xbxd/f*dilog ((~f* (d*x+c)+f) / (~c*xf+d*e+f)))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctanh(d*x+c))/(f*x+e),x, algorithm="maxima")

[Out] 1/2*bxintegrate((log(d*x + c + 1) - log(-d*x - c + 1))/(f*x + e), x) + ax*lo
g(f*x + e)/f

Fricas [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c))/(f*x+e),x, algorithm="fricas")



[Out] integral((b*arctanh(d*x + c) + a)/(f*x + e), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ a + batanh (c + dz)
dz
e+ fz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*atanh(d*x+c))/(f*x+e),x)
[Out] Integral((a + b*xatanh(c + d*x))/(e + f*x), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctanh(d*x+c))/(f*x+e),x, algorithm="giac")

[Out] integrate((b*arctanh(d*x + c) + a)/(f*x + e), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ a + batanh(c+ dx)
dz
e+ fx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + bxatanh(c + d*x))/(e + f*x),x)
[Out] int((a + b*atanh(c + d*x))/(e + f*x), x)

219
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3.36 f a+btanh ™! (c+dx) dx

(e+fx)?
Optimal. Leaf size=115
_a+ btanh™'(c + dx) _bdlog(1l — ¢ —dz) +bd10g(1 +c+dz) bdlog(e + fz)
fle+ fa) 2f(de+f—cf) | 2f({de—f—cf) (@e+f—ch(de—(1+0)f)

[Out] (-a-b*arctanh(d*x+c))/f/(fxx+e)-1/2*b*d*1n(-d*x-c+1)/f/(—cxf+d*xe+f)+1/2xb*xd
*1n (d*x+c+1) /f/ (-cxf+d*xe-f)-b*d*1n (f*x+e)/(-c*xf+d*e-f) / (—cxf+d*xe+f)

Rubi [A]
time = 0.12, antiderivative size = 115, normalized size of antiderivative = 1.00, number of

number of rules _ ( 97g
’ integrand size ’

steps used = 7, number of rules used = 5, integrand size = 18
Rules used = {6244, 2007, 719, 31, 646}

_a+t btanh™'(c + dz) _bdlog(—c—dz+1)  bdlog(c+dzx+1) bdlog(e + fz)

fe+ fx) 2f(—cf +de+f) ' 2f(—cf+de—f) (—cf+de+ f)(de— (c+1)f)

Antiderivative was successfully verified.
[In] Int[(a + bxArcTanh[c + d*x])/(e + f*x)~2,x]

[Out] -((a + b*ArcTanh[c + d*x])/(fx(e + f*x))) - (b*d*Logl[l - c - d*x])/(2xfx(d*
e + £ - c*f)) + (bxdxLogl[l + c + d*x])/(2*f*(d*e - £ - c*f)) - (b*d*Logl[e +
fxx])/((d*e + £ - c*xf)x(d*e - (1 + c)*f))

Rule 31

Int[((a_) + (b_.)*(x_))"(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, x]

Rule 646

Int[((d_.) + (e_.)*(x))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> W
ith[{q = Rt[b™2 - 4xa*c, 2]}, Dist[(c*d - ex(b/2 - q/2))/q, Int[1/(b/2 - q/
2 + c*x), x], x] - Dist[(c*d - ex(b/2 + q/2))/q, Int[1/(b/2 + q/2 + c*x), x
1, x1] /; FreeQ[{a, b, c, d, e}, x] && NeQ[2*c*d - bxe, 0] && NeQ[b~2 - 4*a
xc, 0] &% NiceSqrtQ[b~2 - 4x*axc]

Rule 719

Int[1/(((d_.) + (e_)*(x_))*x((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)), x_Symbol]
:> Dist[e™2/(c*d"2 - bxd*e + a*e”™2), Int[1/(d + e*x), x], x] + Dist[1/(c*d
~2 - bxd*e + a*e”2), Int[(cxd - bxe - cxe*x)/(a + b*x + c*x~2), x], x] /; F
reeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4x*axc, 0] && NeQ[c*xd~2 - bxdxe + axe”
2, 0] && NeQ[2*cxd - bxe, 0]
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Rule 2007

Int[(u_)"(m_.)*(v_)~(p_.), x_Symbol] :> Int[ExpandToSum[u, x] m*ExpandToSum
[v, x17p, x] /; FreeQ[{m, p}, x] &% LinearQ[u, x] && QuadraticQ[v, x] && !
(LinearMatchQ[u, x] && QuadraticMatchQ[v, x])

Rule 6244

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)]*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_), x_Symbol] :> Simp[(e + f*x)“(m + 1)*((a + bxArcTanh[c + d*x]) p/(f*(m
+ 1))), x] - Dist[b*d*(p/(f*(m + 1))), Int[(e + f*x)"(m + 1)*((a + b*ArcTan
hlc + axx1)~"(p - 1)/(1 - (c + d*x)"2)), x], x] /; FreeQ[{a, b, c, 4, e, £},
x] &% IGtQlp, 0] && ILtQ[m, -1]

Rubi steps
/ a + btanh™'(c + dr) 0t btanh ' (c+dz) (D) | Grrmateray 9%
(e + fz)? fle+ fz) f
__a+t btanh™'(c + dx) + (bd) | (et fa:)(l—c21_2cdz—d2:vz) dz
fle+ fz) f
a+ btanh™'(c + dz) (bd) [ %%% dzx (bdf) [ .
T fle+ fz) f(—d?e? + 2cdef + (1 — ¢?) f?) + —d%e? + 2cde f
_ a+btanh ' (c+ dx) bdlog(e + fz) (bd®) [ 2 da
~ flevfr)  (de—f—cf)de+f—cf)  2f(de—f—cf)
__a+ btanh™'(c + dx) _ bdlog(1l — ¢ — dx) N bdlog(l +c+dz) t
fle+ fz) 2f(de+f—cf) = 2f(de—f—cf) (de—f

Mathematica [A]
time = 0.13, size = 125, normalized size = 1.09

1 (_ 2a 2btanh™!(c + dz) bdlog(l —c—dz)  bdlog(l+c+dz) 2bd log(e + fx)
f(

2 e+ fr)  fle+ fo) f(—=de+(=1+c)f) f(~de+f+cf) d?—2cdef +(—1+c2) f?

Antiderivative was successfully verified.

[In] Integrate[(a + bxArcTanh[c + dx*x])/(e + f*x)~2,x]

[Out] ((-2%a)/(f*(e + f*x)) - (2%bxArcTanh[c + d*x])/(f*(e + f*x)) + (b*d*Log[l -
c - d*x])/(fx(-(d*e) + (-1 + c)*f)) - (b*d*Logl[l + c + d*x])/(£x(-(d*e) +

f + cxf)) - (2%bxd*Logle + f*x])/(d"2xe”2 - 2kxcxdxexf + (-1 + c~2)*£72))/2
Maple [A]

time = 0.76, size = 170, normalized size = 1.48
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method result
ad? 4P d? arctanh(de+c) _ bd2In(de+ct+l) bd? In(cf—de—f(dz+c)) | bd? In(dz+c—1)
PP T (cf—de—f(dete))f ' (cf—de—f(dwtc))f _ f(2ef—2det2f) _ (cf—de—F)(cf—detf) ' f(2ef—2de—27)
derivativedivides 7
ad? 4P d? arctanh(de+c) _ bd2In(de+ctl) bd? In(cf—de—f(dz+c)) | bd? In(dz+c—1)
default (cf—de—f(dz+c))f ' (cf—de—f(dz+c))f f(2cf—2det2f) (cf—de—f)(cf—detf) ' f(2cf—2de—2f)
d
risch __bin(dz+c+1)  In(dz+c+1)bed f2x—In(dz+ct+1)bd?efr—In(—dz—c+1)bed f2x+In(—dz—c+1)bd?efz+In(dz+c+
2f(fz+e)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arctanh(d*x+c))/(f*x+e)~2,x,method=_RETURNVERBOSE)

[Out] 1/d*(axd"2/(cxf-dxe-f*(d*x+c))/f+b*xd~2/ (cxf-d*xe-f*(d*x+c))/f*arctanh(d*x+c)
-b*d~2/f/ (2xcxf-2*xd*e+2*f) *1n (d*x+c+1) -b*xd~2/ (c*xf-d*e-f) / (c*f-d*e+f) *1n(c*xf
-dxe-f*(dxx+c))+b*xd~2/f/ (2%cxf-2*%d*e—-2*f) *1n (d*x+c-1))

Maxima [A]

time = 0.26, size = 128, normalized size = 1.11

1<d<log(d:c+c~|—1) log (dz +c—1) 2log(fx+e) > 2artanh(dm+c))b a

2 (c+1)f2—dfe  (c—1)f2—dfe 2cdfe— (2 —1)f2 — d2e? 2z + fe © fz o+ fe

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctanh(d*x+c))/(f*x+e)”2,x, algorithm="maxima")

[Out] -1/2%(d*(log(d*x + c + 1)/((c + 1)*£72 - dxfxe) - log(d*x + ¢ - 1)/((c - 1)
*£72 - dxfxe) - 2xlog(f*x + e)/(2xcxdxfxe - (c™2 - 1)*£72 - d"2*%e”2)) + 2*a
rctanh(d*x + c)/(£72%x + f*e))*b - a/(£72xx + fxe)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 517 vs.
2(118) = 236.
time = 0.50, size = 517, normalized size = 4.50

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctanh(d*x+c))/(f*x+e)”2,x, algorithm="fricas")

[Out] 1/2*%(4*axcxd*fxcosh(1l) - 2%axd~2*cosh(1l)~2 - 2%axd~2*sinh(1)"2 - 2%(axc”2 -
a)*f~2 - ((b*c - b)*d*xf~2xx - b*d"2*cosh(1)”"2 - bxd"2xsinh(1)~2 - (b*d~2xf
*x — (b*c - b)*d*xf)*cosh(l) - (b*d"2xf*x + 2%b*d~2*xcosh(1) - (b*c - b)*d*f)
*sinh(1))*log(d*x + ¢ + 1) + ((b*c + b)*d*f~2%x - b*d"2*cosh(1)~2 - b*xd~2*s
inh(1)72 - (b*d~2*f*x - (b*c + b)*d*f)*cosh(l) - (b*d"2xf*x + 2*b*d~2*cosh(
1) - (b*c + b)*dxf)*sinh(1))*log(d*x + c - 1) - 2%(b*d*f~2*x + b*d*f*cosh(1l
) + bxdxfxsinh(1))*log(f*x + cosh(1) + sinh(1)) + (2%b*c*d*xfxcosh(1l) - bx*d~
2%cosh(1)72 - bxd"2*sinh(1)"2 - (b*c™2 - b)*f~2 + 2x(b*ckd*f - bxd~2*cosh(1
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))*sinh(1))*log(-(d*x + ¢ + 1)/(d*x + ¢ - 1)) + 4*x(a*xckd*f - a*d"2*cosh(1))
*3inh(1))/((c™2 - 1)*f~4*x + d"2*f*cosh(1)"3 + d~2xf*sinh(1)~3 + (d72*f~2*x
- 2xcxd*f~2)*cosh(1) "2 + (d~2*f"2*x - 2xcxd*f~2 + 3xd"2*f*cosh(1))*sinh(1)
~2 - (2%c*kd*f"3*%x - (c”2 - 1)*f~3)*cosh(1) - (2*xcxd*f~3*x - 3*d"2*f*cosh(1)
"2 - (c72 - 1)*f73 - 2% (d"2*%f"2xx - 2xc*xd*xf~2)*cosh(1))*sinh(1))

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 1658 vs.

2(92) = 184.
time = 4.62, size = 1658, normalized size = 14.42

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*atanh(d*x+c))/(f*x+e)**2,x)

[Out] Piecewise((-(a + b*atanh(c))/(exf + f*x2xx), Eq(d, 0)), (-2kaxf/(2kexfxx2 +
2xf**3xx) + bkd*exatanh(d*e/f + dxx - 1)/(2xe*fx*x2 + 2kxf*x3*x) + bkdxf*x*a
tanh(d*e/f + d*xx - 1)/(2xe*fx*x2 + 2kxf*x3*x) — 2*bxf*atanh(dxe/f + d*x - 1)/
(2xexf*x2 + 2xf**3%x) — b*f/(2kexfx*2 + 2xf*x3xx), Eq(c, (dxe - £)/f)), (-2
xaxf/(2xe*xf*x2 + 2xf**3xx) - bkd*exatanh(d*e/f + dxx + 1)/(2xexf**2 + 2xfxx
3*x) - bkd*f*x*atanh(d*e/f + dxx + 1)/(2xexf**2 + 2xf**x3*x) - 2xbxf*atanh(d
xe/f + dkx + 1)/(2%exf*x2 + 2*f**3%x) + b*xf/(2xe*xf**2 + 2xf*x*3*x), Eq(c, (d
xe + f)/f)), (zoox(a*x + b*c*atanh(c + d*x)/d + bxxxatanh(c + d*x) + b*log(
c/d + x + 1/d)/d - b*atanh(c + d*x)/d), Eq(e, -f*x)), ((a*x + b*c*atanh(c +
d*x)/d + b*x*atanh(c + d*x) + b*log(c/d + x + 1/d)/d - b*atanh(c + d*x)/d)
/ex*x2, Eq(f, 0)), (—axckx2*xf*x*2/(ckx*2xe*xf**3 + ck*kfxk4d*xx — 2kckd*e*x*2kf*x*
2 — 2kckdkexfx*3*kx + dk*ke*kx3kf + d*k2kex*xQkf*k*kDkx — exf**3 — f*xk4dxx) + 2%
axckdxexf/ (cx*x2ke*xfx*x3 + Ckk2kfxkdkx — 2kckdkex*2xf*xx2 — 2kckdkexf*x*x3xx + d
*xkekk3kf + d¥kkQkek*kQkf**xQkx — exf*x*3 — Fxkdxx) - akdkx2ke*x*x2/(ck*Qkexf*x*3
+ Ccx*Qkfxkd*x — 2kckdke* *k2kf**x2 — 2xcxdkexf*x3kx + d¥x*2kex*3*xf + dx*Qxex*2
*fkkkx — e*f*x3 — f*xdxx) + axfx*2/(ck*xkexfx*k3 + Ck*Qkf*kd*xx — 2kckd*ke*x*2
*f*xk2 — 2kckdkexf*x3kx + d*x*kex*3*xf + dk*kex*kxfx*Qxx — e*xf*x3 — Frkdkxx)
- bxck*2xf*x*2xatanh (c + d*x)/(ck*2ke*xf**3 + ck*kkf*kdkx — 2kckdkek*x2kxf**x2 —
2kckdkexfx*k3kx + d¥kkexk3kf + d¥kkkexk2kfx*kkx — exfx*3 — fxkdxx) + bkckd
kexfxatanh(c + d*x)/(c*k*x2ke*xf**3 + c*x*kf*xkdkx — 2kckdke*xk2xf**x2 — 2kckdkex
fxk3%x + dk*2kex*k3xf + d*kxkexk2kf*xk2kx — e*xf*x*3 — fx*k4d*xx) — bkckdkf*x2kxka
tanh(c + d*x)/(ckx*2ke*xf**x3 + c*k*x2kxfxkdkx — 2kckdkexk2xfx*x2 — 2kckdkexf**k3*kx
+ dx*k2kex*3*%f + dk*kex*2kfx*k2kx — e*xf**x3 — fxkxdkxx) + bkd**2kexf*xx*xatanh(c
+ d*x)/(ck*x2kexf**x3 + ck*2kfkkdkx — 2kckdke* *x2kf*x2 — kckdkexf*x*k3xx + d**
2xex*k3xf + d¥*2xex*2xf**2xx — exf**3 - fx*kd*xx) - bxdxexfxlog(e/f + x)/(c*x*2
*e¥xfx*3 + Cx*¥kxfx*kd*xx — kckd*ex**xfx*2 — xckdke*f**3*x + d*x*2xex*3xf + dx*
*xkerk2kfxx2kx — exf**3 - fx*kd*kx) + bxdxexfxlog(c/d + x + 1/d)/(cx*2*e*xf**3
+ ckxk2xfxkdxx — 2kxckdkex*x2xfx*x2 — 2kckdkekf*kk3kx + dk*kQke**k3Ikf + d*k*kQke*x*2
*f*kQkx — exf*x*3 - f*xxdxx) - bkdkexfx*atanh(c + d*x)/(ck*x2kexf**x3 + ck*kx2kxf*x*
4xx - 2kxckdkex*k2*kf**k2 — 2xcxdke*xf**x3*kx + dx*Qkex*3*xf + dk*xxex*xf*x*xQxx — @
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xfxk3 — fxx4xx) - bxd*f*x2+x*log(e/f + x)/(cx*2kexf**3 + cHk*2xf**x4xx — 2%c*
d*ex*2*xf*x*%2 — 2xcxdke*f**k3*kx + dx*2xex*3*xf + dkxxekxxf*k*xAxx — e*f**x3 — fx
*x4xx) + bxd*f**2*x*log(c/d + x + 1/d)/(ck*2*exf**3 + cx*kkfx*kd*kx — 2*ckdkex
*¥2xfxk2 — 2kckdke*f**3*kx + dx*kex*3*xf + dkkkex*xfk*xAkx — e*xf**x3 — fxkxd*x
) - bkdxfx*k2xx*xatanh(c + d*x)/(ck*2kexf**3 + crkkfrkdkx — 2kckdker*kf*r*2
— 2kcxkdkexfxx3kx + d¥x*ke*xk3*kf + dx*ke*xkkxfx*x2kx — e*xfx*x3 — fxxd*xx) + bxfx*
*2%atanh(c + d*x)/(c*x*x2xexf*x3 + ck*2kf*kdkx — 2kckdke**x2kf*xkx2 — 22kckdkexf*
*3%x + dkk2kexk3kf + dxxQkex*x2*xf**2%kx — exf**x3 — fxxdxx), True))

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 474 vs. 2(112) =
224.
time = 0.43, size = 474, normalized size = 4.12

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctanh(d*x+c))/(f*x+e)”~2,x, algorithm="giac")

[Out] -1/2%((c + 1)*d - (c - 1)*d)*(b*log(-(d*x + c + 1)*d*e/(d*x + c — 1) + dx*e
+ (d*x + ¢ + 1)*cxf/(d*x + ¢ - 1) — c*f - (d*x + ¢ + 1)*xf/(d*x + ¢ - 1) - f
)/ (d72%e"2 - 2xcxd*e*xf + c”2+%f72 - £72) - bxlog(-(d*x + ¢ + 1)/(d*x + ¢ - 1
))/((d*x + ¢ + 1)*d"2*%e"2/(d*x + ¢ - 1) - d"2%e"2 - 2*%(d*x + c + 1)*cxdxexf
/(d*x + ¢ — 1) + 2xckd*e*xf + (d*x + ¢ + 1)*c™2*%f72/(d*x + ¢ - 1) - c™2%f72
+ 2%(d*x + c + 1)*d*exf/(d*x + ¢ — 1) - 2x(d*x + c + 1)*c*xf"2/(d*x + ¢ - 1)
+ (d*x + ¢ + D)*f72/(d*x + ¢ - 1) + £72) - bxlog(-(d*x + ¢ + 1)/(d*x + ¢ -
1))/(d"2%e"2 - 2%ckdxexf + c”2+%f"2 - £72) - 2xa/((d*x + c + 1)*d"2xe~2/(d*
X+ c-1) - d™2*xe”2 - 2%(d*x + ¢ + 1)*cxdxexf/(d*x + ¢ - 1) + 2*xcxdxexf +
(d¥x + ¢ + 1)*c™2%f"2/(d*x + ¢ — 1) - c”2*%f"2 + 2%(d*x + c + 1)*d*exf/(d*x
+¢c-1) - 2x(d*x + ¢ + D*c*xf"2/(d*x + ¢ - 1) + (d*x + ¢ + 1)*f"2/(d*x + ¢
- 1) + £72))

Mupad [B]
time = 1.64, size = 170, normalized size = 1.48

b(c—1) b(c+1) ) a bln(l1—dz—c¢) bln(c+dz+1) bdln(c+dz—1) bdln(c+dz+1)

In(e+f2) (26(de—f(c—l))72e(de—f(c+l)) T zfitef f@e+2fz)  2f(e+fz) 2f2—2cf2+2def 2cf2+2f2—2def

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c + d*x))/(e + f*x)~2,x)

[Out] log(e + £*x)*((bx(c - 1))/(2*ex(d*e - fx(c - 1))) - (bx(c + 1))/(2*ex(d*e -
fx(c + 1)))) - a/(exf + £72%x) + (bxlog(l - d*x - c))/(f*(2xe + 2xf*x)) -
(bxlog(c + d*x + 1))/(2*%f*x(e + f£*xx)) - (bxd*log(c + d*x - 1))/(2*£f72 - 2%cx*

£72 + 2+d*exf) - (b*d*log(c + d*x + 1))/(2%c*f~2 + 2xf72 - 2xdxexf)
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3.37 f a+b t?;l-ll_l;;§§+dx) dx

Optimal. Leaf size=167

bd a+btanh™'(c+dzx) bd?log(l —c —dz) bd?log(l + ¢+ dx)

2(de + f —cf)(de — (1+¢)f)(e + fx) e+ fo)?  Af(detf—cf)?  af(de—f—cf)?

[Out] 1/2xbxd/(-cxf+d*xe-f)/(-cxf+d*xe+f)/(fxx+e)+1/2%(-a-b*arctanh(d*x+c))/f/ (fxx+
e)~2-1/4xbxd"2x1n(-d*x—c+1) /f/ (-cxf+d*e+f) ~2+1/4*xbxd~2*%1n (d*x+c+1) /f/ (-c*xf+
dxe-f) "2-b*d~2* (—cxf+d*e) x1n(f*x+e) / (—cxf+d*e+f) "2/ (d*xe-(1+c)*f) "2

Rubi [A]
time = 0.18, antiderivative size = 167, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.222,

steps used = 5, number of rules used = 4, integrand size = 18,
Rules used = {6244, 2007, 723, 814}

_a+btanh'(c+dz) bd’log(—c—dz+1)  bd’log(c+dz+1) bd?(de — cf)log(e + fz) bd

2f(e+ fo)? af(—cf tdet )2 T af(—cf tde—f)2  (—cf +de+ [2(de—(c+ D)2 | 2e+ fo)(—cf +de+ f)de— (c+ D)

Antiderivative was successfully verified.
[In] Int[(a + bxArcTanh[c + d*x])/(e + f*xx)~3,x]

[Out] (bxd)/(2x(d*e + f - c*f)*x(d*xe - (1 + c)*f)*(e + fxx)) - (a + b*ArcTanh[c +
dxx])/(2xf*x(e + f*x)~2) - (bxd"2+Logl[l - c - d*x])/(4xfx(d*e + £ - c*f)~2)

+ (bxd~2xLog[l + c + d*x])/(4*xfx(d*e - £ - c*f)~2) - (bxd~2*(d*e - cxf)*Log

[e + £xx])/((d*e + £ - cxf)"2x(d*xe - (1 + c)*f)~2)

Rule 723

Int[((d_.) + (e_.)*(x_))"(m_)/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol
1 :> Simp[ex((d + e*x)"(m + 1)/((m + 1)*(cxd"2 - bxdxe + a*e~2))), x] + Dis
t[1/(c*xd”2 - b*d*e + a*e”2), Int[(d + e*x)"(m + 1)*(Simp[c*d - bxe - c*exx,
x]/(a + b*x + c*x72)), x], x] /; FreeQ[{a, b, ¢, d, e, m}, x] && NeQ[b~2 -
dxaxc, 0] && NeQ[c*d™2 - b*d*e + a*e”2, 0] && NeQ[2*c*d - b*e, 0] && LtQ[m
, —-1]

Rule 814

Int [((Cd_.) + (e_.)*(x_)) " (m )*((f_.) + (g_.)*(x_)))/((a_.) + (b_.)*(x_) +
(c_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(d + e*x) mx((f + g*x)/(a +
bxx + c*x72)), x], x] /; FreeQ[{a, b, ¢, 4, e, £, g}, x] && NeQ[b~2 - 4x*ax
c, 0] && NeQ[c*d"2 - bxdxe + a*xe”2, 0] &% IntegerQ[m]

Rule 2007

Int[(u_)"(m_.)*(v_)~(p_.), x_Symbol] :> Int[ExpandToSum[u, x] m*ExpandToSum
[v, x17p, x] /; FreeQ[{m, p}, x] &% LinearQ[u, x] && QuadraticQ[v, x] && !



226

(LinearMatchQ[u, x] && QuadraticMatchQ[v, x])

Rule 6244

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_), x_Symbol] :> Simp[(e + f*x)~(m + 1)*((a + bxArcTanh[c + d*x]) p/(f*(m
+ 1))), x] - Dist[bxd*(p/(f*(m + 1))), Int[(e + f*x)"(m + 1)*((a + b*ArcTan
hlc + d*x])~(p - 1)/(1 - (c + d*x)~2)), x], x] /; FreeQ[{a, b, c, 4, e, f},
x] && IGtQ[p, 0] && ILtQ[m, -1]

Rubi steps

/ a + btanh™'(c + dz) gy — _° + btanh™'(c + dx) + (bd) [ (e+fm)2(11_(c+dm)2) dx
(e+ fz)? 2f(e+ fx)? 2f
__a+ btanh™*(c + dz) + (bd) [ (e+ fa:)2(1—c21—20dx—d2:c2) dz
2f(e+ fx)? 2f

_ bd a+btanh(c+dr)  (0d) [
" 2(de+f—cf)(de—(1+)f)(e+fx)  2f(e+ fx)? 2f (—d?e? -
B bd o+ btanh e+ dz) () [ (5
" 2(de+f—cf)de—(L+o)f)e+fz)  2f(e+ fz)?

B bd a+btanh™*(c+dz) bd?log(l —
" 2(de+ f —cf)(de— (1+c)f)(e+ fx) 2f(e + fz)? " Af(de+ f

Mathematica [A]
time = 0.26, size = 174, normalized size = 1.04

1 <_ 2a 2bd _ 2btanh™!(c + dz) _ bd’log(l —c—dz)  bd’log(l+c+dx)  4bd*(de — cf)log(e + fz) )
4\ £(

et fop (@~ 2cdef + (~1+ &) [7) (e + f) fle+ fz)? flde+f—cf)? ~ f-de+f+cf)? (e —2cdef + (-1 +c?) f2)°
Antiderivative was successfully verified.

[In] Integrate[(a + bxArcTanh[c + d*x])/(e + f*x)~3,x]

[Out] ((-2*a)/(fx(e + fxx)~2) + (2*%bxd)/((d"2*%e”"2 - 2*cxd*e*xf + (-1 + c~2)*f~2)*(

e + fxx)) - (2%b*ArcTanh[c + d*x])/(fx(e + f*x)~2) - (b*d"2xLogl[l - c - d*x
1)/(fx(d*xe + £ - cx£)~2) + (b*d"2*xLog[1l + c + d*x])/(fx(-(dxe) + f + c*xf)~2
) — (4xb*d~2x(d*e - cxf)xLogle + f*xx])/(d"2xe”2 - 2xcxd*e*f + (-1 + c”2)*f~
2)°2)/4

Maple [A]
time = 0.84, size = 266, normalized size = 1.59
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method result
_ o d3 __bd3 arctanh(da+c) +bd3 In(dztc+1) bd3 +bd3f1n(cf—de—
. . - 2(cf—de—f(dz+c))2f 2(cf—de—f(dz+c))2f ' 4af(cf—de+f)2 2(cf—de—f)(cf—de+f)(cf—de—f(dz+c)) ' (cf—de—f)2(cf
derivativedivides 7
_ ad3 _ bd3 arctanh(dz+c) +bd3 In(dz+c+1) _ bd3 +bd3fln(cf—de—
default 2(cf—de—f(dote))2f _ 2(cf—de—f(dote))2f ' af(cf—de+f)2 _ 2(cf—de—f)(cf—detf)(cf—de—F(dat0) " (cf—de—f)2(cf
d
risch __bln(dz+c+1)  bd*e?f2a? In(—dz—c+1)+2bd*e® fr In(—dr—c+1)+2In(—dr—c+1)bcd?e? f2—4In(—dz—c+1)bc

4f(fz+e)?

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(d*x+c))/(f*x+e)~3,x,method=_RETURNVERBOSE)

[Out] 1/d*x(-1/2*a*xd~3/(c*f-dxe-f*x(d*x+c))~2/f-1/2%b*d~3/ (cxf-d*e-f*(d*x+c)) 2/f*a
rctanh (d*x+c)+1/4%b*d~3/f/ (cxf-d*e+f) “2x1n (d*x+c+1)-1/2*%b*d"~3/ (cxf-d*xe-f) /(
cxf-dxe+f) / (cxf-dxe-f*x(d*x+c) ) +bxd"3*f/ (cxf-d*e—-f) "2/ (c*f-d*e+f) "2*x1n(cxf-d
xe—f*(d*x+c) ) *c-b*d~4/ (cxf-d*xe-f) "2/ (cxf-d*e+f) "2x1n(c*f-d*e-f* (d*x+c) ) *e-1
/4xbxd~3/f/ (c*f-d*xe—f) "2*1n(d*x+c-1))

Maxima [A]

time = 0.28, size = 316, normalized size = 1.89

1 dlog (de+c+1

dlog (dz +¢~ 1) 4 (cdf — d?e)log (fz +¢) 2 artanh (dz + c)

) 2 a
"1 (d<z(w+e)dfz S @F 2t )P Bf? el — (@ =2 VP = #fe | 1ol [e —2BEE — B+ A([Pe—ce)df — (@ 2@+ D = det T el — (Fe— ) — e ZedPe — (@ 1P = d‘jeﬁr) My fst)b’ 2752 + 2 [ae + )

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c))/(f*x+e)~3,x, algorithm="maxima")

[Out] -1/4%(d*(d*log(d*x + c + 1)/(2x(c*e + e)*d*f~2 - (c”2 + 2%c + 1)*£f°3 - d~2%
f*e™2) - dxlog(d*x + c - 1)/(2x(c*e - e)*d*f"2 - (c™2 - 2%c + 1)*f~3 - d~2%
f*e™2) + 4x(cxdxf - d™2xe)*log(f*x + e)/(4*c*d™3xf*e™3 - 2x(3xc"2*%e”2 - e”2
)*xd"2*%f72 + 4x(c"3%e - cxe)*d*f"3 - (c74 - 2%c”2 + 1)*f74 - d"4*xe”4) + 2/(2
xcxdxfxe™2 - (c™2*%e - e)*f~2 - d"2%e”3 + (2*c*d*f~2xe - (¢c72 - 1)*f"3 - d72
xfxe~2)*x)) + 2*xarctanh(d*x + c)/(f73*x"2 + 2*xf 2xx*e + f*e~2))*b - 1/2*a/(
£f73*%x72 + 2%f"2*xx*e + fxe~2)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 2443 vs.

2(171) = 342.

time = 1.09, size = 2443, normalized size = 14.63

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctanh(d*x+c))/(f*x+e)~3,x, algorithm="fricas")

[Out] -1/4%(2*%axd”4*xcosh(1)~4 + 2%a*d~4*sinh(1)~4 - 2%(4*a*xc + b)*d~3*xf*cosh(1)"3
- 2x(b*c”2 - b)*d*f~4*xx + 2%(axc”4 - 2*a*xc™2 + a)*xf~4 + 2x(4*xaxd"4*xcosh(1)
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- (4xaxc + b)*d"3*f)*sinh(1)”"3 - 2% (b*xd~3*f " 2*x - 2x(3*a*c™2 + b*c - a)*d”
2+%f~2)*cosh(1) 72 - 2% (b*d~3*f~2*x - 6*a*d~4*cosh(1)~2 + 3*(4*a*xc + b)*d"3*f
*cosh(1) - 2x(3*a*xc™2 + bxc - a)*d"2*xf~2)*sinh(1)~2 + 2% (2*bxcxd~2*f " 3*x -
(4xa*xc™3 + b*c™2 - 4*axc - b)*d*f~3)*cosh(1l) - ((b*c™2 - 2*b*c + b)*d~2*xf~4
*x72 + b*d"4*cosh(1)"4 + bxd~4*sinh(1)~4 + 2% (b*d~4*xfxx - (b*c - b)*d~3*f)*
cosh(1)73 + 2x(bxd~4*f*x + 2*b*d~4*cosh(1) - (b*c - b)*d"3*f)*sinh(1)~3 + (
bxd"4*f"2xx"2 — 4% (b*xc — b)*d"3*xf"2xx + (b*c~2 - 2*b*c + b)*d"2*f~2)*cosh(1
)72 + (b*d~4*xf~2%x"2 - 4x(b*c - b)*d"3*f"2*x + 6xb*d"4*cosh(1)"2 + (b*xc™2 -

2%b*c + b)*d"2*xf"2 + 6x(b*d"4*f*x - (b*c - b)*d~3*f)*cosh(1))*sinh(1)"2 -
2% ((bxc - b)*d~3*f"3*x"2 - (b*c™2 - 2*b*c + b)*d~2xf~3*x)*cosh(1l) - 2*((bxc

- b)*d"3*f"3%x"2 - 2*b*d"4*cosh(1)73 - (b*c™2 - 2*bxc + b)*d"2*xf"3*x - 3*(
bxd~4*f*x - (b*c - b)*d"3*f)*cosh(1)”"2 - (b*d~4*xf~2%x"2 - 4x(b*c - b)*d”~3x*f
~2xx + (b*c™2 - 2xbxc + b)*d~2*f~2)*cosh(1))*sinh(1))*log(d*x + c + 1) + ((
b*c~2 + 2*b*c + b)*d"2*f"4*x"2 + b*d~4*cosh(1)"4 + b*d"4*sinh(1)~"4 + 2x(b*d
“4xfxx - (b*c + b)*d"3*f)*cosh(1)73 + 2x(b*d~4*fxx + 2*b*d~4*cosh(1l) - (b*c

+ b)*d"3*f)*sinh(1) "3 + (b*d"4*f~2*x"2 - 4x(b*c + b)*d~3*f"2*x + (b*c™2 +
2%bxc + b)*d"2*%f"2)*cosh(1)"2 + (b*d~4*f~2xx"2 - 4x(b*c + b)*d~3*xf"2*x + 6%
b*d"4*cosh(1)”2 + (b*c™2 + 2%b*c + b)*d"2+%f~2 + 6k (b*d~4xf*xx — (b*c + b)*d™
3*%f)*cosh(1))*sinh(1)"2 - 2% ((b*c + b)*d"3*xf"3*x"2 - (b*c™2 + 2*b*c + b)*d~
2+%f~3xx)*kcosh(1) - 2*((b*c + b)*d"3*f~3*x"2 - 2¥b*d~4*cosh(1)~3 - (b*c™2 +
2%b*c + b)*d"2xf"3xx - 3% (b*d"4*f*x - (b*c + b)*d~3*f)*cosh(1)"2 - (bxd~4x*f
~2xx"2 - 4% (bxc + b)*d"3*xf"2xx + (b*c~2 + 2%b*c + b)*d"2*f~2)*cosh(1))*sinh
(1))*log(d*x + c — 1) - 4*x(b*c*d 2xf~4*x"2 - bxd~3*f*cosh(1)~3 - bxd~3*f*si
nh(1)"3 - (2%b*d"3*f~2*x — bxcxd~2*xf~2)*cosh(1)"2 - (2*b*d~3*f~2*x — b*c*d~
2*%f~2 + 3*xbxd~3*fxcosh(1))*sinh(1) "2 - (b*d"3*f~3*x"2 - 2¥b*c*d”~2*f " 3*x)*co
sh(1) - (b*d"3*f~3*x"2 - 2xbxc*d~2*f " 3*x + 3*b*d~3*fxcosh(1)"2 + 2% (2*b*d"3
*f72%x - bxcxd~2*f~2)*cosh(1))*sinh(1))*1log(f*x + cosh(1l) + sinh(1)) - (4%b
*c*d~3*f*cosh(1)~3 - bxd~4*cosh(1)"4 - b*d"4*sinh(1)~4 - 2x(3*b*c”2 - b)*d~
2+%f~2xcosh(1) "2 + 4*x(b*c™3 - b*c)*d*f~3*cosh(1) - (b*xc™4 - 2%bxc™2 + b)*f~4

+ 4% (bxcxd~3*f - b*d~4*cosh(1))*sinh(1)~3 + 2x(6xb*xc*d~3*f*cosh(1) - 3*bx*d
~4*cosh(1) "2 - (3*%b*xc™2 - b)*d~2*f~2)*sinh(1) "2 + 4% (3*b*xc*xd~3*f*cosh(1) "2
- bxd~4*cosh(1)~3 - (3*b*c™2 - b)*d"2*f~2*xcosh(1) + (b*c™3 - b*c)*d*f~3)*si
nh(1))*log(-(d*x + c + 1)/(d*x + ¢ - 1)) + 2%(2*b*kcxd~2+f"3*x + 4xa*xd”4*cos
h(1)"3 - 3*(4*a*c + b)*d~3*f*cosh(1)"2 - (4*axc™3 + b*c™2 - 4*a*xc - b)*d*xf"~
3 - 2% (b*d"3*xf"2xx - 2% (3*a*c”2 + b*c - a)*d"2*xf~2)*cosh(1))*sinh(1))/(d"4x*
fxcosh(1)76 + d~4*xfxsinh(1)76 + (c™4 - 2*%c™2 + 1)*f77*x"2 + 2% (d"4*f " 2*x -
2%cxd"3*f~2)*cosh(1) "5 + 2% (d~4*f~2*x - 2xc*xd"3*f~2 + 3*d"4*f*cosh(1))*sinh
(1)75 + (d74*f~3*x"2 - 8xcxd"3*f " 3*x + 2*(3*%c™2 - 1)*d"2*f~3)*cosh(1)74 + (
d"4*f"3%x"2 - 8*c*xd"3*f"3*x + 15xd"4*xf*cosh(1)”2 + 2% (3*%c™2 - 1)*d~2*xf"3 +
10%x (d~4*f~2xx - 2%c*d"3*f"2)*cosh(1))*sinh(1)~4 - 4*(c*d"3*f"4*x"2 - (3*c”2

- 1)*d"2*f"4*x + (c”3 - c)*d*xf~4)*cosh(1)”3 - 4*(cxd"3*f"4*x"2 - (3*%c™2 -
1) *xd~2xf~4xx - 5*%d"4*f*cosh(1)"3 + (c”3 - c)*d*f~4 - 5x(d"4*f~2%x - 2*%c*xd”~3
*f72)*cosh(1) "2 - (d74*xf~3%x"2 - 8*c*d"3*f " 3*x + 2*x(3*%c™2 - 1)*d~2*f"3) *cos
h(1))*sinh(1)73 + (2% (3*c”2 - 1)*d"2*f"5*%x"2 - 8*(c"3 - c)*d*xf"5*x + (c™4 -

2%c”2 + 1)*f"5)*cosh(1)"2 + (2%(3*%c™2 - 1)*d"2*xf~5*xx"2 + 15%d~4*f*cosh(1)”
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4 - 8%(c”3 - c)*d*f"5*xx + (c74 - 2*%c™2 + 1)*f"5 + 20%(d"4*f"2*x - 2*kc*d 3*f
~2)*cosh(1)73 + 6% (d"4*f~3*x"2 — 8*c*xd~3*f"3*x + 2*x(3*c”2 - 1)*d"2*f"3)*cos
h(1)72 - 12x(c*d"3*f~4*x"2 - (3*%c™2 - 1)*d"2xf~4*xx + (c~3 - c)*d*f~4)*cosh(
1))*sinh(1)72 - 2%(2%(c”3 - c)*d*f~6xx"2 - (c™4 - 2%c”2 + 1)*f~6*x)*cosh(1)
- 2%(2%(c”3 - c)*d*xf"6xx"2 - 3*d"4*f*cosh(1)75 - (c™4 - 2%c™2 + 1)*f"6*x -

5% (d~4*f~2%x - 2xckd"3*f~2)*cosh(1)74 - 2x(d"4*f"3*x"2 - 8*cxd~3*f " 3*x + 2
*(3*xc™2 - 1)*d"2*f"3)*cosh(1)”3 + 6*x(cxd"3*f 4*x"2 — (3*%c™2 - 1)*d"2*f 4xx
+ (c73 - c)*d*f~4)*cosh(1)72 - (2% (3*%c™2 - 1)*d"2*%f 5xx"2 - 8%(c~3 - c)*d*f
“Bxx + (c74 - 2%c”2 + 1)*xf~5)*cosh(1))*sinh(1))

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 19912 vs.
2(143) = 286.
time = 12.57, size = 19912, normalized size = 119.23

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*atanh(d*x+c))/(f*x+e)**3,x)

[Out] Piecewise(((a*x + b*c*atanh(c + d*x)/d + b*xxatanh(c + d*x) + bxlog(c/d + x
+ 1/d)/d - bxatanh(c + d*x)/d)/exx3, Eq(f, 0)), (-(a + bxatanh(c))/(2xe*x*2
xf + 4dxexfxk2xx + 2*xf**3*kx*x*x2), Eq(d, 0)), (-4xa*xfx*2/(8xe**x2xf**3 + 16%exf
*xk4xx + Bkf*k*k5kx*x*%2) + bkdx*2xe*x*x2*katanh(d*e/f + d*x - 1)/(8kex*x2xf*x3 + 16
kexfxkd*x + 8kf*x5kx**x2) + 2xbkd**x2kexfkx*atanh(d*e/f + d*x — 1)/ (8ke*x*2xfx*
*3 + 16kexfxkd*x + 8xfk*k5xx*k*2) + bxdk*2*f**2+x**2*atanh(d*e/f + dxx - 1)/(
8xex*k2xfx*3 + 16%exfx*x4xx + 8S*kf*k5kxx**2) — bkdkexf/(8kex*2*xf*x*3 + 16*exfx*4
*xX + 8kfxk5kx*k*2) — bkdxf**x2%xx/(8ke*x*2*xf*x3 + 16kexfxkdkxx + Skfx*k5kx*k*2) -
4xbxf*x2xatanh(dxe/f + d*x - 1)/(8*ex*x2*xf**3 + 16%e*f**d*x + Sxf**xE5xx**2) -
bxf*x2/ (8kex*2xfx*3 + 16%exfx*x4xx + 8*xf**x5*xx**2), Eq(c, (dxe - £)/f)), (-4
ka*xfx*k2/ (8ke*x*x2*xf**x3 + 16ke*f**kxd*x + 8xf*x*k5xx**2) + bkxd*x*2kxex*2*atanh (d*e/f
+ d*x + 1)/ (8%ex*2xf*x*3 + 16%exfx*x4xx + 8S*xf*x5kxx*%*x2) + 2*xbkd**2kxexf*xx*atan
h(dxe/f + d*x + 1)/(8*%ex*2*xf**x3 + 16kexfxkxd*kxx + Skf*kx5kx*x*2) + bkd*k*2xf*k*kD%
x**x2%atanh (dxe/f + d*x + 1)/(8*ex*2xf*x3 + 16kexf**xd*xx + 8xf*x5*x*k*2) - bx*d
kexf/ (8*ex*2*xf**3 + 16%kexfx*k4*x + 8Skf*x5kx**x2) — bxd*xf**x2*xx/(8*ke*x*x2kxf**x3 +
16%exf**x4xx + 8xf*x5kx*x2) - 4dxb*fx*2+atanh(dxe/f + d*x + 1)/(8*ex*2*xf**3 +
16xexfxxdxx + 8*fx*k5kxx**2) + b*kf*%2/(8ke**x2xf*x3 + 16kexf*kdkxx + 8kf*x*k5kxxx
x2), Eq(c, (dxe + £)/f)), (zoox(a*x + b*c*atanh(c + d*x)/d + b*x*atanh(c +
d*x) + bxlog(c/d + x + 1/d)/d - b*atanh(c + d*x)/d), Eq(e, -f*x)), (-axc*x*4
*fxkk4 [/ (2kckkdkex*kQkf*x5 + 4kxckkdkxexf*xkGkx + 2kckk4kfxkTkx*k*2 — 8kckk3kd*kek*
3xfx*k4 — 16%cx*3kdxex*xfx*k5xx — 8kck*x3kdke*f*x*B*xx*x*2 + 12%kCk*xkd**kDke**k4*f
*%x3 + 24kckxkdkxkekk3xFkkdxx + 12kckkkd*kkDkekk kT hkk5xxk*D — 4kchkkDkekxDk
fxk5 — 8xck*kexTk*xGxx — A*Ck*kF**kTHx**2 — 8kxcxdk*3kxek*5xf*x*2 — 16%cxd*k*x3x
ex*k4*xfx*x3%kx — 8kckd*kk3kekk3kfrkdkxkkx2 + 8kckdkex*3kxfx*k4d + 16%ckdkekk2xfk*x5x
X + 8kckdkexfx*xBGxx**x2 + 2kxdxk4xexxGxf + 4xdxxdkexk5kxfxkQkx + 2kdkk4kekkdkf*
*k3kxkk2 — dkdkkQkekk4dkfkk3 — 8kdkkQkekkJkfhkdkx — 4kd**k2kexkkQkf*xkE5kx*k*2 + 2
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kekkQkf*k5 + 4dkexfx*kBkxx + 2kL*kkThx**2) + 4kakck*3kdkexfx*3/(2kck*kbdkex*xQ*xf**
5 + 4xck*4kexfxkBkx + 22kCkkdkfkkThxkxk2 — 8kckk3kdkexk3kf*k4d — 16kckk3kdke*k*
2kfxkE5kx — 8kck*k3kdke*Fk*kBkx*k*x2 + 12kckk2kd*kkDkexkdxf*xk3 + 24%ckkQkd*k*kDke*k*
kLxkdxx + 12kCkk2kd*k*kkexkQkfkk5kxk*k2 — 4kckkQkex*Qkfx*k5 — 8kckkQkekxf*xkB*xx
= Axcx*x2xfkkThkxk*k2 — 8kckdkkIkekkbkfk*k2 — 16%kckd**kJkekk4kf*x*k3%kx — 8kckd**x3
kexk3kfkkdkxx*k2 + 8kckdkex*k3kfxx4d + 16kckdkex*k2xf*x5kxx + 8kckdkekxfxkGxx**x2
+ 2xd**4kexkGkxf + Axdkk4dkexkExf*xkkx + kdkkdkekkqdkfkk3kxx*k*x2 — 4xd*kkQkekksx
%3 — 8kdk*k2kekxk3kfk*kdkx — 4kd*kQkex*k2kfxk5kx*k*2 + kex*k2kxf*x5 + 4dxekxfk*xE*
X + 2xFx*kTxx*x*2) — Gkaxck*2kdx*2kex*k2kxf*x*k2/ (2kckkbdke*xk2kxf**5 + 4kckkdkxexf*xx*
6%x + 22kCkk4xfkkTkxx*k2 — 8kckk3kdkexk3kf*kk4d — 16kckk3kdkex*x2kf*x*k5kx — 8kc*k*
3kdxe*xfk*k6kx**2 + 12%kckx*k2xd**2kexk4xf*x3 + 24*xck*xQkd*k*2kexk3xfx*xdkx + 12%c*
*2xkd*kkDkekk kL kk5kxk*2D — 4kck*kkekkxQkf*k*k5 — 8kck*kQkekxf*k*kBkx — 4kckkQkf*k*xT*xx
*%2 — 8kckdkk3ke*k*k5kfxk2 — 16kckd*k3kekkskfkk3kx — 8kckdkk3kekk3IkfkkdkxkkD
+ 8xckdxe*xx3kf*x*k4 + 16*ckdke**x2kxf*x*k5xx + 8kckdkexf*x*xGkxxx*2 + 2kd**k4d*xe*x*x6xf
+ 4Axdkx*4kexkExfxkkQkx + kdkkdkekkqdkfxk3kx*k*x2 — 4dxd*k*kQkexkdxf*xx3 — Skd*k*kQkex
*3kfkkd*x — 4kdkkkexk2kTkkExxk*k2 + ke*x*k2kf**x5 + Adkexfx*kBkxx + 2kf*kTkx**2)
+ 2kaxckk2xfxk4/ (2kck*klhdkex*kkf**5 + 4kckkdkexfxkBxx + 2kckk4kf*kxTkx**x2 — 8
kCcxk3kdkex*k3kf*xk4d — 16kckk3kdkex*k2kxf*xk5kx — 8kck*k3kdkekf*kBGkx*k*k2 + 12kCk*kk
d*x*2kexkdxfx*3 + 24*kckkQkd*kQkex*k3kfkkd*x + 12kCk*kQkd*k*kDkekx*kQkf*x5kxx**2 — 4
kCkkQkekkQkfxk5 — BkckkQkekfxkBkxx — 4AkCkkkLxkTxx*k*x2 — kckd**k3kekk5kf*x*x2 —
16%kckd**3kekxk4xfx*k3%kx — Bkckd**k3kexk3kfxk4xx*x*x2 + Skxckxdxexx3xfxx4 + 16*c*kd
kexk2xf*k5kx + 8kckdkexfxkBkx*k*k2 + 2kdk*k4dkexkGkxf + 4xdk*k4dkexk5xfx*kQkxx + 2%d
kkhkexkdkfxkk3kxkk2 — LkdkkQkek*k4kfxk3 — SkdkkQkek*k3kfkkdkx — 4kdk*kkex*kQkf*
*5%kxk*k2 + kexkQkf*k5 + AdkexfxkGkxx + 2kf*kTkx*x*k2) + 4dxakxckdxx3kexkx3xf/(2kc*
k4xexxQkfk*k5 + 4kckkdkexfxkBxx + 2kCkkqkfxkTxx*%x2 — 8kck*k3kdxe*x3xf*x*x4 — 16
kCkkIkdkekkQkfkkbEkx — 8kckkIkdkekf* kO kx*k*k2 + 12%kCk*k2kd**2kexk4xf*x*x3 + 24*cx*
*2xd*kkQkekk3kfkkd*x + 12kCkkDkd*k2ke*kQkfkkExx*k*xD — 4dkckkQkex*k2xf*x5 — 8kcxk
*k2xke*kfkkBkx — 4kckkQkFkkThkxk*k2 — 8kckd*k*3kexk5kf*xk2 — 16kckd*k*k3kekkdkfkk3kx
— 8kxckd**3kexk3kf*kkhdkxkx*k2 + 8kckdkex*k3xfxx4d + 16kckdkex*k2xf*x5kxx + 8kckdxe
*xfxkBxx*k*2 + 2kd*k*k4kexkBGxf + 4dxdkk4dkexkbxf*xxQkx + kdxkdkekxk4qdkf*x*k3xx**x2 — 4
kdxk2kekkqdkfx*k3 — 8kdkkQkekk3Ikfxkdxx — 4dxdk*kkex*k2xf*k5kx*k*k2 + kex*k2xf**x5
+ Axexfx*6xx + 2kf*kkTkx**2) — 4dkakckdkexf*x*x3/(2kxck*klbdkex*x*xf**5 + 4xck*x4dxexf
*%kBkxX + 2kCkkAkTkkThkxk*k2 — 8kckk3kdkexk3kfkk4d — 16kck*k3kdkekx*xQ*xf*x*k5kxx — 8*c
*%k3kdkekfkkBkx*k*x2 + 12kCkkQkd*k*kDkexkdkxf*xk3 + 24xckkkd*k*kQkekk3kfk*k4dkx + 12%
CkkQkAkkkekkQkFkkEkxk*kD — LkckkQkex*kkf*x*k5 — SkckkQkexfxkBGkx — 4xCk*kkxf*x*x7
*x*x*k2 — 8kckdk*k3kexkB5kf*k*k2 — 16kckd**3kexkd*xfx*k3%kx — 8Skckdkk3kexk3Ikfkkdkxkk
2 + 8xcxdxexx3xfxx4d + 16kckdkek*k2kfkkbkx + 8kckdkekf* kG kx*k*k2 + 2kd**k4kekx*kG*
f + 4xd**4kexk5xfx*xQkx + 2kdkkdkekk4qkfxk3kxx*k*x2 — 4Axd*k*kQkexkdxf*x3 — 8kd*k*2Qk
e*xk3kFxkdxx — Akd*k*k2kexk2kf*kkDkxk*k2 + kexk2kf*x*x5 + 4kekfxkBGkx + 2kkkTkx*kk
2) - axdxkxdkex*x4/(2kckkdkexkQkf*x*k5 + 4kckkdkexf*xGxx + 2kckkdxfxkxTkx*k*2 — 8
kcxk3kdkex*k3kf*xkd — 16kck*k3kdkex*k2xf*x5kxx — 8*c...

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 2567 vs.
2(160) = 320.
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time = 0.50, size = 2567, normalized size = 15.37

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctanh(d*x+c))/(f*x+e)”~3,x, algorithm="giac")

[Out] -1/2%((c + 1)*d - (c - 1)*d)*((bxd"2*e - bxcxd*f)*log(-(d*x + c + 1)*d*e/(d
*x + ¢ - 1) + dxe + (d*x + ¢ + 1)*cxf/(d*x + ¢ - 1) - c*f - (d*x + c + 1)*f
/(d*x + ¢ - 1) - £)/(d"4*e”4 - 4*c*d"3*%e " 3*xf + 6xc 2xd"2*%e"2*%f"2 - 4kc " 3*xdx*
exf~3 + cT4xf"4 - 2%d"2%e”2xf"2 + 4dkxcxd¥xexf~3 - 2%c™2xf"4 + £~4) - ((d*x +
c + 1)*b*d"2xe/(d*x + ¢ - 1) - b*d™2xe — (d*x + c + 1)*b*ckxd*xf/(d*x + ¢ - 1
) + bkcxdxf + (d*x + c + 1)*bxdxf/(d*x + ¢ - 1))*log(-(d*x + c + 1)/(d*x +
c - 1))/((d*x + ¢ + 1)72xd"4*e"4/(d*x + ¢ - 1)72 - 2x(d*x + c + 1)*d"4xe~4/
(d¥x + ¢ = 1) + d"4*e”4 - 4x(d*x + ¢ + 1)72%c*d"3*e”3*f/(d*x + ¢ - 1)"2 + 8
*(d*xx + c + 1)*xcxd"3*e"3*f/(d*x + ¢ - 1) - 4*c*d"3*e”3*f + 6x(d*x + c + 1)~
2%c”2xd"2%e"2xf"2/(d*x + ¢ - 1)72 - 12%(d*x + ¢ + 1)*c™2*%d"2*e"2*%f"2/(d*x +
c — 1) + 6%c™2xd"2*%e"2*%f"2 — 4*(d*x + c + 1)72%c"3*xd*e*xf"3/(d*x + ¢ - 1)72
+ 8%(d*x + c + 1)*c"3*kd*e*xf~3/(d*x + ¢ - 1) — 4*c™3xd*exf"3 + (d*x + ¢ + 1
) 2xc"4xf"4/(d*x + ¢ - 1)72 - 2x(d*x + ¢ + 1)*c”4*%f"4/(d*x + ¢ - 1) + c~4xf
“4 + 4%(d*x + ¢ + 1)72%d"3%e"3*xf/(d*x + ¢ - 1)72 - 4x(d*x + ¢ + 1)*d"3*e"3*
f/(d*x + ¢ - 1) - 12%(d*x + c + 1) " 2%ckd™2xe"2*xf~2/(d*x + ¢ - 1)72 + 12x(dx*
X + ¢ + 1)*kckd™2%e"2xf"2/(d*x + ¢ — 1) + 12x(d*x + c + 1) 2%c"2*d*exf~3/(d*
X+ c - 1)72 - 12x(d*x + c + 1)*c"2*d*e*xf~3/(d*x + ¢ - 1) - 4*%(d*x + c + 1)
“2xc”3*%f"4/(d*x + ¢ - 1)72 + 4x(d*x + ¢ + 1)*c”3*xf"4/(d*x + ¢ - 1) + 6x(d*x
+ ¢ + 1)72%d"2%e"2+xf"2/(d*x + ¢ - 1)72 - 2*%d"2*%e"2*%f"2 - 12*%(d*x + ¢ + 1)~
2xckdkexf~3/(d*x + ¢ — 1)72 + 4dxcxdkexf~3 + 6x(d*x + c + 1)"2%xc™2*%f~4/(d*x
+ c - 1)72 - 2%c™2%f74 + 4% (d*x + c + 1)72xd*exf"3/(d*x + ¢ - 1)72 + 4*x(d*x
+ ¢ + 1)*xd*e*f~3/(d*x + ¢ - 1) — 4*x(d*x + ¢ + 1) 2%cxf~4/(d*x + ¢ - 1)72 -
4%(d*x + ¢ + 1)*cxf~4/(d*x + ¢ — 1) + (d*x + ¢ + 1)72*xf"4/(d*x + ¢ - 1)72
+ 2x(d*x + ¢ + 1)*f74/(d*x + ¢ - 1) + £74) - (b*d"2%e - b*c*d*f)*log(-(d*x
+c+ 1)/(d*x + ¢ - 1))/(d"4*e”4 - 4xcxd~3*e”3*f + 6xc”2%d"2%xe"2%f"2 - 4xc”
3*xd*xexf~3 + cT4xf"4 - 2%d"2xe"2*xf"2 + 4xckxdkexf”3 - 2xc"2xf"4 + £74) - (2% (
d*x + ¢ + 1)*a*d"3*e"2/(d*x + ¢ — 1) - 2*axd"3*e”2 - 4x(d*x + c + 1)*axc*d~
2%exf/(d*x + ¢ - 1) + 4*axcxd™2ke*xf + 2x(d*x + ¢ + 1)*axc™2+xd*f~2/(d*x + ¢
- 1) - 2*%axc™2xd*f"2 + 2*a*d"2*e*xf - (d*x + c + 1)*b*d"2%e*f/(d*x + ¢ - 1)
+ b*d"2xexf - 2¥axcxd*f~2 + (d*x + c + 1)*bxckxd*f~2/(d*x + c - 1) - bkc*d*f
"2 - 2%(d*x + ¢ + 1)*xaxdxf~2/(d*x + ¢ - 1) - (d*x + ¢ + 1)*bxd*f~2/(d*x + ¢
- 1) - b*d*£f72)/((d*x + ¢ + 1)72%d"5%e"5/(d*x + ¢ - 1)72 - 2x(d*x + ¢c + 1)
*d~5xe”5/(d*x + ¢ - 1) + d”5*%e”5 - 5x(d*x + c + 1) 2xc*d"4*e~4xf/(d*x + ¢ -
1)72 + 10*%(d*x + c + 1)*cxd"4*xe"4*xf/(d*x + ¢ - 1) - Bkckd"4*xe~4*xf + 10*(d*
X + ¢ + 1)72%c™2%d"3*%e"3*%f"2/(d*x + ¢ - 1)72 - 20%(d*x + c + 1)*c"2*xd"3*e”3
*f72/(d*x + ¢ - 1) + 10*%c™2*%d"3*e"3*f"2 - 10%(d*x + c + 1) 2%c"3*%d"2*e"2*f"~
3/(d*x + ¢ — 1)72 + 20*%(d*x + c + 1)*c™3*d"2*e"2+%f~3/(d*x + ¢ - 1) - 10%c”3
*d"2xe"2*%f"3 + Bk (d*x + c + 1)72%c"4xd*exf"4/(d*x + ¢ - 1)72 - 10x(d*x + c
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+ 1)*c"4xd*e*xf~4/(d*x + ¢ - 1) + 5*kc”4*d*exf"4 - (d*x + c + 1)72xc"5xf"5/(d
*x + ¢ - 1)72 + 2k(d*x + ¢ + 1)*c”5xf"5/(d*x + ¢ — 1) - c”5xf"5 + 3*(d*x +
c + 1)72%d74xe"4xf/(d*x + ¢ - 1)72 - 2x(d*x + ¢ + 1)*d"4*e”4xf/(d*x + ¢ - 1
) - d74xe"4*f - 12%(d*x + ¢ + 1) 2%c*xd"3*e"3*%f"2/(d*x + ¢ - 1)72 + 8x(d*x +
c + 1)*c*d"3*e"3*f"2/(d*x + ¢ - 1) + 4xckd"3*e"3*f"2 + 18*(d*x + c + 1)72x%
cT2%d"2%e"2%f"3/(d*x + ¢ - 1)72 - 12%(d*x + c + 1)*c™2xd"2*xe"2*xf~3/(d*x + ¢
- 1) - 6*%c™2*%d"2xe"2*%f"3 - 12x(d*x + c + 1) 2%c"3xd*exf"4/(d*x + ¢ - 1)72
+ 8%(d*x + c + 1)*c”3*xd*e*xf~4/(d*x + ¢ - 1) + 4*c 3*d*exf~4 + 3*x(d*x + c +
1)"2xc™4*f~5/(d*x + ¢ - 1)72 - 2%(d*x + ¢ + 1)*c"4*xf"5/(d*x + ¢ - 1) - c™4x
£f75 + 2x(d*x + ¢ + 1)72+%d"3*e"3*f"2/(d*x + ¢ - 1)72 + 4*x(d*x + c + 1)*d"3*e
“3%f72/(d*x + ¢ - 1) - 2xd"3*%e”3*%f"2 - 6x(d*x + c + 1) 2%cxd"2*xe”2*f~3/(d*x
+ c - 1)72 - 12%(d*x + c + 1)*cxd"2*%e"2*xf~3/(d*x + ¢ — 1) + 6*cxd~2xe " 2*f~
3 + 6x(dkx + ¢ + 1)72%c™2*d*exf"4/(d*x + ¢ — 1)72 + 12x(d*x + c + 1)*c™2*d*
exf~4/(d*x + ¢ - 1) - 6%c”2*d*e*f"4 - 2%(d*x + ¢ + 1)72%c"3*%f"5/(d*x + ¢ -
1)72 - 4x(d*x + ¢ + 1)*c”3*f"5/(d*x + ¢ - 1) + 2xc”3*f"5 - 2%(d*x + ¢ + 1)~
2%d"2%e”"2%f"3/(d*x + ¢ - 1)72 + 4*%(d*x + ¢ + 1)*d"2%e"2xf~3/(d*x + ¢ - 1) +
2%d"2xe"2*%f"3 + 4x(d*x + c + 1) 2%ckd*exf"4/(d*x + ¢ - 1)72 - 8x(d*x + c +
1)kc*kd*exf~4/(d*x + ¢ — 1) - 4xcxdxexf~4 - 2x(d*x + ¢ + 1)72%c™2+%f~5/(d*x
+¢c - 1)72 + 4x(d*x + ¢ + 1)*c”2%f"5/(d*x + ¢ - 1) + 2%c™2*%f"5 - 3*(d*x + c
+ 1) 2xd*xexf~4/(d*x + ¢ - 1)72 - 2%(d*x + ¢ + 1)*d*exf~4/(d*x + ¢ - 1) + d
xexf~4 + 3x(d*x + ¢ + 1)"2xckf75/(d*x + ¢ - 1)72 + 2x(d*x + ¢ + 1)*cxf~5/(d
*x + ¢ - 1) - cxf"5 - (d*x + ¢ + 1)72%xf"5/(d*x + ¢ - 1)72 - 2x(d*x + ¢c + 1)
*f°5/(d*x + ¢ - 1) - £75))

Mupad [B]
time = 3.03, size = 417, normalized size = 2.50

bl In(c+dz+1) In(e+fz) bde —bed f) bln(c+dz+1) b In(c+dz—1)

0 bin(1-dz—c)
ICf —Scde [ +8c P HAR @[ —Bde P +Af G —ACde +0C @281 —dcd@ e ftdcde P+ de 2@+ [0 4] (@ +2efa+a?) 4GP —8cdef?—8cf +Ad [ +8def +4

iy
YRt itz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c + d#*x))/(e + f*x)~3,x)

[Out] (bxd~2*log(c + d*x + 1))/(8%c*f~3 + 4*f~3 + 4xc™2*f"3 + 4*d"2%e 2*f -
*f72 - 8kcxdxexf~2) - (log(e + f*xx)*(b*d"3*e — b*ckd™2xf))/(£f74 - 2xc™2xf~4
+ cT4*xf74 + d74xe"4 - 2x%d"2%xe"2*%f72 + 4kxcxd*e*xf"3 + 6kcT2*d"2xe"2*%xf72 - 4x
c*d"3xe"3*f - 4xc”3xd*e*f~3) - (b*log(c + d*x + 1))/(4xfx(e”2 + £72*%x"2 + 2
xexf*x)) - (b*d"2xlog(c + d*x - 1))/(4*f~3 - 8%c*f~3 + 4xc™2%f~3 + 4*d~2%e”
2%f + 8kdke*xf~2 - 8kckdkexf~2) - ((axf™2 - axc™2*xf72 - a*d"2*%e”2 + bkd*exf

+ 2xaxckdxexf)/(£f72 - c™2xf72 - d72xe”2 + 2kxcxdxexf) + (bxd*f~2*x)/(f72 - ¢
“2xf72 - d72xe”2 + 2kxcxdxexf))/(2%e”2xf + 2+f"3*%x"2 + 4*exf"2xx) + (b*xlog(l
- d¥x - c))/(2xfx(2%e”2 + 2*%f"2%x"2 + 4*exf*x))

8*d*e
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3.38 [(e+ fz)? (a+btanh™'(c + d:c))2 dx
Optimal. Leaf size=562

b’ f2(de — cf):c_'_abf(GdZe2 —12cdef + (1 + 6c2) f?) x+b2f3(c +dz)®  b*f*(de — cf) tanh™!(c + dx) b?
d3 2d3 12d4 d*

[Out] b~ 2*f~ 2% (—cxf+d*e) *x/d~3+1/2*%a*b*f* (6*xd~2*%e 2-12xcxd*e*f+(6xc~2+1) *f~2) *x/d
“3+1/12*%b"2%f " 3% (d*x+c) "2/d"4-b"2*f "2x (—ckf+d*e) *arctanh (d*x+c) /d"4+1/2%b"2
*fx (6*d"2%e 2-12%ckd*e*xf+(6xc”2+1) *f~2) x (d*x+c) *arctanh (d*x+c) /d"4+b*f "2 (-
ckxf+d*e) * (d*x+c) ~2*x (at+b*arctanh (d*x+c)) /d"4+1/6*b*xf~3*x (d*x+c) “3* (a+b*arctan
h(d*x+c))/d~4+(-cxf+dxe) *x (d"2xe~2-2*ckxd*exf+(c~2+1) *f~2) * (a+b*arctanh (d*x+c
))"2/d"4-1/4%(d"4*e"4-4*xcxd"3xe"3xf+6* (c™2+1) *d"2*e~2*f~2-4*c* (c~2+3) *d*xexf
~3+(c"4+6*c"2+1) *f~4) * (a+b*arctanh (d*x+c) ) ~2/d"4/f+1/4* (f*x+e) “4*x (a+b*arcta
nh(d*x+c) ) ~2/f-2%b* (—cxf+d*e) * (d"2*xe”~2-2*c*d*xexf+(c~2+1) *f~2) * (a+b*arctanh (
d*xx+c) ) *1n(2/ (-d*x-c+1) ) /d"4+1/12%b~2*f~3*1n (1- (d*x+c) "2) /d"4+1/4*xb"2xf* (6%
d"2*xe"2-12xcxd*xexf+(6*%c™2+1) *f~2) *1n(1-(d*x+c) ~2) /d"4-b" 2% (—c*kf+d*e) * (d"2*e
~2-2xckd*exf+(c2+1) *£~2) *polylog(2, (-d*x-c-1) / (-d*x-c+1))/d"4

Rubi [A]
time = 0.71, antiderivative size = 562, normalized size of antiderivative = 1.00, number of

steps used = 20, number of rules used = 15, integrand size = 20, number of rules _ 0.750,
integrand size

Rules used = {6246, 6065, 6021, 266, 6037, 327, 212, 272, 45, 6195, 6095, 6131, 6055, 2449,
2352}

Antiderivative was successfully verified.
[In] Int[(e + f*x)~3*(a + b*ArcTanh[c + d*x])~2,x]

[Out] (b~2*f"2%(d*e — c*f)*x)/d"3 + (a*b*xfx(6*d"2%e”2 — 12kc*d*exf + (1 + 6%c™2)*
£72)*x)/(2%¥d"3) + (b"2*%f"3x(c + d*x)"2)/(12*d"4) - (b~2*f"2x(d*xe - c*f)*Arc
Tanh[c + d*x])/d"4 + (b"2*%f*(6*d"2%e”2 — 12xckxd*exf + (1 + 6*xc”2)*f"2)*(c +
d*x)*ArcTanh[c + d*x])/(2*d"4) + (b*f~2x(d*xe - c*f)*(c + d*x) 2x(a + b*Arc
Tanh[c + d*x]))/d"4 + (b*f~3*(c + d*x)~3*(a + bxArcTanh[c + d*x]))/(6xd"4)
+ ((d*e - c*f)*(d"2*xe”2 - 2*ckxdxexf + (1 + c”2)*f"2)*(a + bkArcTanh[c + d*x
1)°2)/d"4 - ((d74*e"4 - 4*cxd"3*e”3*f + 6%(1 + c~2)*d"2%e"2*f"2 - 4xc*x(3 +
c"2)*d*e*f"3 + (1 + 6%c”2 + c"4)*f"4)*(a + bkArcTanh[c + d*x])~2)/(4*d"4x*f)
+ ((e + f*x)~4x(a + bkArcTanh[c + d*x])~2)/(4*f) - (2xbx(d*e - cxf)*x(d"2*e
~2 - 2%ckdxexf + (1 + c72)*f"2)*(a + b*ArcTanh([c + d*x])*Log[2/(1 - c - d*x
)1)/d"4 + (b™2xf73%Log[l - (c + d*x)~2])/(12%d"4) + (b~2xf*(6%xd"2%e”2 - 12%
ckdxexf + (1 + 6%c”2)*f72)*Log[l - (c + d*x)"2])/(4%d"4) - (b~2*(dxe - c*f)
x(d"2%e"2 - 2xckd*exf + (1 + c~2)*f72)*PolyLog[2, -((1 + c + d*x)/(1 - ¢ -
d*x))])/d"4
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Rule 45

Int[((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d, n},
x] &% NeQ[b*c - a*d, 0] && IGtQ[m, O] && ( !'IntegerQ[n] || (EqQ[c, 0] && Le
Q[7*m + 4xn + 4, 0]) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rtla, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 266

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
t[a + b*x"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 272

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)~p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 327

Int[((c_.)*(x_)) " (m_)*((a_) + (b_.)*x(x_)"(n_))"(p_), x_Symbol] :> Simp[c~(n
- D*(c*x)"(m - n + D*((a + b*xx"n)"(p + 1)/(b*(m + n*p + 1))), x] - Distl[
axcn*x((m - n + 1)/(b*(m + nxp + 1))), Int[(c*x)"(m - n)*(a + b*x"n)"p, x],
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, O] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] &% IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 2352

Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*xx], x] /; FreeQ[{c, d, e}, x] && EqQle + c*d, 0]

Rule 2449

Int[Logl(c_.)/((d_) + (e_.)*x(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Log[2*d*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] && EqQ[c, 2*d] && EqQle~2xf + d~2*g, 0]

Rule 6021

Int[((a_.) + ArcTanh[(c_.)*(x_)~(n_.)I*(b_.))"(p_.), x_Symbol] :> Simp[x*(a
+ bxArcTanh[c*x"n])"p, x] - Dist[b*c*n*p, Int[x"n*((a + bxArcTanh[c*x"n])~
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(p - 1)/ - c™2%x~(2*n))), x], x] /; FreeQ[{a, b, c, n}, x] && IGtQ[p, O]
& (EqQ[n, 11 || EqQlp, 11)

Rule 6037

Int[((a_.) + ArcTanh[(c_.)*(x_)"(n_.)]*(b_.)) " (p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + bxArcTanh[c*x™n])"p/(m + 1)), x] - Dist[b*c*n*(p/(m
+ 1)), Int[x"(m + n)*((a + bxArcTanh[c*x"n])~(p - 1)/(1 - c™2*x~(2%n))), x]
, x] /; FreeQ[{a, b, ¢, m, n}, x] & IGtQ[p, 0] && (EqQlp, 1] || (EqQ[n, 1]
&& IntegerQ[m])) && NeQ[m, -1]

Rule 6055

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
1 :> Simp[(-(a + b*ArcTanh[c*x]) “p)*(Log[2/(1 + ex(x/d))]1/e), x] + Dist[b*c
*x(p/e), Int[(a + b*ArcTanh[c*x])~(p - 1)*(Log[2/(1 + ex(x/d))]/(1 - c~2xx~2
)), x]1, x] /; FreeQ[{a, b, c, 4, e}, x] && IGtQ[lp, 0] && EqQ[c~2*d"2 - e~2,
0]

Rule 6065

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_)*((d_.) + (e_.)*(x_))"(q_.), x_S
ymbol] :> Simp[(d + e*xx)~(q + 1)*((a + bxArcTanh[c*x]) p/(ex(q + 1))), x] -
Dist [b*c*(p/(e*x(q + 1))), Int[ExpandIntegrand[(a + b*ArcTanh[c*x])~(p - 1)
, (d+ exx)"(q + 1)/(1 - c™2%x72), x], x], x] /; FreeQ[{a, b, c, d, e}, x]
& IGtQ[p, 1] && IntegerQlql && NeQ[q, -1]

Rule 6095

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d.) + (e_.)*(x_)"2), x_Symb
ol] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(b*c*dx(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] && EqQ[c™2*d + e, 0] && NeQ[p, -1]

Rule 6131

Int[(((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.)*(x_))/((d ) + (e_.)*(x_)"2),
x_Symbol] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(b*ex(p + 1)), x] + Dist[1/
(cxd), Int[(a + bxArcTanh[c*x])~p/(1 - c*x), x], x] /; FreeQ[{a, b, c, d, e
}, x] && EqQ[c™2*d + e, 0] &% IGtQ[p, O]

Rule 6195

Int[(((a_.) + ArcTanh[(c_.)*(x_)I*(b_.)) " (p_.)*x((£f_) + (g_.)*(x_))"(m_.))/(
(d)) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + bxArcTanh[c*x])
“p/(d + e*xx”2), (f + g*x)"m, x], x] /; FreeQ[{a, b, ¢, d, e, f, g}, x] & I
GtQlp, 0] && EqQlc™2#d + e, 0] && IGtQ[m, O]



Rule 6246

236

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)]*(b_.))~(p_.)*((e_.) + (f_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[((d*e - c*f)/d + f*(x/d)) " m*x(a + bxA
rcTanh[x])"p, x], x, c + d*x], x] /; FreeQ[{a, b, ¢, d, e, f, m}, x] && IGt

Qlp, O]

Rubi steps

/(e + fz)? (a +btanh ' (c + d:c))2 dx =

Mathematica [A]

Subst (f (%e=el 4 %)3 (a+ btanh_l(:v))2 dz,z,c+ da:)

d
f?(6d2e?—12cdef
(e+ fz)* (a+btanh™'(c + dx))2 bSubst (f (‘ : —
= o -
dtet—4cd®ed f46(14-¢
_ (e+ fx)* (a+btanh™'(c+ dx))2 bSubst (f ( L
= i —

abf(6d%e® — 12cdef + (1 +6¢%) f)z  bf*(de — cf)(c+ dz)? (a
- 2P * i

_ b’f(de—cf)x | abf(6d’e® — 12cdef + (1+6¢%) f2)z  b*f(6¢c
- 245 -

b’ fi(de —cf)x = abf(6d%e? — 12cdef + (1 +6¢%) f2)x b2 f?(a
B P * 20 N

_ b’ f2(de — cf)x N abf(6d?e? — 12cdef + (14 6¢2) f3) N b2 f3(c

d3 2d3 1

_ B f*(de—cf)x N abf(6de? — 12cdef + (14 6¢2) f3) N b2 f3(c
B & 243 1
b’ f2(de — cf)x = abf(6d*e® — 12cdef + (1 +6¢%) f2)z  b*f3(c

B & * 20 AT

time = 5.99, size = 1082, normalized size = 1.93

Antiderivative was successfully verified.
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[In] Integrate[(e + f*x)~3*(a + bxArcTanh[c + d*x])~2,x]

[Out] (12%a”2%e"3xx + 18*%a~2%e 2xf*x"2 + 12%a~2xe*xf ~2%x"3 + 3*a~2xf"3%x"4 + axbx*(
B*x* (4*%e~3 + 6*%e”2xfxx + 4kexf"2%xx”2 + f~3*x"3)*ArcTanh[c + d*x] - (-2*xd*f*
xk (3% (1 + 3%c™2)*f"2 - 3kckd*f*(8*e + f*xx) + d72%(18*%e”2 + 6xexf*x + f72%x”
2)) + 3x(-1 + c)*(4*%d"3xe"3 - 6%(-1 + c)*d"2*e"2xf + 4*(-1 + c) " 2kd*exf~2 -
(-1 + c)"3%f"3)*Logl[l - c - d*x] + 3*x(1 + c)*(-4*d"3%e"3 + 6%(1 + c)*d 2xe
“2xf - 4*%(1 + c)"2*xd*exf"2 + (1 + c)"3*%f"3)*Logl[l + c + d*x])/d~4) + (12%b~
2xe~3x(ArcTanh[c + d*x]*((-1 + c + d*x)*ArcTanh[c + d*x] - 2xLog[1l + E~(-2x
ArcTanh[c + d*x])]) + PolyLogl[2, -E~(-2*ArcTanh[c + d*x])]))/d - (18%b~2xe~
2xf*((1 - 2%c + ¢72 - d"2*x"2)*ArcTanh[c + d*x]~2 - 2%ArcTanh[c + d*x]*(c +
d*x + 2*c*Log[l + E~(-2xArcTanh[c + d*x])]) + 2xLog[1/Sqrt[1 - (c + d*x)~2
1] + 2%cxPolyLog[2, -E~(-2*%ArcTanh[c + d*x])]))/d"2 + (b~™2*f"3%(-1 - 11%c~2
- 10*ckd*x + d”2*%x"2 - 3%(1 - 4%c + 6%xc”2 - 4*%c”3 + c"4 - d74xx"4)*ArcTanh
[c + d*x]~2 + 2%ArcTanh[c + d*x]*(9%c + 13*c”™3 + 3xd*x + 9*c™2*xd*x - 3*c*xd”
2%x72 + d73%x73 + 12x(c + c"3)*Log[1 + E~(-2*ArcTanh[c + d*x])]) - 8*Logl[1l/
Sqrt[1 - (c + d*x)~2]] - 36%c”™2*Log[1/Sqrt[1l - (c + d*x)~2]] - 12x(c + c73)
*PolyLog[2, -E~(-2%ArcTanh[c + d*x])]))/d~4 - (3*b~2%e*xf~2%(1 - (c + d*x)~2
)~ (3/2)*(-((c + d*x)/Sqrt[1l - (c + d*x)~2]) + (6xc*(c + d*x)*ArcTanh[c + d*
x])/Sqrt[1 - (c + d*x)~2] + (3*(c + d*x)*ArcTanh[c + d*x]~2)/Sqrt[1 - (c +
d*x)~2] - (3*c™2x(c + d*x)*ArcTanh[c + d*x]~2)/Sqrt[1l - (c + d*x)~2] + ArcT
anh[c + d*x]~2*Cosh[3*ArcTanh[c + d*x]] + 3*c”2xArcTanh[c + d*x]~2*Cosh[3*A
rcTanh[c + d*x]] + 2%ArcTanh[c + d*x]*Cosh[3*ArcTanh[c + d*x]]*Log[l + E~(-
2xArcTanh[c + d*x])] + 6*c”™2*%ArcTanh[c + d*x]*Cosh[3*ArcTanh[c + d*x]]*Logl
1 + E7(-2%ArcTanh[c + d*x])] - 6*c*Cosh[3*ArcTanh[c + d*x]]*Logl[1/Sqrt[1 -
(c + d*x)~2]]1 + (3*%(1 - 4*c + 3xc"2)*ArcTanh[c + d*x]~2 + 2*ArcTanh[c + d*x
1x(2 + (3 + 9%c™2)*Log[1 + E~(-2*ArcTanh[c + d*x])]) - 18*cxLogl[1/Sqrt[1 -
(c + d*x)"2]])/Sqrt[1 - (c + d*x)~2] - (4x(1 + 3*c~2)*PolyLog[2, -E~(-2xArc
Tanh[c + d*x])])/(1 - (c + d*x)~2)~(3/2) - Sinh[3*ArcTanh[c + d*x]] + 6%c*A
rcTanh[c + d*x]*Sinh[3*ArcTanh[c + d*x]] - ArcTanh[c + d*x]~2*Sinh[3*ArcTan
h[c + d*x]] - 3*%c"2xArcTanh[c + d*x]~2*Sinh[3*ArcTanh[c + d*x]]))/d"3)/12

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 4768 vs.
2(548) = 1096.
time = 1.10, size = 4769, normalized size = 8.49

method result size
risch Expression too large to display | 4356

derivativedivides | Expression too large to display | 4769
default Expression too large to display | 4769

Verification of antiderivative is not currently implemented for this CAS.

[In] int((f*x+e) 3*(atb*arctanh(d*x+c))~2,x,method=_RETURNVERBOSE)

[Out] 1/d*x(1/4*e~3*b~2*1n(d*x+c-1) "2-1/4*xe~3xb~2*1n(d*x+c+1) "2+e”3*b~2*arctanh (d*
x+c)*1n(d*x+c-1)+e”3xb~2*arctanh (d*x+c) *1n(d*x+c+1)-1/2*%e"3%b~2*1n(d*x+c-1)
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*1n(1/2*%d*x+1/2*c+1/2)+1/2*xe”3*b"2*1n(-1/2*d*x-1/2*c+1/2) *1n(d*x+c+1)-1/2*e
“3xb"2*1n(-1/2*d*x-1/2%c+1/2) *1n(1/2*d*x+1/2*c+1/2)+e"3*a*xb*x1n(d*x+c-1)+e”3
*axbx1n (d*x+c+1)+1/4*a*xb/d~3*f"3*1n(d*x+c-1) *c~4+3/8*b"2/d*f*1n(d*x+c+1) ~2x%
e"2-1/4%b"2/d"2*f"2*1n(d*x+c+1) "2%e-b~2/d"2*f"2xdilog (1/2*d*x+1/2%c+1/2) *xe-
b~2*dilog(1/2*d*x+1/2*c+1/2)*e~3+1/12*%b~2/d~3*f ~3* (d*x+c) "2+1/3*b~2/d"3*£~3
*1n(d*x+c-1)+1/3*b"2/d"3*f ~3*1n(d*x+c+1)+1/16*b"2/d"3*f ~3*1n (d*x+c+1) ~2+1/4
* (cxf-d*e-f*(d*x+c)) "4*a~2/d"3/f+1/16xb"2/d"3*f " 3*1n(d*x+c-1) "2-1/4%b~2*1n(
d*xx+c+1) "2xcxe~3-1/4%b"2%1n(d*x+c-1) "2*xc*xe~3-b~2*arctanh (d*x+c) ~2*c*xe~3+b~2
*arctanh (d*x+c) “2*%e " 3* (d*x+c)+1/6*a*xb/d"3*f " 3* (d*x+c) “3+1/4*a*xb/d~3*f " 3*1n(
d*x+c-1)-1/4xaxb/d~3*f~3*1n(d*x+c+1)—axb*1ln(d*x+c—1) *cxe”3+axb*1ln(d*x+c+1)*
c*e~3-2*ax*b*arctanh (d*x+c) *cxe~3+2*a*b*arctanh (d*xx+c) *e~3* (d*x+c)+3/8%b~2/d
*fx1n(d*x+c-1) "2%e”2+1/4*b"2/d"2+f ~2x1n (d*x+c-1) “2*e+3/8%b~2/d"3*f ~3*1n (d*x
+c-1)"2xc~2-1/4%b"2/d"3*%f "3*1n(d*x+c-1) "2*c+1/4*b"2/d~3*f ~“3*arctanh (d*x+c) *
In(d*x+c-1)-1/4*%b~2/d"3*f~3*arctanh (d*x+c) *1n(d*x+c+1)+1/2*xb~2/d"3*f "3*arct
anh (d*x+c) * (d*x+c)+1/6*%b~2/d"3*f ~3*arctanh (d*x+c) * (d*x+c) “3-1/8%b"2/d"3*f "3
*1n (d*x+c+1) *1n(-1/2xd*x-1/2*%c+1/2)+1/8*%b"2/d"3*f~3*x1n(-1/2*d*x-1/2%c+1/2) *
In(1/2*%d*x+1/2*c+1/2)+1/16*b"2/d"3*f " 3*1n (d*x+c+1) “2%c"4+1/4*xb"2/d"3*f " 3*1n
(d*x+c+1) "2xc~3+3/8%b~2/d"3*f ~3*1n(d*x+c+1) "2*%c~2+1/4%b"2/d"3*f " 3*1n (d*x+c+
1) "2%c+b~2/d"3*f"3*dilog(1/2*d*x+1/2*c+1/2) *c~3+b~2/d"3*f~3*dilog(1/2*d*x+1
/2%c+1/2) *c-1/8*b"2/d"3*f " 3*1n(d*x+c-1) *1n(1/2*d*x+1/2*%c+1/2)+1/16*%b"2/d" 3%
£f73*1n(d*x+c-1) "2xc~4-1/4%b"2/d"3*f " 3*1n(d*x+c-1) "2*%c~3+1/4*%b"2/d"3*f"3*arc
tanh (d*x+c) "2*%c~4+1/4*b"2/d"3*f ~3*arctanh (d*x+c) ~2* (d*x+c) "4+3/2*xb"2/d*f*1n
(d*x+c+1)*e~2-1/2%b"2/d"2*f " 2*1n (d*x+c+1) *e+3/2*xb~2/d*f*1n (d*x+c-1) *e~2+1/2
*b~2/d"2*f " 2x1n (d*x+c-1) *e+3/2*%b"2/d~3*f ~3*1n (d*x+c+1) *c"2+1/2xb~2/d"3*f ~3*
1n(d*x+c+1) *c+3/2*b"2/d"3*f ~3*1n(d*x+c-1) *c~2-b~2*arctanh (d*x+c) *1n (d*x+c-1
)Yxcxe~3+1/2%b"2*%1In (d*x+c+1) *1n(-1/2*%d*x-1/2*c+1/2) *c*e~3-1/2xb"2x1n (-1/2*d*
x-1/2%c+1/2) *1n(1/2*d*x+1/2%c+1/2) *c*e~3+1/2*xb"2*1n (d*x+c—-1) *1n(1/2*d*x+1/2
*c+1/2) *c*e~3+b~2*arctanh (d*x+c) *1n(d*x+c+1) *c*e~3-b"2/d"3*f ~3*c*x (d*x+c)+b~
2/d"2xf~2%e* (d*x+c)-1/2%b"2/d"3*f "3*1n(d*x+c-1) *c+1/4*xb~2*d/f*arctanh (d*x+c
) "2xe~4+1/16%b"2*%d/f*1n(d*x+c+1) “2*xe~4+1/16%b"2*%d/f*1n(d*x+c—-1) "2*xe~4+1/2*a
*b/d~3*f 3% (d*x+c)-3/2%b~2/d*f*arctanh (d*x+c) *1n(d*x+c+1) ¥e~2+b~2/d"2*f ~2*a
rctanh (d*x+c)*1n(d*x+c+1) *e+3/2*b~2/d*xf*arctanh (d*x+c) *1n(d*x+c-1) *e~2+b~2/
d~2*xf~2*xarctanh (d*x+c) *1n(d*x+c-1) *e+3*xb~2/d*f*arctanh (d*x+c) xe~ 2% (d*x+c) -3
/4%b"2/d*f*1n (d*x+c+1) *1n(-1/2*d*x-1/2*c+1/2) *e~2+1/2*xb~2/d"2*f ~2*1n (d*x+c+
1)*1n(-1/2*%d*x-1/2%c+1/2) *e+3/4*xb"2/d*f*1n(-1/2*d*x-1/2%c+1/2) *1n(1/2*d*x+1
/2%c+1/2) *e"2-1/2xb"2/d"2*%f " 2*%1n(-1/2*%d*x-1/2*c+1/2) *1n (1/2*d*x+1/2*%c+1/2) *
e-1/4xb"2/d"2*f " 2x1n (d*x+c+1) “2*c"3*e+3/8*b"2/d*f*1n (d*x+c+1) “2*xc"2*e"2-3/4
*b~2/d"2*f " 2x1n (d*x+c+1) "2xc”"2*e+3/4*b"2/d*f*1n (d*x+c+1) "2*c*xe~2-3/4%b"2/d"
2+f~2x1n (d*x+c+1) “2kcke—-1/8*xb~2xd/f*1n(d*x+c+1) *1n(-1/2*%d*x-1/2*c+1/2) *e~4+
1/8*xb~2xd/f*1n(-1/2*%d*x-1/2*%c+1/2)*1n(1/2*xd*x+1/2%c+1/2) *e~4-1/8*b"2*d/f*1n
(d*x+c-1)*1n(1/2*%d*x+1/2*%c+1/2) *e~4-1/4*%b"2*d/f*arctanh (d*x+c) *1n (d*x+c+1) *
e”~4+1/4%b~2*%d/f*arctanh (d*x+c) *1n(d*x+c-1) *e~4-3%b~2/d"2*f ~2*dilog(1/2*d*x+
1/2%c+1/2) *c"2xe+3*b~2/d*f*xdilog(1/2*d*x+1/2*%c+1/2) *cxe~2-3/4*b~2/d*f*1n (d*
x+c-1)*1n(1/2*d*x+1/2*c+1/2)*e~2-1/2*%b"2/d"2*f " 2*1n (d*x+c—-1) *1n (1/2*d*x+1/2
xc+1/2) *e-1/4xb"2/d"2+f " 2x1n (d*x+c-1) “2xc”~3*e+3/8*b~2/d*f*1n (d*x+c-1) "2*c~2
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*e"2-b"2/d"2*%f"2*%arctanh (d*x+c) ~2*%c"3*e+3/2*b"2/d*f*arctanh (d*x+c) "2%c"2%e”
2+3/2xb~2/d*f*arctanh (d*x+c) “2*e” 2% (d*x+c) "2+b~2/d~2*f " 2*arctanh (d*x+c) "2*e
* (dxx+c) ~3+3/2xaxb/d*f*1n(d*x+c-1) *e~2+axb/d"2*f ~2x1n (d*x+c-1) *e—1/4*a*xbxd/
f*ln(d*xx+c+l)*e~4+1/4*a*xb*d/f*1n(d*x+c—-1)*e~4-1/4*a*xb/d"3*f " 3*1n(d*x+c+1) *c
~4-axb/d"3*f " 3*1n(d*x+c+1) *c~3-3/2*axb/d~3*f " 3*x1n(d*x+c+1) *c"2-a*b/d~3*f 3%
In(d*x+c+1) *c-3*b~2/d"2xf ~2x1n (d*x+c-1) *c*e-3*b~2/d"2xf ~2*1n (d*x+c+1) *c*e-b
~2/d"3*f"3*arctanh (d*xx+c) ~2*xc~3* (d*x+c)+3/2*b"2/d"3*f ~3*arctanh (d*x+c) ~2%c”
2% (d*x+c) "2-b~2/d"3*f ~3*arctanh (d*x+c) ~2*xc* (d*xx+c) ~3-3/2%b"2/d"3*f " 3*arctan
h(d*x+c)*1n(d*x+c+1) *c~2-b~2/d"3*f “3*arctanh (d*x+c) *1n(d*x+c+1) *c+1/4*b~2/d
~3xf~3*arctanh (d*x+c) *1n(d*x+c-1) *c~4-b"2/d"3*f ~3*arctanh (d*x+c) *1n (d*x+c-1
)Y*c~3+3/2%b"2/d"3*f " 3*arctanh (d*x+c) *1n(d*x+c-1) *c~2-b~2/d"3*f ~3*arctanh (d*
x+c)*1n(d*x+c-1) *c-b~2/d"3*f "3*arctanh (d*x+c) *c* (d*x+c) ~2+3*%b~2/d"3*f~3*arc
tanh (d*x+c) *c™2* (d*x+c) -1/8%b~2/d"3*f ~3*1n (d*x+c+1) *1n(-1/2*d*x-1/2*c+1/2) *
c"4-1/2%b"2/d"3*f"3*1n(d*x+c+1)*1n(-1/2*d*x-1/2*%c+1/2) *c~3-3/4*%b"2/d"3*f 3%
In(d*x+c+1) *1n(-1/2*d*x-1/2*%c+1/2) *c~2-1/2*%b"2/d"3*f~3*1n (d*x+c+1) *1n(-1/2%
dxx-1/2*c+1/2)*c+1/8%b"2/d"3*f"3*1n(-1/2*d*x-1/2*%c+1/2) *1n(1/2*d*x+1/2*%c+1/
2)*c~4+1/2%b72/d"3*f"3*%1n(-1/2*d*x-1/2*c+1/2) *1n(1/2*d*x+1/2*c+1/2) *c~3+3/4
*b~2/d"3*%f"3*x1n(-1/2%d*x-1/2*%c+1/2) *1n(1/2*d*x+1/2*c+1/2) *c~2+1/2*b"2/d"3*f
~3*1n(-1/2*%d*x-1/2*c+1/2) *1n(1/2*d*x+1/2%c+1/2) *c-1/8*b"2/d"3*f " 3*1n (d*x+c—
1)*1n(1/2*d*x+1/2%c+1/2) *c~4+1/2*b"2/d"3*%f ~3*1n. ..

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 1438 vs.
2(555) = 1110.
time = 0.46, size = 1438, normalized size = 2.56

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) 3% (a+b*arctanh(d*x+c))~2,x, algorithm="maxima")

[Out] 1/4*a~2xf"3%x"4 + a~2*%f"2*x"3%e + 1/12*%(6*x"4*arctanh(d*x + c) + d*(2x(d"2x
X73 - 3kckd*x"2 + 3% (3*%c”2 + 1)*x)/d74 - 3%(c”4 + 4*%c”3 + 6%c”2 + 4xc + 1)*
log(d*x + ¢ + 1)/d”5 + 3*(c™4 - 4%c™3 + 6%c”2 - 4*xc + 1)*xlog(d*x + c - 1)/d
~5))*a*xb*f~3 + 3/2*%a"2xfxx"2%e”~2 + (2*x"3*arctanh(d*x + c) + d*((d*x"2 - 4%
c*x)/d™3 + (c™3 + 3%c™2 + 3xc + 1)xlog(d*x + c + 1)/d"4 - (c™3 - 3*xc™2 + 3%
c - 1)*log(d*x + c - 1)/d"4))*axb*f~2xe + 3/2%(2+x"2*arctanh(d*x + c) + dx(
2xx/d"2 - (c”2 + 2%c + 1)*log(d*x + c + 1)/d"3 + (c”2 - 2xc + 1)*log(d*x +
c - 1)/d73))*axbxf*e”2 + a"2*x*e"3 + (2x(d*x + c)*arctanh(d*x + c) + log(-(
d*x + c)72 + 1))*axbxe”3/d - (3*%b~2xc*d"2*f*e"2 - b"2%d"3xe”3 - (3*%c"2xd*f~
2 + d*f"2)*xb"2%e + (c"3*f73 + c*f73)*b"2)*(log(d*x + c + 1)*log(-1/2*d*x -
1/2%c + 1/2) + dilog(1/2*xd*x + 1/2%c + 1/2))/d"4 + 1/12%(18*(c*d~2*f + d~2%
f)*xb"2xe”2 - 6x(5*c”2*d*f"2 + 6*c*kd*f"2 + d*f"2)*b"2%e + (13*%c”™3*f"3 + 18%c
“2xf73 + 9xcxf~3 + 4*x£73)*b"2)*log(d*x + ¢ + 1)/d"4 - 1/12%(18*(cxd™2xf - d
“2xf)*b"2%e”2 - 6x(5kxcT2xd*f"2 - 6xcxd*f"2 + d*f"2)*xb"2%e + (13%c”3*f"3 - 1
8xc"2xf"3 + 9xcxf~3 - 4xf73)*b"2)*log(d*x + c - 1)/d"4 + 1/48%(4xb~2*%d"2%f~
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3%x"2 + 3% (b"2%d"4*xf"3*%x"4 + 4*b"2*%d"4*f"2xx"3%e + 6xb"2*%d"4*f*x"2%e”2 + 4x
b~2*d"4*x*e”3 + 4% (c*xd”3 + d"3)*b"2*xe”"3 - 6% (c”2xd"2*f + 2xcxd"2*f + d~2xf)
*b"2%e"2 + 4x(c”3xd*xf"2 + 3*%c”2*xd*f"2 + 3kckd*f~2 + d*xf"2)*b"2%e - (c"4*xf"3
+ 4xc”3*%f73 + 6%c"2*%f"3 + 4*kc*kf~3 + £73)*b72)*log(d*x + c + 1)72 + 3%k (b72%
d74x£73*%xx"4 + 4xb"2*kd"4*f72%xx"3*%e + 6xbT2*kd"4*fxx"2%e”"2 + 4xbT2*kd"4*x*xe”3 +
4% (c*xd”3 - d"3)*b"2*xe"3 - 6%(c”2xd"2*f - 2xckd"2*f + d72*f)*b"2*xe"2 + 4x*(c
“3*d*f"2 - 3kcT2kd*f"2 + 3kckd*f"2 - d*f"2)*b"2%e - (cT4*xf"3 - 4%c”3*%f"3 +
6*c"2%f"3 - 4*c*f~3 + £73)*b"2)*log(-d*x - c + 1)72 - 8*(5xb"2*xc*xd*f~3 - 6%
b~ 2xd"2*xf"2%e) *x + 4*x(b"2%d"3*f"3%xx"3 - 3% (b 2*c*kd"2*f"3 - 2*xb"2xd"3*xf"2*e)
*x72 — 3*%(8%b"2xckd"2*%f"2xe — 6*%b"2x%d"3*f*ke”2 - (3*xc”2*d*f"3 + d*f"3)*b"2)*
x)*log(d*x + ¢ + 1) - 2x(2¥b~2%d"3*f~3*x"3 - 6% (b~2kcxd"2+f~3 - 2xb~2*d"3*f
“2xe) *x"2 - 6% (8*b"2%c*kd"2xf"2%e — 6xb"2xd"3*f*e”2 — (3*%cT2xd*xf"3 + d*f~3)*
b~2)*x + 3% (b"2*%d"4*f"3*x"4 + 4xb~2x%d"4*xf"2*x"3%e + 6xb"2%xd"4xfxx"2%e"2 + 4
*b~2xd"4*x*e"3 + 4*%(c*d”3 + d”3)*b"2xe"3 - 6*(c”2xd"2*f + 2xcxd"2*xf + d72*xf
)*b"2%e”2 + 4x(c”3*d*f"2 + 3*kcT2xd*f"2 + 3*ckd*f"2 + d*f72)*b"2%e - (cT4*f”
3 + 4xc73%f73 + 6%c”2*f"3 + 4*c*f~3 + £73)*xb"2)*x1log(d*x + c + 1))*log(-d*x
-c+1))/da"4
Fricas [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) 3*(atb*arctanh(d*x+c))~2,x, algorithm="fricas")

[Out] integral(a™2*f~3%x"3 + 3%a~2%f"2%x"2%e + 3*a~2xfxxxe”2 + (b"2*f"3*x"3 + 3%b
“2%f72%x"2%e + 3kb"2xfxx*ke”2 + b~2*e”3)*arctanh(d*x + c)~2 + a"2*xe”3 + 2*(a
*b*xf~3%x"3 + 3kaxbxf"2%xx"2%e + 3xaxbxfxx*e~2 + axbxe~3)*arctanh(d*x + c), x

)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (a + batanh (c + dx))° (e + fz)® dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)**3*(atb*atanh(d*x+c))**2,x)
[Out] Integral((a + b*atanh(c + d*x))#**x2x(e + f*x)**3, x)
Giac [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) 3% (atb*arctanh(d*x+c))~2,x, algorithm="giac")

[Out] integrate((f*x + e) 3*(b*arctanh(d*x + c) + a)~2, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ (e + fz)’ (a + batanh(c + dz))* dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e + fxx)~3*(a + b*atanh(c + d*x))~2,x)
[Out] int((e + f*x)~3*(a + b*atanh(c + d*x))~2, x)
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3.39 [(e+ fz)? (a+btanh™'(c + d:c))2 dx

Optimal. Leaf size=374

v f2x 2abf(de —cf)x b*f>tanh ' (c+dz) 20%f(de — cf)(c +dz)tanh™*(c+dzx) bf*(c+dz)* (a+b
s T ®& 3 - Pz * 303

[Out] 1/3*%b"2%f~2xx/d"2+2*a*xbxf*(-c*f+d*e)*x/d"2-1/3*xb~2*f ~"2*arctanh (d*x+c)/d~3+2
*b~2xf* (—c*xf+d*xe) * (d*x+c) *arctanh (d*x+c) /d"3+1/3*bxf~2* (d*x+c) “2* (a+b*arcta
nh(d*x+c))/d"3-1/3*%(—c*xf+d*e) * (d~2*xe~2-2*c*d*e*f+(c~2+3) *f~2) * (a+b*arctanh (
d*x+c))~2/d"3/f+1/3*%(3*%d"2*e~2-6*cxd*exf+(3*xc”~2+1) *f~2) *x (a+b*arctanh (d*x+c)
)~2/d"3+1/3* (f*x+e) “3* (a+b*arctanh (d*x+c)) ~2/f-2/3*b* (3*d~2*e”2-6*cxd*e*xf+(
3*xc~2+1) *f~2) * (a+b*arctanh (d*x+c)) *1n(2/ (-d*x-c+1) ) /d"3+b"2*f* (—cxf+d*e) *1n
(1-(d*x+c)~2)/d"3-1/3*b"2* (3*d"2*e"2-6*c*d*exf+(3*xc~2+1) *f~2) xpolylog(2, (-d
*x-c-1)/(-d*x-c+1))/d"3

Rubi [A]

time = 0.44, antiderivative size = 374, normalized size of antiderivative = 1.00, number of

steps used = 16, number of rules used = 13, integrand size = 20, number of rules _ 0.650,
integrand size

Rules used = {6246, 6065, 6021, 266, 6037, 327, 212, 6195, 6095, 6131, 6055, 2449, 2352}

Antiderivative was successfully verified.
[In] Int[(e + f*x)~2*(a + b*ArcTanh[c + d*x])~2,x]

[Out] (b~2*f"2%x)/(3*d"2) + (2*xaxb*xf*(d*e - c*f)*x)/d"2 - (b"2*%f 2xArcTanh[c + dx*
x])/(3%d~3) + (2xb~2*fx(d*xe - c*xf)*(c + d*x)*ArcTanh[c + d*x])/d~3 + (bxf~2

x*(c + d*x)~2*(a + b*¥ArcTanh[c + d*x]))/(3*%d"3) - ((dxe - c*f)*(d"2%e"2 - 2%
cxdxexf + (3 + c”2)*f~2)*(a + bxArcTanh[c + d*x])~2)/(3*d~3*f) + ((3*d"2xe”

2 - 6xckxd*xexf + (1 + 3*c™2)*f"2)*(a + bxArcTanh[c + d*x])~2)/(3*d"3) + ((e

+ f*x)"3*(a + b*ArcTanh[c + d*x])~2)/(3*f) - (2*b*(3*d"2*e"2 - 6*cxd*xe*xf +

(1 + 3*c™2)*f~2)*(a + bkArcTanh[c + d*x])*Log[2/(1 - ¢ - d*x)]1)/(3*d~3) + (
b~2xfx(d*e - c*f)*Logll - (c + d*x)~2])/d™3 - (b™2%(3*d"2%e”2 - 6*ckd*e*xf +

(1 + 3*%c™2)*f72)*PolyLog[2, -((1 + ¢ + d*x)/(1 - c - d*x))]1)/(3*d"3)

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))=*
ArcTanh([Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rule 266

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + b*x™n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]
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Rule 327

Int[((c_.)*(x_))"(m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[c~(n

- Dx(c*x)"(m - n + D*((a + bxx™n) " (p + 1)/(b*(m + nxp + 1))), x] - Dist[
axc™nx((m - n + 1)/(b*(m + nxp + 1))), Int[(c*x)"(m - n)*(a + b*x"n)"p, x],
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] & IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 2352

Int[Logl(c_.)*(x_)1/((d) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQ[{c, d, e}, x] && EqQle + cx*d, 0]

Rule 2449

Int[Logl(c_.)/((d)) + (e_)*x(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Logl[2*d*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] && EqQ[c, 2*d] &% EqQle~2xf + d~2*g, 0]

Rule 6021

Int[((a_.) + ArcTanh[(c_.)*(x_ )" (n_.)I*(b_.))"(p_.), x_Symbol] :> Simp[x*(a
+ bxArcTanh[c*x"n]) "p, x] - Dist[b*c*n*p, Int[x"n*((a + bxArcTanh[c*x"n])~
(p - 1)/ - c™2%x"(2*n))), x], x] /; FreeQ[{a, b, c, n}, x] & IGtQ[p, O]
&& (EqQ[n, 11 || EqQlp, 11)

Rule 6037

Int[((a_.) + ArcTanh[(c_.)*(x_)~(n_.)]*(b_.)) " (p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + b*ArcTanh[c*x"n])"p/(m + 1)), x] - Dist[b*c*n*(p/(m
+ 1)), Int[x"(m + n)*((a + bxArcTanh[c*x"n])~(p - 1)/(1 - c™2*x"(2%n))), x]
, x] /; FreeQ[{a, b, ¢, m, n}, x] & IGtQ[p, 0] && (EqQlp, 1] || (EqQ[n, 1]
&& IntegerQ[m])) && NeQ[m, -1]

Rule 6055

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
1 :> Simp[(-(a + b*ArcTanh[c*x]) “p)*(Log[2/(1 + ex(x/d))]1/e), x] + Dist[bx*c
*x(p/e), Int[(a + b*ArcTanh[c*x])~(p - 1)*(Log[2/(1 + ex(x/d))]/(1 - c™2xx~2
)), x1, x] /; FreeQ[{a, b, c, 4, e}, x] && IGtQlp, 0] && EqQ[c~2*d"2 - e~2,
0]

Rule 6065

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_)*((d_) + (e_.)*(x_))"(q_.), x_S
ymbol] :> Simp[(d + e*x)~(q + 1)*((a + b*ArcTanh[c*x])"p/(ex(q + 1))), x] -
Dist [b*cx(p/(ex(q + 1))), Int[ExpandIntegrand[(a + b¥ArcTanh[c*x])~(p - 1)



244

, (d+ exx)”(q + 1)/(1 - c™2%x72), x], x], x] /; FreeQ[{a, b, c, d, e}, x]
&& IGtQlp, 1] && IntegerQlql && NeQ[q, -1]

Rule 6095

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d) + (e_.)*(x_)"2), x_Symb
0l] :> Simp[(a + bxArcTanh[c*x])~(p + 1)/(bxc*xdx(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] && EqQ[c™2*d + e, 0] && NeQ[p, -1]

Rule 6131

Int[(((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.)*(x_))/((d)) + (e_.)*x(x_)"2),

x_Symbol] :> Simp[(a + bxArcTanh[c*x])~(p + 1)/(b*ex(p + 1)), x] + Dist[1/
(c*d), Int[(a + b*ArcTanh[c*x])"p/(1 - c*x), x], x] /; FreeQ[{a, b, c, d, e
}, x] & EqQlc™2*d + e, 0] && IGtQ[p, O]

Rule 6195

Int[(((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.)*((£f_) + (g_.)*(x_))"(m_.))/(
(@) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + bxArcTanh[c*x])
“p/(d + exx"2), (f + gxx)"m, x], x] /; FreeQ[{a, b, c, d, e, f, g}, x] & I
GtQ[p, 0] && EqQlc™2+d + e, 0] && IGtQ[m, O]

Rule 6246

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)I1*(b_.))"(p_.)*((e_.) + (f_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[((d*e - cxf)/d + f*(x/d)) " m*x(a + bxA
rcTanh([x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGt
Qlp, 0]

Rubi steps
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Subst (f (%e=el 4 %)2 (a+ btanh_l(av))2 dz, T, c+ dx)
d
(e+ fz)? (a+btanh™'(c+ clx))2 (2b)Subst <f (_M
3f B

_ (et fz)® (a+ btanh™*(c + d:v))2 (2b)Subst (f el (e 2
= T _

2abf(de — cf)z  bf*(c+dz)? (a+btanh™'(c+dz)) (e+),
- 3 *

Vf2x  2abf(de —cf)x 2b2f(de — cf)(c+ dz)tanh ' (c+d
T e & " &

_ Vfx N 2abf(de —cf)z v f2 tanh ™! (c + dz) N 20 f (de — c;
- 32 @ 3d3

_ Vfx N 2abf(de —cf)x b2 f2tanh™'(c + dz) N 202 f (de — c;

3d? d? 3d?
_ Vfx N 2abf(de —cf)z  b*f? tanh™*(c + dz) N 20 f (de — c;
- 32 & 3d3
_ Vfx N 2abf(de — cf)x _ b*f*tanh™" (c + dx) N 202 f (de — c;
- 32 d? 3d3

Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 795 vs. 2(374) =

748.

time = 2.90, size = 795, normalized size = 2.13

Antiderivative was successfully verified.

[In] Integrate[(e + f*x)“2*(a + bxArcTanh[c + d*x])~2,x]

[Out] a™2*%e™2xx + a"2*%exf*x"2 + (a"2*xf72%x73)/3 + (a*b*(2*x*(3%e”2 + 3xexf*x + f~
2xx~2)*ArcTanh[c + d*x] + (d*fxx*x(6%dxe - 4*xcxf + d*xf*xx) - (-1 + c)*(3*d~2%
e”2 - 3%(-1 + c)*dxexf + (-1 + c)"2xf"2)xLogl[l - c - d*x] + (1 + c)*(3*d~2%
e”2 - 3%(1 + c)xdxexf + (1 + c)~"2xf"2)*Log[1l + ¢ + d*x])/d"3))/3 + (b~2%e"2
*(ArcTanh([c + d*x]*((-1 + c + d*x)*ArcTanh[c + d*x] - 2*Logl[l + E~(-2*ArcTa
nh[c + d*x])]) + PolyLog[2, -E~(-2%ArcTanh[c + d*x])]))/d + (b"2%exfx((-1 +
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2%c - c72 + d72*x"2)*ArcTanh[c + d*x]~2 + 2*%ArcTanh[c + d*x]*(c + d*x + 2%
cxLog[1l + E~(-2*ArcTanh[c + d*x])]) - 2xLogl[1/Sqrt[1 - (c + dxx)~2]] - 2%cx*
PolyLog[2, -E~(-2*%ArcTanh[c + d*x])]))/d"2 - (b"2*f"2*%(1 - (c + d*x)~2)"(3/
2)*x(-((c + d*x)/Sqrt[1l - (c + d*x)~2]) + (6*c*x(c + d*x)*ArcTanh[c + d*x])/S
grt[l - (c + d*x)~2] + (3*(c + d*x)*ArcTanh[c + d*x]~2)/Sqrt[1 - (c + d*x)~
2] - (3*%c”2*%(c + d*x)*ArcTanh[c + d*x]~2)/Sqrt[1 - (c + d*x)~2] + ArcTanh[c

+ dxx] ~2xCosh[3*ArcTanh[c + d*x]] + 3*c~2*ArcTanh[c + d*x] ~2*Cosh[3*ArcTan
h[c + d*x]] + 2xArcTanh[c + d*x]*Cosh[3*ArcTanh[c + d*x]]*Log[l + E~(-2%Arc
Tanh([c + d*x])] + 6*%c”2*%ArcTanh[c + d*x]*Cosh[3*ArcTanh[c + d*x]]*Log[l + E
~(-2*ArcTanh[c + d*x])] - 6%c*Cosh[3xArcTanh[c + d*x]]*Logl[1/Sqrt[1 - (c +
d*x)~2]] + (3*x(1 - 4xc + 3*c~2)*ArcTanh[c + d*x]~2 + 2*ArcTanh[c + d*x]*(2
+ (8 + 9xc™2)*Log[1 + E~(-2#ArcTanh[c + d*x])]) - 18xc*Logl[1/Sqrt[1l - (c +
d*x)~2]1]1)/Sqrt[1 - (c + d*x)~2] - (4*x(1 + 3*c~2)*PolyLog[2, -E~(-2*ArcTanh[
c + d*x])])/(1 - (c + d*x)~2)~(3/2) - Sinh[3*ArcTanh[c + d*x]] + 6*c*ArcTan
h[c + d*x]*Sinh[3*ArcTanh[c + d*x]] - ArcTanh[c + d*x]~2*Sinh[3*ArcTanh[c +

d*x]] - 3*%c~2*ArcTanh[c + d*x]~2*Sinh[3*ArcTanh[c + d*x]]))/(12%d"3)

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 2889 vs.

2(360) = 720.
time = 0.72, size = 2890, normalized size = 7.73

method result size

risch Expression too large to display | 2486
derivativedivides | Expression too large to display | 2890
default Expression too large to display | 2890

Verification of antiderivative is not currently implemented for this CAS.

[In] int((f*x+e) 2x(atb*arctanh(d*x+c)) 2,x,method=_RETURNVERBOSE)

[Out] 1/d*(-b~2*e~2*dilog(1/2*d*x+1/2%c+1/2)+1/4xb"2xe~2x1n(d*x+c-1) "2-1/4*%b"2%e"
2*%1n(d*x+c+1) “2+b~2*xe~2*arctanh (d*x+c) *1n(d*x+c+1)-1/2%b"2%e"2*%1n (d*x+c-1) *
In(1/2%d*x+1/2%c+1/2)+1/2x%b"2%e~2*%1n(-1/2*d*x-1/2*%c+1/2) *1n (d*x+c+1)-1/2%b~
2%e~2x1n(-1/2*d*x-1/2%c+1/2) *1n(1/2*d*x+1/2*c+1/2) +axb*e”2*1n (d*x+c-1) +axbx*
e 2*x1n(d*x+c+1)+b~2xe~2*arctanh (d*x+c) *1n(d*x+c-1) +2/3*a*xb*d/f*arctanh (d*xx+
c)*e"3-4xaxb/dxf*arctanh (d*x+c) *c*e* (d*x+c) -b~2*arctanh (d*x+c) ~2*c*e”2+b~ 2%
arctanh (d*xx+c) “2xe~2* (d*x+c) -1/3* (ckxf-d*e-f* (d*x+c)) ~3*a~2/d"2/f+1/3*b"2/d~
2%f 2% (dkx+c)+1/6%b"2/d"2+%f " 2*%1n (d*x+c-1)-1/6*b"2/d"2*f ~2*1n (d*x+c+1)-1/12x%
b~2/d"2*f " 2*1n (d*x+c+1) "2+1/12xb"2/d"2*xf ~2*1n (d*x+c-1) "2-1/3*b"2/d"2*xf ~2*di
log(1/2*d*x+1/2*c+1/2)-1/4%b~2*1n(d*x+c+1) “2xc*xe”2-1/4xb~2*1n(d*x+c—1) "2%c*
e 2-axb*1n(d*x+c—1)*c*xe~2-2*a*b*arctanh (d*x+c) *cxe~2+2*a*b*arctanh (d*x+c) *xe
2% (d*x+c)-b~2/d"2xf"2*1n (d*x+c-1) *c-b"2/d"2*f " 2*1n (d*x+c+1) *c+b~2/d*f*1n(d
*x+c-1) *e+b~2/d*f*1n (d*x+c+1) *e+1/4%b"2/d"2*%f " 2*%1n (d*x+c-1) “2*xc~2-1/4%b"2/d
~2%f"2%1n(d*x+c-1) "2xc+1/3*%b~2/d"2*f " 2*arctanh (d*x+c) *1n (d*x+c-1)+1/3%b"2/d
~2*f~2*arctanh (d*x+c)*1n(d*x+c+1)+1/6%b"2/d"2*f~2%1n (d*x+c+1) *1n(-1/2*d*x-1
/2%c+1/2)-1/6%b"2/d"2*%f"2%1n(-1/2*d*x-1/2*c+1/2) *1n(1/2*d*x+1/2*c+1/2)-1/12



247

*b~2/d"2%f"2%1n (d*x+c+1) "2*%c~3-1/4%b"2/d"2*%f " 2%1n (d*x+c+1) “2*%c~2-1/4%b"2/4"
2%f~2x1n (d*x+c+1) “2%c-1/6%b"2/d"2*f "2*1n (d*x+c-1) *1n(1/2*d*x+1/2*xc+1/2)-1/1
2¥b~2/d"2*f"2*1n(d*x+c-1) "2%c~3-b"2/d"2*f "2*dilog(1/2*d*x+1/2*c+1/2) *c~2+1/
3*%b~2/d"2*xf~2*arctanh (d*x+c) * (d*x+c) "2-1/3*%b"2/d"2*f “2*arctanh (d*x+c) ~2*c~3
+1/3%b"2/d"2*f " 2*arctanh (d*x+c) “2x (d*x+c) “3+1/12*%b"2*d/f*1n (d*x+c+1) “2*e~ 3+
1/4xb~2/d*f*1n(d*x+c+1) "2%e+1/12*b"2xd/f*1n(d*x+c-1) "2*%e~3+1/4*b"2/d*f*1n(d
*x+c-1) "2%e+1/3*b"2xd/f*arctanh (d*x+c) "2*%e”~3+b~2*arctanh (d*x+c) *1n(d*x+c+1)
xcxe”~2-b~2*arctanh (d*x+c) *1n(d*x+c—1) *cxe”~2+1/2xb~2x1n (d*x+c+1) *1n(-1/2*d*x
-1/2%c+1/2) *c*xe~2-1/2%b"2%1n(-1/2*d*x-1/2*c+1/2) *1n(1/2*d*x+1/2*c+1/2) *c*xe™
2+1/2*%b"2*%1n (d*x+c—1) *1n(1/2*d*x+1/2%c+1/2) *cxe~2+1/3*a*xb/d~2*f " 2* (d*x+c) "2
+1/3*axb/d"~2*f"2*1n(d*x+c-1)+1/3*a*xb/d"2*f " 2x1n (d*x+c+1)+a*b*1ln(d*x+c+1) *c*
e”2+1/2xb"2/d"2xf " 2*x1n (d*x+c+1) *1n(-1/2*d*x—-1/2%c+1/2) *c™2+1/2*xb~2/d"2*f ~2x%
In(d*x+c+1)*1n(-1/2*%d*x-1/2*c+1/2) *c-1/6*b"2/d"2*xf ~2x1n (-1/2*d*x—-1/2%c+1/2)
*1n (1/2%d*x+1/2*%c+1/2)*c~3-1/2%b"2/d"2*%f"2*%1n(-1/2*d*x-1/2*c+1/2) *1n(1/2*d*
x+1/2%c+1/2)*c"2-1/2%b"2/d"2*%f~2%1n(-1/2*d*x-1/2*%c+1/2) *1n(1/2*d*x+1/2*c+1/
2)*xc-2/3%axb/d~2*xf ~2%arctanh (d*x+c) *c~3+2/3*a*xb/d~2*xf ~2*xarctanh (d*x+c) * (d*x
+c) "3+1/3*xaxb*d/f*1n(d*x+c-1)*e~3+a*b/d*f*1n(d*x+c-1)*e-1/3*a*b*d/f*1n(d*x+
c+1)*e”3-a*xb/dxf*x1n(d*x+c+1)*e-2%axb/d~2*f " 2*c* (d*xx+c) +2*axb/d*xf*e* (d*x+c)+
1/6xb~2/d"2*xf " 2*1n (d*x+c-1) *1n(1/2*%d*x+1/2*c+1/2) *c~3-1/2%b"2/d"2*f ~2*x1n (d*
x+c-1)*1n(1/2*d*x+1/2%c+1/2) *c~2+1/2*b"2/d"2*f ~2*1n (d*x+c-1) *1n(1/2*d*x+1/2
*c+1/2) *c+1/3*%b"2/d"2xf ~2*xarctanh (d*x+c) *1n (d*x+c+1) *c~3-2xb~2/d"2*f " 2*arct
anh (d*x+c) *xcx (d*xx+c)+b~2/d"2*f ~2*arctanh (dxx+c) “2xc~2* (d*x+c)-b~2/d"2*f " 2*a
rctanh (d*x+c) "2*c* (d*x+c) ~2+1/4*xb~2/d*f*1n (d*x+c-1) "2*xc"2*%e-1/2*%b~2/d*f*1n (
d*x+c-1) “2*c*e-1/3*xb~2*xd/f*arctanh (d*x+c)*1n(d*x+c+1)*e~3-b"2/d*f*arctanh (d
*x+c) *1n (d*x+c+1) *e+b~2/d*f*arctanh (d*x+c) ~2*%c~2*e+b~2/d*f*arctanh (d*x+c) "2
xex (d*x+c) "2+1/3*b~2+d/f*arctanh (d*x+c) *1n(d*x+c-1) *e~3+b~2/d*f*arctanh (d*x
+c) *1n(d*x+c-1) *e-1/6*b"2*d/f*1n(d*x+c+1)*1n(-1/2*d*x-1/2*%c+1/2) *e~3-1/2%b"
2/d*xfx1n(d*x+c+1)*1n(-1/2*%d*x—-1/2%c+1/2) *e+1/6%b"2xd/f*1n(-1/2*d*x-1/2*c+1/
2)*1n(1/2*%d*x+1/2*c+1/2) *e~3+1/2*b"2/d*f*1n(-1/2*d*x-1/2%c+1/2) *1n (1/2*d*x+
1/2xc+1/2) *e+1/4%b"2/d*f*1n (d*x+c+1) “2xc"2xe+1/2%b~2/d*f*1n (d*x+c+1) " 2*c*xe-
1/6xb~2xd/f*1n(d*x+c-1) *1n(1/2*d*x+1/2*c+1/2) *e~3-1/2%b"2/d*f*1n (d*x+c-1) *1
n(1/2*d*x+1/2%c+1/2) *e+2xb~2/d*f*dilog(1/2*d*x+1/2%c+1/2) *c*e+2xb~2/d*f*arc
tanh (d*x+c) *e* (d*x+c)+b~2/d"2*f ~2*arctanh (d*x+c) *1n (d*x+c+1) *c~2+b~2/d"2*f~
2%arctanh (d*x+c)*1n(d*x+c+1) *c-1/3%b"2/d"2xf ~2*xarctanh (d*x+c) *1n(d*x+c-1) *c
~3+b~2/d"2*xf " 2*arctanh (d*x+c) *1n (d*x+c-1) *c~2-b"2/d"2*f~2*xarctanh (d*x+c) *1n
(d*x+c-1)*c+1/6%b~2/d"2*f~2%1n (d*x+c+1) *1n(-1/2*%d*x-1/2*c+1/2) *c~3-1/3*axb/
d~2xf~2x1n (d*x+c-1) *c~3+a*b/d"2*f~2x1n (d*x+c—1) *c~2-a*b/d"2*f~2*x1n (d*x+c-1)
*c+1/3*%a*xb/d~2xf " 2*%1n (d*x+c+1) *c~3+a*xb/d~2*f " 2*1n (d*x+c+1) *c~2+axb/d~2*f 2%
1n(d*x+c+1) xc+2*axb/d~2xf ~2xarctanh (d*x+c) xc~2* (d*x+c) —2*xaxb/d~2*xf ~2*arctan
h(d*x+c) *c* (d*x+c) ~2-2*axb/d*f*1n (d*x+c—1) *c*e—a*b/d*f*1n (d*x+c+1) *c " 2*xe-2%
a*xb/dxf*1n(d*x+c+1)*cke+a*xb/d*xf*1n(d*x+c—1)*c™2*e+2xaxb/d*f*arctanh (d*x+c)*
ex (d*x+c) ~2+2%axb/d*f*arctanh (d*x+c) *c"2%e-1/2%b~2/d*f*1n(d*x+c-1) *1n(1/2%d
*x+1/2%c+1/2) *xc"2*%e-b~2/d*xf*arctanh (d*x+c) *1n(d*xx+c+1) *xc~2xe-2*%b~2/d*f*arct
anh (d*x+c) *1n(d*x+c+1) *c*e+b~2/d*f*arctanh (d*x+c) *1n(d*x+c-1) *c"2*xe-2*b~2/d
xfxarctanh (d*x+c) *1n(d*x+c—1) *c*xe+b™2/d*f*1n(d*x+c—1)*1n(1/2*d*x+1/2%c+1/2)
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xcxe—1/2%b"2/d*f*1n(d*x+c+1)*1n(-1/2*xd*x-1/2%c+1/2) *c"2*e-b~2/d*f*1n (d*x+c+
1) *In(-1/2*d*x-1/2*c+1/2) *c*e+1/2xb"2/d*f*1n(-1/2*%d*x-1/2*c+1/2) *1n(1/2*d*x
+1/2%c+1/2) *c"2%e+b~2/d*f*1n(-1/2*d*x-1/2*c+1/2) *1n(1/2*d*x+1/2*c+1/2) *c*e-
2%b~2/d*f*arctanh (d*x+c) “2*c*e* (d*x+c))

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 857 vs.
2(361) = 722.
time = 0.45, size = 857, normalized size = 2.29

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) 2% (a+b*arctanh(d*x+c))~2,x, algorithm="maxima")

[Out] 1/3*%a"2%xf"2%x"3 + a~2*f*x"2xe + 1/3*%(2*x"3*arctanh(d*x + c) + d*((d*x"2 - 4
*xc*kx)/d™3 + (c73 + 3%c”2 + 3xc + 1)*log(d*x + ¢ + 1)/d”4 - (c™3 - 3%c™2 + 3
xc — 1)xlog(d*x + c - 1)/d~4))*axbxf~2 + (2#x"2*arctanh(d*x + c) + d*(2*x/d
"2 - (c72 + 2%c + 1)*log(d*x + c + 1)/d"3 + (c”2 - 2%c + 1)*log(d*x + c - 1
)/d"3))*axbxf*e + a~2xx*e”2 + (2%(d*x + c)*arctanh(d*x + c) + log(-(d*x + c
)72 + 1))*axb*e”2/d - 1/3%(6%xb~2*c*xd*xfxe - 3*%b"2xd"2*e”2 - (3*c™2xf"2 + £72
)*b~2)*(log(d*x + c + 1)*log(-1/2xd*x - 1/2%c + 1/2) + dilog(1/2*d*x + 1/2%
c + 1/2))/d"3 + 1/6%(6*%(cxd*f + d*f)*xb~2*xe - (5*c™2%f72 + 6*cxf~2 + £72)*b”
2)*log(d*x + c + 1)/d”3 - 1/6%(6x(cxd*xf - d*f)*b"2%e - (5xc™2*%f~2 - 6xc*f~2
+ £72)*b"2)*log(d*x + ¢ - 1)/d"3 + 1/12%(4xb~2*%d*f"2xx + (b~2*%d"3*f~2%x~3
+ 3%b"2%d"3*f*x"2%e + 3¥b"2kd"3*kx*ke”2 + 3*k(cxd"2 + d72)*b"2*e”2 - 3*(c"2*dx*
f + 2kckd*f + d*f)*b"2%e + (c”3*%f72 + 3*%c”2%f72 + 3xcxf72 + £72)*b"2)*1log(d
*x + ¢ + 1)72 + (b™2%d"3*f£72*%x"3 + 3*b"2*d"3kf*kx"2*ke + 3¥b"2*d"3*kx*ke”2 + 3
(cxd™2 - d72)*b"2%e”2 — 3k (c™2kd*f - 2*ckd*f + d*f)*xb~2%e + (c™3*f72 - 3*c”
2x£72 + 3*kckf72 - £72)*b"2)*xlog(-d*x - c + 1)72 + 2% (b"2*%d"2*xf72xx"2 - 2% (2
*b"2xcxd*xf"2 - 3¥b"2xd"2xf*xe)*x)*log(d*x + c + 1) — 2x(b"2%d"2*f"2*x"2 - 2%
(2%xb~2*ckd*f72 — 3*%b"2xd"2*f*e)*x + (b~2*%d"3*f72%x"3 + 3*b~2*d"3*f*x"2%e +
3%b~2xd"3*x*e"2 + 3*(c*xd"2 + d72)*b"2xe"2 - 3x(cT2xd*xf + 2kcxd*xf + d*xf)*b"2
xe + (c73%f72 + 3xc”2+f"2 + 3xcxf"2 + £72)*b"2)*log(d*x + c + 1))*log(-d*x
- c+1))/d73

Fricas [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) 2% (a+b*arctanh(d*x+c))~2,x, algorithm="fricas")

[Out] integral(a™2*f~2%x"2 + 2xa~2xfxx*e + (b™2*f~2*x"2 + 2%b~2*f*x*e + b~2%e~2)*
arctanh(d*x + c)72 + a™2%e”2 + 2x(a*b*f~2%x"2 + 2¥a*b*f*x*e + axb*e”2)*arct
anh(d*x + ¢), x)
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Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (a + batanh (c + dx))* (e + fz)* dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)**2*(atb*atanh(d*x+c))**2,x)

[Out] Integral((a + b*atanh(c + d*x))#**2x(e + f*x)**2, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) 2% (atb*arctanh(d*x+c))~2,x, algorithm="giac")

[Out] integrate((f*x + e)~2*(b*arctanh(d*x + c) + a)~2, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ (e+ fz)’ (a+ batanh(c+ dz))* dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e + f*x)~2*(a + b*atanh(c + d*x))~2,x)
[Out] int((e + f*x)~2*(a + b*atanh(c + d*x))~2, x)
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3.40 [(e+ fz) (a + btanh(c + d:z:))2 dx
Optimal. Leaf size=221

abfr B f(c+ dz)tanh ™ (c+dz) (de—cf)(a+btanh ™ (c+dz))® (d2e? —2cdef + (1 + ) f2) (a +b
i &z - Pz B 242

[Out] axbxfxx/d+b~2*f*(d*x+c)*arctanh(d*x+c)/d~2+(-cxf+d*e)*(a+b*arctanh(d*x+c))”
2/d"2-1/2*%(d"2xe"2-2*%c*d*exf+(c~2+1) *f~2) * (a+b*arctanh (d*x+c) ) ~2/d"2/f+1/2x%
(f*x+e) "2* (a+b*arctanh (d*x+c) ) ~2/f-2xb* (-cxf+d*e) * (a+b*arctanh (d*x+c) ) *1n (2

/ (—d*x-c+1))/d"2+1/2xb~2*f*1n (1- (d*x+c) ~2) /d~2-b"2* (-cxf+d*e) *polylog(2, (-d
*x-c-1) /(-d*x-c+1))/d"2

Rubi [A]

time = 0.32, antiderivative size = 220, normalized size of antiderivative = 1.00, number of

steps used = 13, number of rules used = 10, integrand size = 18, number of rules _ 0.556,
integrand size

Rules used = {6246, 6065, 6021, 266, 6195, 6095, 6131, 6055, 2449, 2352}

(-7 200 = 47) (ot branh™ o+ d) (e —cf) (a+ btanh™(c 4 de))"  20(de — cf) g (i) (o + btanh™'(c + da)
2d Z

Lletie +btanh~(c + dz))* Labfr 1 (de — cf)Lip(—£tiztl) | Pllog(1~ (c+de)’) | 1f(c+dr)tanh™(c + dr)
& 2f d & 22 &2

Antiderivative was successfully verified.
[In] Int[(e + f*x)*(a + b*ArcTanh[c + d*x])~2,x]

[Out] (axb*fxx)/d + (b~2xf*(c + d*x)*ArcTanh[c + d*x])/d"2 + ((d*xe - cxf)*(a + bx
ArcTanh[c + d*x])~2)/d"2 + ((2*xcxe - (d*e”2)/f - ((1 + c~2)*f)/d)*(a + b*Ar
cTanh[c + d*x])~2)/(2+%d) + ((e + f*x)~2x(a + b*ArcTanh[c + d*x])~2)/(2*f) -
(2*%b*(d*e - cxf)*(a + bxArcTanh[c + d*x])*Log[2/(1 - ¢ - d*x)])/d"2 + (b~2
xfxLog[l - (c + d*x)~2])/(2%d"2) - (b~2x(d*e - c*f)*PolyLog[2, -((1 + c + d
*x)/(1 - ¢ - d*x))])/d"2

Rule 266

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
t[a + bxx"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 2352

Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQ[{c, d, e}, x] && EqQle + cx*d, 0]

Rule 2449

Int[Logl(c_.)/((d_) + (e_.)*x(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Log[2*d*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] && EqQ[c, 2*d] && EqQ[e~2xf + d~2*g, 0]
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Rule 6021

Int[((a_.) + ArcTanh[(c_.)*(x_)~(n_.)1*(b_.))"(p_.), x_Symbol]l :> Simp[x*(a
+ b*ArcTanh[c*x"n])"p, x] - Dist[b*c*n*p, Int[x"n*((a + bxArcTanh[c*x"n])~
(p - 1D/(1 - c™2%x~(2*n))), x], x] /; FreeQ[{a, b, c, n}, x] && IGtQ[p, O]
& (EqQ[n, 11 || EqQlp, 11)

Rule 6055

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
1 :> Simp[(-(a + bxArcTanh[c*x]) “p)*(Log[2/(1 + ex(x/d))]/e), x] + Dist[bxc
*x(p/e), Int[(a + b*ArcTanh[c*x])~(p - 1)*(Log[2/(1 + ex(x/d))]/(1 - c™2*x~2
)), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d"2 - e~2,
0]

Rule 6065

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_)*((d_) + (e_.)*(x_))"(q_.), x_S
ymbol] :> Simp[(d + exx)~(q + 1)*((a + bxArcTanh[c*x]) p/(ex(q + 1))), x] -
Dist [bxc*(p/(ex(q + 1))), Int[ExpandIntegrand[(a + b*ArcTanh[c*x])~(p - 1)
, (A + exx)"(q+ 1)/(1 - c™2%x~2), x], x], x] /; FreeQ[{a, b, c, d, e}, x]
&& IGtQ[p, 1] && IntegerQlql && NeQ[q, -1]

Rule 6095

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symb
0l] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(b*cxd*(p + 1)), x] /; FreeQ[{a, b
, €, d, e, p}, x] && EqQ[c™2*d + e, 0] && NeQ[p, -1]

Rule 6131

Int[(((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.)*(x_))/((d)) + (e_.)*(x_)"2),
x_Symbol] :> Simp[(a + b*ArcTanh([c*x])~(p + 1)/(b*ex(p + 1)), x] + Dist[1/
(cxd), Int[(a + b*ArcTanh[c*x])"p/(1 - c*x), x], x] /; FreeQ[{a, b, c, d, e
}, x] & EqQlc™2#d + e, 0] && IGtQ[p, O]

Rule 6195

Int[(((a_.) + ArcTanh[(c_.)*(x_)I*(b_.)) " (p_.)*x((£f_) + (g_.)*(x_))"(m_.))/(
(@) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + bxArcTanh[c*x])
“p/(d + exx"2), (f + gxx)"m, x], x] /; FreeQ[{a, b, c, d, e, f, g}, x] & I
GtQlp, 0] &% EqQlc~2xd + e, 0] && IGtQ[m, O]

Rule 6246

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)]*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[((d*e - cxf)/d + f*(x/d)) "m*x(a + bxA
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rcTanh[x])"p, x], x, c + d*x], x] /; FreeQ[{a, b, ¢, d, e, f, m}, x] && IGt
Qlp, 0]

Rubi steps

Subst (f (%=l 4 L2 (a + btanh_l(x))2 dr,z,c+ dx)

/(e + fz) (a+btanh ™ (c+ d:v))2 dzr =

d
2(a+btanh—1(z
_ (e+ fz)? (a+btanh ™! (c + dz))’ bSubst< I (_w |
— -
d?e?—2cde 14-c2) £2-
_ (e+ fz)? (a+ btanh~(c + dz))” bSubst<f( f+(+e?) s
_ - ~

d?e? <1+j
bSubst | [
abfr (e+ fz)? (a+btanh™'(c+ dx))2

i 2f B

abfr b*f(c+dx)tanh~'(c+dz) (e+ fz)?(a+btanh '(c+
i & + 2f

abfr b f(c+ dz)tanh '(c+dz) (de —cf) (a+btanh'(c+
a " iz " iz

abfr  b*f(c+dx)tanh~'(c+dz) (de —cf) (a+btanh™'(c+
i " Pz * Pz

abfz N b2 f(c + dx) tanh™'(c + dx) 4 (de — cf) (a+ btanh™"(c +

d d? d?
abfr  b*f(c+dz)tanh™(c+dzx) (de—cf) (a+ btanh™*(c 4
-4 + 2 + 2

Mathematica [A]
time = 0.32, size = 271, normalized size = 1.23

2 + 2abef — 3 4 20er + b+ 2 (14 de)2de s ] —cf + i) tanh™ e+ e+ 2btanh e+ ) (e dr)(-bf e —ad(2e-+ 1)) ~ 2de  cf) o (1 e~ 40) )+ ahflog1 — — de) —abflog1 + -+ ) ( H‘mx)fmwg( ) et ‘7[‘+Lyxj+zb’((r»—(/vmhmg(z )]

Antiderivative was successfully verified.

[In] Integrate[(e + f*x)*(a + b*ArcTanh[c + d*x])~2,x]

[Out] (2*%xa~2%ckxdxe + 2xaxbkxcxf — a~2xc™2*%f + 2%a~2%d"2%exx + 2xaxbxdxfxx + a~2*d~
2%xfxx"2 + b™2%(-1 + ¢ + d*x)*(2*%d*e + f - cxf + dxfxx)*ArcTanh[c + d*x]~2 +
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2#¢b*ArcTanh[c + d*x]*(-((c + d*x)*(-(bxf) + axckf - axd*(2xe + f*x))) - 2%
bx(dxe - c*f)*Log[l + E~(-2*%ArcTanh[c + d*x])]) + axbxfxLog[l - c - d*x] -
axbxf*Log[l + ¢ + d*x] - 4xaxbxdxexLog[1/Sqrt[1 - (c + d*x)~2]] - 2xb~2xfxL
ogl1/Sqrt[1 - (c + d*x)~2]] + 4*axb*c*f*Logl[1/Sqrt[l - (c + d*x)~2]] + 2*b~
2x(d*e - cxf)*PolyLog[2, -E~(-2%ArcTanh[c + d*x])])/(2%xd~2)

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 811 vs.

2(217) = 434.
time = 0.32, size = 812, normalized size = 3.67 Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((f#*x+e)*(atb*arctanh(d*x+c))~2,x,method=_RETURNVERBOSE)

[Out] 1/d*(exb~2*arctanh(d*x+c)*1n(d*x+c—1)+exb~2*xarctanh (d*x+c)*1n(d*x+c+1)-1/2%
exb”~2*x1n (d*x+c-1)*1n(1/2*d*x+1/2%c+1/2)+1/2*xexb~2x1n(-1/2*d*x-1/2%c+1/2) *1n
(d*x+c+1)-1/2*exb”2*1n(-1/2*d*x-1/2*c+1/2) *1n(1/2*d*x+1/2*c+1/2) +b*a*e*x1n(d
*x+c—1) +b*a*xex1n(d*x+c+1)+1/4*e*xb”2x1n(d*x+c-1) "2-1/4*e*b~2x1n(d*x+c+1) "2-b
~2xdilog(1/2xd*x+1/2*c+1/2)*e-a~2/d* (f*c* (d*x+c) —e* (d*x+c) *d-1/2xf* (d*x+c)”
2) +e*x (d*x+c) *b~2*xarctanh (d*x+c) ~2+1/2*%b~2/d*1n (d*x+c—1) *f+1/2%b"2/d*1n (d*x+
c+1) *f+1/8%b~2/d*1n (d*x+c+1) “2*xf+1/8%b"2/d*1n (d*x+c—1) “2xf+2xe* (d*x+c) *a*xb*
arctanh(d*x+c)+1/2*axb/d*1n(d*x+c-1) *f-1/2*axb/d*1n (d*x+c+1) *f-1/4*b"2/d*1n
(d*x+c-1)*1n(1/2*%d*x+1/2*c+1/2) *f-1/4*xb"2/d*1n (d*x+c—-1) "2*c*xf-1/4*b~2/d*1n(
d*x+c+1)*1n(-1/2%d*x-1/2%c+1/2) *f+1/4%b~2/d*1n(-1/2*d*x-1/2*c+1/2) *1n(1/2*d
*xx+1/2%c+1/2) *f+1/4%b"2/d*1n (d*x+c+1) "2*xc*f+b~2/d*dilog(1/2*d*x+1/2%c+1/2) *
cxf+b~2/d*arctanh (d*x+c) *f* (d*x+c)+1/2*xb"2/d*arctanh (d*x+c) *1n(d*x+c-1) *f-1
/2%b~2/d*arctanh (d*x+c)*1n(d*x+c+1) *f+1/2xb~2/d*arctanh (d*x+c) ~2*f* (d*x+c)~
2+axb/dxf* (d*x+c)-2*a*b/d*arctanh (d*x+c) *f*xc* (d*x+c)—a*b/d*1n(d*x+c-1) *f*c-
a*xb/d*x1n(d*x+c+1)*xfxc-1/2%b"2/d*1n(d*x+c+1) *1n(-1/2*d*x-1/2%c+1/2) xc*f+1/2x%
b~2/d*1n(-1/2*d*x-1/2%c+1/2) *1n(1/2*d*x+1/2%c+1/2) *c*f+1/2*b"2/d*1n (d*x+c-1
)*1n(1/2*d*x+1/2%c+1/2) *c*xf-b~2/d*arctanh (d*x+c)*1n(d*x+c-1)*f*c-b~2/d*arct
anh (d*x+c) *1n (d*x+c+1) *fxc-b~2/d*arctanh (d*xx+c) ~2xf*c* (d*xx+c)+axb/d*arctanh
(d*xx+c) *f* (d*x+c) ~2)

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 435 vs.
2(213) = 426.
time = 0.45, size = 435, normalized size = 1.97

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)*(atb*arctanh(d*x+c))~2,x, algorithm="maxima")

[Out] 1/2*a”2xf*x"2 + 1/2*%(2xx"2xarctanh(d*x + c) + d*(2*x/d"2 - (c™2 + 2%c + 1)*
log(d*x + ¢ + 1)/d™3 + (c72 - 2%c + 1)*log(d*x + c - 1)/d"3))*a*b*f + a™2*x
xe + (2x(d*x + c)*arctanh(d*x + c) + log(-(d*x + c)~2 + 1))*axbxe/d + 1/2x(
cxf + f)*b"2xlog(d*x + c + 1)/d"2 - 1/2x(cxf - f)*b~2*log(d*x + ¢ - 1)/d"2
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- (b”™2*%cxf - b~2*d*e)*(log(d*x + c + 1)*log(-1/2*%d*x - 1/2%c + 1/2) + dilog
(1/2%d*x + 1/2%c + 1/2))/d"2 + 1/8x(4xb~2*d*f*x*log(d*x + c + 1) + (b"2xd"2
*fxx72 + 2xb"2+d"2*x*e + 2%(cxd + d)*b"2*e - (c"2xf + 2*c*xf + f)*b~2)*log(d
*x + ¢ + 1)72 + (b72xd"2*xf*x"2 + 2xb~2%d"2*x*e + 2% (c*d - d)*b"2*xe - (c72xf
- 2%c*f + £)*b"2)*log(-d*x - c + 1)72 - 2% (2¥b"2*xd*f*x + (b~2xd"2xf*x"2 +
2¥b~2xd"2*x*e + 2x(cxd + d)*b"2%e - (c™2xf + 2%c*xf + f)*b"2)*log(d*x + c +
1))*log(-d*x - c + 1))/d"2

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)*(atb*arctanh(d*x+c))~2,x, algorithm="fricas")

[Out] integral(a™2xf*x + (b~2*%f*x + b~2%e)*arctanh(d*x + c)~2 + a™2xe + 2x(a*xbxfx
X + axbxe)*arctanh(d*x + c¢), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (a + batanh (c + dz))? (e + fz) dz

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((f*x+e)*(atb*atanh(d*x+c))**2,x)

[Out] Integral((a + b*atanh(c + d*x))**2%(e + f*x), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)*(at+b*arctanh(d*x+c))~2,x, algorithm="giac")
[Out] integrate((f*x + e)*(b*arctanh(d*x + c) + a)~2, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ (e+ fz) (a+ batanh(c + dz))* d

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e + f*xx)*(a + b*atanh(c + d*x))~2,x)
[Out] int((e + fxx)*(a + b*atanh(c + d*x))~2, x)
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3.41 [ (a+btanh™'(c+ d:z;))2 dz

Optimal. Leaf size=97

(a+btanh™'(c+ dgv))2 N (c+dz) (a+btanh '(c + dgv))2 2b(a + btanh™ (c+ dz)) log (=%-) b*Pol
d d d

[Out] (a+b*arctanh(d*x+c)) ~2/d+(d*xx+c)*(a+b*arctanh(d*x+c)) ~2/d-2*xb* (a+b*arctanh (
d*x+c))*1n(2/ (-d*x-c+1)) /d-b"2*polylog(2, (-d*x-c-1)/(-d*x-c+1))/d

Rubi [A]
time = 0.08, antiderivative size = 97, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.500,

steps used = 6, number of rules used = 6, integrand size = 12
Rules used = {6238, 6021, 6131, 6055, 2449, 2352}

(c+dz) (a+btanh ' (c+ dac))2 N (a+btanh™'(c+ dz))2 _ 2blog (=) (a+btanh™(c + da)) B b’Lip (— 24t
d d d d

Antiderivative was successfully verified.
[In] Int[(a + b*ArcTanh[c + d*x])~2,x]

[Out] (a + b*ArcTanh[c + d*x])~2/d + ((c + d*x)*(a + bxArcTanh[c + d*x])~2)/d - (
2xbx(a + bxArcTanh[c + d*x])*Log[2/(1 - ¢ - d*x)])/d - (b~2xPolyLog[2, -((1
+c+dxx)/(1 - ¢ - d*x))])/d

Rule 2352

Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQ[{c, d, e}, x] && EqQle + c*d, 0]

Rule 2449

Int[Logl(c_.)/((d.) + (e_.)*x(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Log[2*d*x]/(1 - 2%d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] & EqQ[c, 2*d] && EqQ[e~2*f + d~2xg, 0]

Rule 6021

Int[((a_.) + ArcTanh[(c_.)*(x_)~(n_.)1*(b_.))"(p_.), x_Symbol]l :> Simp[x*(a
+ b*ArcTanh[c*x"n])"p, x] - Dist[b*c*n*p, Int[x"n*((a + bxArcTanh[c*x"n])~
(p - 1D/ - c™2%x~(2*n))), x], x] /; FreeQ[{a, b, c, n}, x] && IGtQ[p, O]

& (EqQ[n, 11 || EqQlp, 11)

Rule 6055

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
1 :> Simp[(-(a + b*ArcTanh[c*x]) “p)*(Log[2/(1 + ex(x/d))]1/e), x] + Dist[b*c
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*x(p/e), Int[(a + b*ArcTanh[c*x])~(p - 1)*(Log[2/(1 + ex(x/d))]/(1 - c™2*xx~2
)), x1, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d"2 - e~2,
0]

Rule 6131

Int[(((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))~(p_.)*(x_))/((d)) + (e_.)*(x_)"2),
x_Symbol] :> Simp[(a + b*ArcTanh([c*x])~(p + 1)/(b*ex(p + 1)), x] + Dist[1/
(cxd), Int[(a + bxArcTanh[c*x])~"p/(1 - c*x), x], x] /; FreeQ[{a, b, c, d, e
}, x] & EqQlc™2#d + e, 0] && IGtQ[p, O]

Rule 6238
Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)I*(b_.))"(p_.), x_Symbol] :> Dist[1/d

, Subst[Int[(a + b*ArcTanh[x])~p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, d}
, x] && IGtQ[p, 0]

Rubi steps

Subst <f (a+ btabnh_l(ac))2 dz,z,c+ dx)

/ (a+ btanh™(c+ dx))2 de =

d
z(a+btanh~!(z
_ (c+dz) (a+btanh™'(c + dx))2 (2b)Subst (f ot = ) dz,z,c +d
B d d
_ (a+btanh™ (c + dz))” | (c+do) (a+btanh~}(c + dz))®  (2b)Subst (

d

(a + btanh ™ (c + dz))” N

d

(c+dz) (a+btanh™ (c+ dar;))2 2b(a + btar

d d
(a+btanh'(c+dz))® (c+dz) (a+btanh~ (c+dz))® 2b(a+ bta
B d d
(a+ btanh~'(c + dz))” N (c+dz) (a + btanh(c+dz))®  2b(a+ btar
— y - _

Mathematica [A]
time = 0.15, size = 107, normalized size = 1.10

b2(—1 + ¢+ dz) tanh ™' (c + dz)? + 2btanh™" (c + dz) (adz —blog (1 +e? ‘a“h’](”‘“))) + a(adz + (b — be) log(1 — ¢ — dz) + b(1 + ¢) log(1 + ¢ + dz)) + b*PolyLog (2, —e*“aﬂhﬂ(ﬁd@))

d

Antiderivative was successfully verified.
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[In] Integrate[(a + b*ArcTanh[c + dx*x])~2,x]

[Out] (b~2%(-1 + c + d*x)*ArcTanh[c + d*x]~2 + 2*%bxArcTanh[c + d*x]*(a*d*x - b*Lo
gll + E7(-2xArcTanh[c + d*x])]) + ax(axd*x + (b - b*c)*Log[l - c - d*x] + b

*(1 + c)*Log[l + ¢ + d*x]) + b~2*xPolyLog[2, -E~(-2*%ArcTanh[c + d*x])])/d

Maple [A]

time = 1.75, size = 140, normalized size = 1.44

method result

2
(dz+c)a2+(dz+c)b? arctanh(dz+c)2+b2 arctanh (de+c)2—2 arctanh(dz+c) In (1+ id_m(-;:igz ) b*>—polylog (2,— E‘ZZ:

derivativedivides 7

2
(dz+c)a2+(dz+c)b? arctanh(dz+c)2+b2 arctanh (de+c)? —2 arctanh(dz+c) In (1+ %) b2—polylog (2,— id_m(Z:

default 7

risch 122(dac—i—c-l—1)41;1(d:1r:-|—c+1)2 + (_mbz ln(—2dx—c+1) + b(2adw—ln(—dx—c+213bc+b1n(—dac—c+1))) In (dx +e.

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(d*x+c))~2,x,method= RETURNVERBOSE)

[Out] 1/d*x((d*x+c)=*a”2+(d*x+c)*b~2*arctanh(d*x+c) ~2+b~2*arctanh (d*x+c) “2-2*arctan
h(d*x+c) *1n(1+(d*x+c+1) ~2/(1-(d*x+c) ~2) ) *b~2-polylog(2,-(d*x+c+1) ~2/(1-(d*x

+c) "2) ) *b~2+2* (d*x+c) *a*b*arctanh (d*x+c)+axbx1n (1- (d*x+c) ~2))

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c))~2,x, algorithm="maxima")

[Out] -1/4%(cxd*((c + 1)*log(d*x + c + 1)/d"2 - (c - 1)*log(d*x + c - 1)/d"2) + d
2% (2%x/d"2 - (c”2 + 2xc + 1)xlog(d*x + c + 1)/d"3 + (c™2 - 2xc + 1)*log(dx*
X + ¢ - 1)/d"3) - 2*cxdxintegrate(xxlog(d*x + c + 1)/(d"2*x"2 + 2%cxd*x + c
2 - 1), x) - 2xc"2xintegrate(log(d*x + c + 1)/(d"2*x"2 + 2*cxd*x + c”2 - 1
), x) + d*((c + 1)*log(d*x + ¢ + 1)/d"2 - (c - 1)*log(d*x + ¢ - 1)/d"2) - 6
xdxintegrate(x*log(d*x + c + 1)/(d"2*x"2 + 2%cxd*x + c~2 - 1), x) - 4xcxint
egrate(log(d*x + ¢ + 1)/(d™2*%x"2 + 2%c*kd*x + ¢™2 - 1), x) - (d*x + ¢ - 1)*(
log(-d*x - ¢ + 1)72 - 2*log(-d*x - ¢ + 1) + 2)/d - (d*x*log(d*x + c + 1)72
+ 2x(d*x - (d*x + c + 1)*log(d*x + c + 1))*log(-d*x - c + 1))/d - 2xintegra
te(log(d*x + ¢ + 1)/(d"2*%x"2 + 2%c*kd*x + c™2 - 1), x))*b”™2 + a™2*x + (2*(d*
x + c)*arctanh(d*x + c) + log(-(d*x + c)~2 + 1))*axb/d

Fricas [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctanh(d*x+c))~2,x, algorithm="fricas")

[Out] integral(b~2*arctanh(d*x + c)~2 + 2*axbxarctanh(d*x + c) + a~2, x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (a + batanh (c + dz))* dz

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((a+b*atanh(d*x+c))**2,x)
[Out] Integral((a + b*atanh(c + d*x))**2, x)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c))~2,x, algorithm="giac")

[Out] integrate((b*arctanh(d*x + c) + a)~2, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ (a + batanh(c + dx))* dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c + d*x))~2,x)
[Out] int((a + b*atanh(c + d*x))~2, x)
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-1 2
3.49 f (a—l—btar;l:_fa(:c—l—dx)) dr

Optimal. Leaf size=214

B (a+ btanh™ (c + dac))2 log (=24) N (a+btanh™(c+ dx))Q log ((de+f2—d$'—)+_({ﬁ-)c+dm)> +b(a + btanh™(c
f f

[Out] -(atb*arctanh(d*x+c)) ~2*1n(2/(d*x+c+1))/f+(a+b*arctanh(d*x+c)) ~2*x1n(2xd* (f*
x+e)/ (-cxf+d*e+f) /(d*x+c+1)) /f+b* (atb*arctanh (d*x+c) ) *polylog(2,1-2/ (d*x+c+

1)) /f-b* (at+b*arctanh (d*x+c))*polylog(2,1-2*d* (f*x+e) / (-cxf+dxe+f) / (d*x+c+1)

) /£+1/2%b~2xpolylog(3,1-2/(d*x+c+1))/f-1/2%b"2*polylog(3,1-2*d* (f*x+e) / (—c*
f+d*e+f) /(d*x+c+1))/f

Rubi [A]

time = 0.11, antiderivative size = 214, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.100,

steps used = 2, number of rules used = 2, integrand size = 20,
Rules used = {6246, 6059}

b(a+ btanh ‘(rr+dm)>mz(lf(df,ci‘i&ﬁﬁw)+<u+bmnh '(c+dc) lng(<c+d,i'.‘§(i!,idem)JLiz(lfm) (a+btanh™(c+do)) 1o () (a+btanh™ (e + da))” f“L's(lf(Mifﬁﬁﬁmn)ﬁ Lis(1 - )

f f f f 2f 2f

Antiderivative was successfully verified.
[In] Int[(a + b*ArcTanh[c + d*x])~2/(e + f*xx),x]

[Out] -(((a + b*ArcTanh[c + d*x])~2xLog[2/(1 + c + d*x)])/f) + ((a + bxArcTanh[c
+ dxx])"2*Log[(2xdx(e + f*x))/((d*e + £ - cxf)*(1 + c + d*x))])/f + (bx(a +
bxArcTanh[c + d#*x])*PolyLogl[2, 1 - 2/(1 + ¢ + d*x)])/f - (b*(a + b*ArcTanh

[c + d*x])*PolyLog[2, 1 - (2xdx(e + f*x))/((d*e + f - cxf)*(1 + c + d*x))])

/f + (b™2xPolyLog[3, 1 - 2/(1 + ¢ + d*x)])/(2*f) - (b™2*PolyLogl[3, 1 - (2d

k(e + f£*x))/((d*e + £ - cxf)*(1 + c + d*x))])/(2*f)

Rule 6059

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"2/((d_) + (e_.)*(x_)), x_Symbol] :>
Simp[(-(a + b*ArcTanh([c*x])~2)*(Log[2/(1 + c*x)]/e), x] + (Simp[(a + b*Arc
Tanh [c*x]) "2* (Log[2*c*((d + e*x)/((cxd + e)*(1 + c*x)))]/e), x] + Simp[b*(a
+ bxArcTanh[c*x])*(PolyLog[2, 1 - 2/(1 + c*x)]/e), x] - Simp[b*(a + bxArcT
anh[c*x])*(PolyLog[2, 1 - 2*c*((d + exx)/((c*d + e)*(1 + c*x)))]/e), x] + S
imp [b~2*(PolyLog([3, 1 - 2/(1 + c*x)]1/(2*%e)), x] - Simp[b~2x(PolyLog[3, 1 -
2xcx((d + e*xx)/((cxd + e)*(1 + cxx)))1/(2%e)), x]1) /; FreeQ[{a, b, c, 4, e}
, X] && NeQ[c™2xd"2 - e~2, 0]

Rule 6246

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)]*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[((d*e - cxf)/d + f*(x/d)) "m*x(a + bxA
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rcTanh[x])"p, x], x, c + d*x], x] /; FreeQ[{a, b, ¢, d, e, f, m}, x] && IGt
Qlp, 0]

Rubi steps

Subst (f %}W dz,z,c+ dz)

/ (a+btanh_1(c+dx))2 i — —of 4 Iz
e+ fz d
_ (a+btanh ™ (c+dz)) log (52) N (a + btanh™}(c + dz))” log ((d_+
_ ; .

Mathematica [C] Result contains complex when optimal does not.
time = 20.62, size = 2404, normalized size = 11.23

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[(a + b*ArcTanh[c + d*x])~2/(e + f*x),x]

[Out] (a~2#Logle + f*x])/f - ((2+I)*a*b*(I*ArcTanh[c + d*x]*(-Log[1/Sqrt[1l - (c +
d*x)~2]] + Log[I*Sinh[ArcTanh[(d*e - c*f)/f] + ArcTanh[c + d*x]]]) + ((-I)
*(I*ArcTanh[(d*e - c*xf)/f] + I*ArcTanh[c + d*x])~2 - (I/4)*(Pi - (2%I)*ArcT
anh[c + d*x])~2 + 2% (I*ArcTanh[(d*e - c*f)/f] + I*ArcTanh[c + d*x])*Log[l -
E~((2*I)*(I*ArcTanh[(d*e - c*f)/f] + I*ArcTanh[c + d*x]))] + (Pi - (2*I)*A
rcTanh[c + d*x])*Log[l - E"(I*(Pi - (2*I)*ArcTanh[c + d*x]))] - (Pi - (2%I)
xArcTanh[c + d*x])*Log[2*Sin[(Pi - (2*I)*ArcTanh[c + d*x])/2]] - 2x(I*ArcTa
nh[(d*e - cxf)/f] + IxArcTanh[c + d*x])*Log[(2*I)*Sinh[ArcTanh[(d*e - c*f)/
f] + ArcTanh[c + d*x]]] - IxPolyLogl[2, E~((2*I)*(I*ArcTanh[(d*e - c*f)/f] +
I¥ArcTanh([c + d*x]))] - I*PolyLog[2, E~(I*(Pi - (2*I)*ArcTanh[c + d*x]))])
/2))/f + (b"2%(d*e - cxf + f*x(c + d*x))*((2%ArcTanh[c + d*x]~2*(d*e*ArcTanh
[c + d*xx] - (1 + c)*fxArcTanh[c + d*x] + 3*(dxe - c*f)*Log[l + E~(-2*ArcTan
h[c + d*x])]) + (-6xd*exArcTanh[c + d*x] + 6xcxfxArcTanh[c + d*x])*PolyLogl
2, -E~(-2%ArcTanh([c + d*x])] + (-3*d*e + 3xc*f)*PolyLogl[3, -E~(-2*ArcTanh[c
+ d*x])])/(6xfx(-(d*e) + c*f)) + ((-(d*e) - £ + cxf)*(-(d*e) + £ + c*xf)*((
ArcTanh[c + d*x]~2x(f*ArcTanh[c + d*x] + (-(dxe) + cxf)*Logl(d*e)/Sqrt[1l -
(c + d*x)72] - (cxf)/Sqrt[l - (c + d*x)~2] + (fx(c + d*x))/Sqrt[l - (c + dx*
x)72]11))/((d*xe + £ - cxf)*(d*e - (1 + c)*f)) - (ArcTanh[c + d*x]*(I*d*e*Pix*
ArcTanh[c + d*x] - Ixc*f*Pi*ArcTanh[c + d*x] + 2*fxArcTanh[c + d*x]~2 - (Sq
rt[1 - ¢c™2 - (d"2%e”2)/f72 + (2*%cxdxe)/f]*fxArcTanh[c + d*x]~2)/E~ArcTanh[(
dxe - c*f)/f] - I*d*exPixLog[l + E~(2%ArcTanh[c + d*x])] + Ixcxf*xPixLog[1l +
E~(2*ArcTanh[c + d*x])] + 2*d*exArcTanh[c + d*x]*Log[l - E~(-2x(ArcTanh[(d
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xe — c*f)/f] + ArcTanh[c + d*x]))] - 2*c*fxArcTanh[c + d*x]*Log[l - E~(-2x(
ArcTanh[(d*e - cxf)/f] + ArcTanh[c + d*x]))] + IxdxexPixLog[1/Sqrt[1 - (c +
d*x)~2]] - IxcxfxPi*Log[1/Sqrt[1 - (c + d*x)~2]] - 2*d*exArcTanh[c + d*x]*
Logl[(d*e)/Sqrt[1 - (c + d*x)~2] - (c*f)/Sqrt[l - (c + d*x)~2] + (f*(c + d*x
))/Sqrt[1 - (c + d*x)~2]] + 2xcxf*ArcTanh[c + d*x]*Log[(d*e)/Sqrt[1 - (c +

d*x)~2] - (c*f)/Sqrtl[l - (c + d*x)~2] + (fx(c + d*x))/Sqrt[1l - (c + d*x)~2]
] + 2x(dxe - c*f)*ArcTanh[(d*e - c*f)/f]*(ArcTanh[c + d*x] + Log[l - E~(-2%
(ArcTanh[(d*e - cxf)/f] + ArcTanh[c + d*x]))] - Log[I*Sinh[ArcTanh[(d*e - ¢
xf)/f] + ArcTanh[c + d*x]]]) + (-(d*e) + cxf)*PolyLog[2, E~(-2*%(ArcTanh[(d*
e - cxf)/f] + ArcTanh[c + d*x]))]))/((d*e + £ - cxf)*(d*e - (1 + c)*f)) + (
((-2xd*e + (2 + 2xc - Sqrt[l - c™2 - (d"2%e"2)/f"2 + (2*c*d*e)/f]/E"ArcTanh
[(d*xe - cxf)/f])*f)*ArcTanh[c + d*x]~3)/3 + (d*xe - cxf)*ArcTanh[c + d*x] 2%
Log[-1 + E~(2x(ArcTanh[(d*e - c*f)/f] + ArcTanh([c + d*x]))] + (d*e - cxf)*A
rcTanh[c + d*x]*(I*Pix(ArcTanh[c + d*x] - Log[l + E~(2%ArcTanh[c + d*x])] +
Log[(1 + E~(2xArcTanh[c + d*x]))/(2*xE"ArcTanh[c + d*x])]) + 2%ArcTanh[(d*e
- cxf)/fl*(ArcTanh[c + d*x] + Log[l - E~(-2*%(ArcTanh[(d*e - cx*f)/f] + ArcT
anh[c + d*x]))] - Logl[(I/2)*E~(-ArcTanh[(d*e - c*f)/f] - ArcTanh[c + d*x])=*
(-1 + E~(2%(ArcTanh[(d*e - c*f)/f] + ArcTanh[c + d*x])))])) - (d*e - c*f)*A
rcTanh[c + d*x]~2*Log[dxe*(1 + E~(2*ArcTanh[c + d*x])) - (1 + ¢ - E~(2xArcT
anh[c + d*x]) + c*E~(2%ArcTanh[c + d*x]))*f] + (d*e - c*f)*ArcTanh[c + d*x]
~2x(ArcTanh[c + d*x] + Logl[l - E~(-2*(ArcTanh[(d*e - c*f)/f] + ArcTanh[c +

d*x]))] - Log[-1 + E~(2x(ArcTanh[(d*e - c*f)/f] + ArcTanh[c + d*x]))] + Log
[d¥e*x(1 + E~(2%ArcTanh([c + d*x])) - (1 + c - E"(2*%ArcTanh[c + d*x]) + c*E~(
2xArcTanh[c + d*x]))*f] - Logl[(d*e*(1 + E~(2%ArcTanh[c + d*x])) - (1 + ¢ -

E~(2xArcTanh[c + d*x]) + c*E~(2*ArcTanh[c + d*x]))*f)/(2+E"ArcTanh[c + d*x]
)1) + ((d*e - c*f)*(2xArcTanh[c + d*x]~3 + 3xArcTanh[c + d*x] 2*xLog[1l - E~(
-2%(ArcTanh[(d*e - cxf)/f] + ArcTanh[c + d*x]))] - 3*ArcTanh[c + d*x]~2xLog
[1 - E"(ArcTanh[(d*e - c*f)/f] + ArcTanh[c + d*x])] - 3%ArcTanh[c + d*x] 2%
Log[1 + E~(ArcTanh[(d*e - c*f)/f] + ArcTanh[c + d*x])] - 3*ArcTanh[c + d*x]
*PolyLog[2, E~(-2x(ArcTanh[(d*e - c*f)/f] + ArcTanh[c + d*x]))] - 6xArcTanh
[c + d*x]*PolyLog[2, -E~(ArcTanh[(d*e - c*f)/f] + ArcTanh[c + d*x])] - 6*Ar
cTanh[c + d*x]*PolyLog[2, E~(ArcTanh[(d*e - c*f)/f] + ArcTanh[c + d*x])] +

6*PolyLog[3, -E~(ArcTanh[(d*e - c*f)/f] + ArcTanh[c + d*x])] + 6xPolyLogl[3,
E~(ArcTanh[(d*e - c*f)/f] + ArcTanh[c + d*x])]))/3 + ((dxe - c*f)*(4*ArcTa
nh[c + d*x]~3 - 6*ArcTanh[c + d*x]~2%Log[l - E~(2%(ArcTanh[(d*e - c*f)/f] +
ArcTanh[c + d*x]))] - 6*%ArcTanh[c + d*x]*PolyLog[2, E~(2*(ArcTanh[(d*e - ¢
xf)/f] + ArcTanh[c + d*x]))] + 3*PolyLogl[3, E~(2*(ArcTanh[(d*e - cxf)/f] +
ArcTanh[c + d*x]))]))/6 - ((d*e - c*f)*(4*ArcTanh[c + d*x]~3 - 6*ArcTanh[c
+ dxx]"2xLog[1 + (E~(2*ArcTanh[c + d*x])*(d*e + f - c*xf))/(d*xe - (1 + c)*f)
] - 6*%ArcTanh[c + d*x]*PolyLog[2, -((E~(2*ArcTanh[c + d*x])*(d*e + f - cx*f)
)/(d*xe - (1 + c)*f))] + 3*PolyLog[3, -((E~(2xArcTanh[c + d*x])*(d*e + f - ¢
xf))/(d*e - (1 + c)*£))]))/6)/(d"2%e”2 - 2kckd*exf + (-1 + c~2)*£72)))/(£*(
-(d*e) + cxf))))/(d*(e + fxx))

Maple [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
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time = 30.40, size = 1872, normalized size = 8.75

method result size
derivativedivides | Expression too large to display | 1872

default Expression too large to display | 1872

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(d*x+c)) 2/ (f*x+e),x,method= RETURNVERBOSE)

[Out] 1/d*(a"2*d*1ln(cxf-d*e-f*(d*x+c))/f+b"2*d*1ln(cxf-d*e-f*(d*x+c))/f*arctanh(d*
x+c) "2-b~2*d/f*arctanh (d*x+c) “2*1n(fxcx (1+(d*x+c+1) "2/ (1-(d*x+c) ~2) ) +(-(d*x
+c+1) 72/ (1-(d*x+c) ~2) -1) *e*xd+ (- (d*x+c+1) “2/(1-(d*x+c) "2) +1) *£) +1/2*I*b~2xd/
fxPi*arctanh (d*x+c) "2*csgn (I* (f*xc*x (1+(d*x+c+1) "2/ (1-(d*x+c) ~2) )+ (- (d*x+c+1)
=2/ (1-(d*x+c) ~2) -1) *e*d+ (- (d*x+c+1) "2/ (1-(d*x+c) ~2) +1) *£) / (1+(d*x+c+1) "2/ (1
-(d*x+c)~2)))~3-1/2%I*b~2*d/f*Pi*arctanh(d*x+c) “2*csgn(I/(1+(d*x+c+1)~2/(1-
(d*x+c)~2) ) ) *csgn (I* (fxc* (1+(d*x+c+1) "2/ (1-(d*x+c) ~2) )+ (- (d*x+c+1) "2/ (1-(d*
x+c) "2) -1) *exd+ (- (d*kx+c+1) "2/ (1-(d*x+c) ~2) +1) *f) / (1+(d*x+c+1) ~2/ (1-(d*x+c)~
2)))"2-1/2xI*b~2*d/f*Pi*arctanh (d*x+c) “2*xcsgn (I* (fxcx (1+(d*x+c+1) "2/ (1-(d*x
+c)~2) )+ (- (d*x+c+1) "2/ (1-(d*x+c) "2) -1) xexd+ (- (d*x+c+1) "2/ (1- (d*x+c) ~2) +1) *£
)/ (1+(d*x+c+1) 72/ (1-(d*x+c)~2)) ) "2*xcsgn (I* (fxcx (1+(d*x+c+1) "2/ (1-(d*x+c) ~2)
)+ (= (d*x+c+1) "2/ (1-(d*x+c) ~2) -1) *exd+ (- (d*x+c+1) "2/ (1-(d*x+c) ~2)+1) *f) ) +1/2
*Ixb~2%d/f*Pi*arctanh (d*x+c) "2*csgn(I/(1+(d*x+c+1) "2/ (1-(d*x+c) ~2)))*csgn(I
* (fxcx (1+(d*x+c+1) "2/ (1-(d*x+c) ~2) )+ (- (d*x+c+1) "2/ (1- (d*x+c) ~2) -1) xexd+(-(d
*xx+c+1) 72/ (1-(d*x+c) ~2)+1) *£) / (1+(d*x+c+1) "2/ (1-(d*x+c) "2) ) ) *csgn (I* (f*c* (1
+(d*x+c+1) "2/ (1-(d*x+c) ~2) )+ (- (d*x+c+1) "2/ (1-(d*x+c) ~2) -1) *e*d+ (- (d*x+c+1)~
2/ (1-(d*x+c) "2)+1) *f) ) -b~2*d/f*arctanh (d*x+c) *polylog(2, - (d*x+c+1) "2/ (1-(d*
x+c)~2))+1/2%b~2xd/f*polylog(3,-(d*x+c+1) "2/ (1-(d*x+c) ~2) ) +b~2xd*c/ (cxf-d*e
-f)*arctanh(d*x+c) "2*1n(1- (cxf-d*e—f)*(d*x+c+1) "2/ (1-(d*x+c)~2) / (~cxf+d*e-f
))+b~2*d*c/ (c*f-d*e-f)*arctanh (d*x+c)*polylog(2, (cxf-d*e—f)* (d*x+c+1)~2/(1-
(d*x+c)~2)/ (-cxf+d*e-£f))-1/2%b"2*xd*c/ (cxf-d*e-f) *polylog(3, (cxf-d*e-f) * (d*x
+c+1) 72/ (1-(d*x+c) ~2) / (—c*xf+d*e-£f) ) -b~2*d/ (c*f-d*e-f) *arctanh (d*x+c) “2*1n(1
- (c*xf-dxe-£)*(d*x+c+1) "2/ (1-(d*x+c) ~2) / (-c*f+d*e-£f) ) -b~2xd/ (cxf-d*e-f)*arct
anh (d*x+c) *polylog(2, (cxf-d*e-f) * (d*x+c+1) ~2/(1-(d*x+c) ~2) / (-cxf+d*e-£f))+1/
2xb~2xd/ (cxf-d*e-f) *polylog(3, (cxf-d*e-f)* (d*x+c+1) "2/ (1-(d*x+c) ~2) / (—c*f+d
xe-f))-b"2xd~2/f*e/ (c*f-d*e-f)*arctanh (d*x+c) "2*x1n(1- (c*f-dxe-f)* (d*x+c+1)~
2/ (1-(d*x+c)~2)/(-c*f+d*e-£f))-b"2*xd"2/f*e/ (cxf-d*e-f) *arctanh (d*x+c) *polylo
g(2, (cxf-d*e-f)* (d*x+c+1) "2/ (1-(d*x+c) "2) / (-c*f+d*e-£) ) +1/2%b~2%d~2/f*e/ (c*
f-dxe-f)*polylog(3, (cxf-dxe-f)*(d*x+c+1)~2/(1-(d*x+c)~2)/(-cxf+dxe-f))+2xax
b*d*1n(c*f-d*e-f*(d*x+c))/f*arctanh(d*x+c)-a*b*d/f*1n(cxf-d*e-f* (d*x+c))*1n
((-f*(d*x+c)-f)/(-cxf+d*e-£f))-a*xb*d/f*dilog((-f* (d*x+c)-£)/(-cxf+dxe-f))+ax
b*d/f*1n(c*f-d*xe-f*(d*x+c))*1n((-f*(d*x+c)+f) /(-c*xf+d*e+f))+axbxd/f*xdilog((
-f*x(d*x+c)+f) /(-cxf+d*e+f)))

Maxima [F]
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time = 0.00, size = 0, normalized size = 0.00
Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctanh(d*x+c)) "2/ (f*x+e),x, algorithm="maxima")
g g

[Out] a"2*log(f*x + e)/f + integrate(1/4xb~2x(log(d*x + ¢ + 1) - log(-d*x - c + 1
))"2/(fxx + e) + a*xb*(log(d*x + ¢ + 1) - log(-d*x - c + 1))/(f*x + e), x)

Fricas [F|
time = 0.00, size = 0, normalized size = 0.00
could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctanh(d*x+c))~2/(f*x+e),x, algorithm="fricas")
[Out] integral((b~2*arctanh(d*x + c)~2 + 2%a*b*arctanh(d*x + c) + a~2)/(f*x + e),

x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (a + batanh (c + dz))?
dz
e+ fx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*atanh(d*x+c))**2/(f*x+e),x)
[Out] Integral((a + b*atanh(c + d*x))**2/(e + f*x), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctanh(d*x+c))~2/(f*x+e),x, algorithm="giac")

[Out] integrate((b*arctanh(d*x + c) + a)~2/(f*x + e), x)
Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ (a + batanh(c + dz))”
dz
e+ fx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c + d*x))"2/(e + f*x),x)
[Out] int((a + bxatanh(c + d*x))"2/(e + f*x), x)
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3.43

(a+btanh ™! (c+dx)) 2
=/‘ (e+fx)? d

Optimal. Leaf size=480

(ot btanh™*(c + dx))2+bzdtanh_1(c + dz)log (=2) _abdlog(1 — ¢ — dz) _detanh_l(c + dz) log (5
fle+ fz) fde+ f —cf) flde+ f —cf) f(de — f —cf)

[Out] -(at+b*arctanh(d*x+c))~2/f/(f*x+e)+b~2xd*arctanh (d*x+c)*1n(2/(-d*x-c+1))/f/(
—cxf+d*xe+f)—a*xbxd*x1n(-d*x-c+1) /f/ (—cxf+d*e+f)-b~2*xd*arctanh (d*x+c) *1n(2/ (d*
x+c+1) ) /f/ (—cxf+d*e-f)+2%b~2*d*arctanh (d*x+c) *1n(2/ (d*x+c+1) ) / (-cxf+d*xe-f)/
(-c*f+d*xe+f)+a*xbxd*1ln(d*x+c+1) /f/ (—cxf+d*xe—f)+2xa*bxd*1ln (f*x+e) / (£72-(—cxf+
dxe) ~2) -2xb~2xd*arctanh (d*x+c) *1n (2xd* (fxx+e) / (~c*f+d*e+f) / (d*x+c+1) )/ (—c*xf
+d*e-f)/(-cxf+d*xe+f)+1/2%b"2xd*polylog(2, (-d*x-c-1) /(-d*x-c+1) ) /f/(-cxf+d*e
+£)+1/2%b~2xd*polylog(2,1-2/ (d*x+c+1)) /f/ (-c*f+d*e-f)-b~2*d*polylog(2,1-2/(
d*x+c+1) )/ (-c*f+d*e-£f)/(-cxf+d*e+f)+b~2*d*polylog(2,1-2xd* (f*x+e) / (—c*xf+d*e
+f) / (d*x+c+1) )/ (-cxf+d*e-f) / (-cxf+dxe+f)

Rubi [A]

time = 1.24, antiderivative size = 485, normalized size of antiderivative = 1.01, number of

_ _ . o number of rules _
steps used = 21, number of rules used = 19, integrand size = 20, integrand size 0.950,

Rules used = {6244, 2007, 719, 31, 646, 6873, 6256, 720, 647, 6820, 12, 6857, 84, 6874, 6055,
2449, 2352, 6057, 2497}

2abdlog(e + fr) (atbtanh~(c + de))’  BdLip(~£5821)  BdLip(1 ~ 2

ablog(—c—ds +1) _ abdlog(e-+dr +1) ablog(e + ~ i) B - ) Pl (1 - B ) iy o+ de) _ Pl (o) e+ de) | 26 lo () anh ™ 4 )
Teefvdet ) " fcftde—f) (el +det de— (et D) Tle+ i) (—cf +de+]) | 2f(—cf ¥de—f) (~cf +de+ Nlde -+ DJ) * (~cf +de+ lde—(c+Df) T(cf +de+ 1) Fl—cf+de—1) =cf +de+ N{de— e+ 1)) e/ +de+ Nl

Antiderivative was successfully verified.
[In] Int[(a + b*ArcTanh[c + d*x])"2/(e + f*xx)~2,x]

[Out] -((a + b*ArcTanh[c + d*x])~2/(f*(e + f*x))) + (b~2*d*ArcTanh[c + d*x]*Log[2
/(1 - c - d*x)])/(f*(d*e + £ - cxf)) - (a*b*d*Log[l - c - d*x])/(fx(dxe + £
- cxf)) - (b~2*d*ArcTanh[c + d*x]*Log[2/(1 + c + d*x)])/(f*(d*e - £ - cxf)
) + (2¥b~2*dxArcTanh[c + dxx]*Logl[2/(1 + c + d*x)])/((d*e + £ - c*f)*(d*e -
(1 + c)*f)) + (axb*d*Logl[l + c + d*x])/(fx(d*e - f - c*f)) - (2xaxb*d*Logl
e + f*x])/((d*e + f - c*f)*x(d*e - (1 + c)*f)) - (2¥b~2*xd*ArcTanh[c + d*x]*L
ogl(2xd*x(e + f*x))/((d*e + £ - c*xf)*x(1 + c + d*x))])/((d*e + £ - c*f)x*(dxe
- (1 + c)*f)) + (b~2xd*PolyLog[2, -((1 + c + d*x)/(1 - c - d*x))])/(2xf*(d*
e + £ - cxf)) + (b"2xd*PolyLogl[2, 1 - 2/(1 + c + d*x)])/(2*xf*x(d*e - f - cx*f
)) - (b"2%d*Polylog[2, 1 - 2/(1 + ¢ + d*x)])/((d*e + £ - cxf)x(d*xe - (1 + ¢
)*£)) + (b"2xd*xPolyLogl[2, 1 - (2*d*(e + f*x))/((d*e + f - c*xf)*(1 + c + d*x
))1)/((d*e + £ - cxf)*(d*e - (1 + c)*f))

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]
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Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, x]

Rule 84

Int[((e_.) + (£_)*(x_))"(p_.)/(((a_.) + (b_.)*(x_))*((c_.) + (d_.)*(x_))),
x_Symbol] :> Int[ExpandIntegrand[(e + f*x)“p/((a + bxx)*(c + d*x)), x], x]
/; FreeQ[{a, b, c, d, e, £}, x] && IntegerQ[p]

Rule 646

Int[((d_.) + (e_.)*(x))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> W
ith[{q = Rt[b"™2 - 4*axc, 2]}, Dist[(c*d - ex(b/2 - q/2))/q, Int[1/(b/2 - q/
2 + c*x), x], x] - Dist[(cxd - ex(b/2 + q/2))/q, Int[1/(b/2 + q/2 + c*x), x
1, x1]1 /; FreeQ[{a, b, c, d, e}, x] && NeQ[2*c*d - bxe, 0] && NeQ[b~2 - 4*a
*xc, 0] &% NiceSqrtQ[b~2 - 4x*axc]

Rule 647

Int[((d)) + (e_.)*x(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> With[{q = Rt[(-
a)xc, 21}, Distl[e/2 + cx(d/(2*q)), Int[1/(-q + c*x), x], x] + Dist[e/2 - c*
(d4/(2xq)), Int[1/(q + c*x), x], x]] /; FreeQ[{a, c, 4, e}, x] && NiceSqrtQ[
(-a)*cl

Rule 719

Int[1/(((d_.) + (e_)*(x_))*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)), x_Symbol]

:> Dist[e”2/(c*d"2 - b*d*e + a*xe”™2), Int[1/(d + e*x), x], x] + Dist[1/(c*d
~2 - bxd*e + a*e~2), Int[(cxd - bxe - cxe*xx)/(a + b*x + c*x~2), x], x] /; F
reeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*d"2 - bxd*e + axe”
2, 0] && NeQ[2*cxd - bxe, 0]

Rule 720

Int[1/(((d_) + (e_.)*(x_))*((a_) + (c_.)*(x_)"2)), x_Symbol] :> Dist[e”2/(c
*d"2 + a*e”2), Int[1/(d + exx), x], x] + Dist[1/(c*xd"2 + a*xe”2), Int[(c*d -
ckxexx)/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e}, x] && NeQ[cxd~2 + axe~2,
0]

Rule 2007

Int[(u_)"(m_.)*(v_)~(p_.), x_Symbol] :> Int[ExpandToSum[u, x] m*ExpandToSum
[v, x]1°p, x] /; FreeQ[{m, p}, x] && LinearQ[u, x] && QuadraticQ[v, x] && !
(LinearMatchQ[u, x] && QuadraticMatchQ[v, x])
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Rule 2352

Int[Log[(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQ[{c, d, e}, x] && EqQle + c*d, 0]

Rule 2449

Int[Logl(c_.)/((d_ ) + (e_.)*(x_)]1/((£_) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Logl[2*d*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] && EqQ[c, 2*d] &% EqQle~2xf + d~2*g, 0]

Rule 2497

Int[Loglu_]*(Pq_)~(m_.), x_Symbol] :> With[{C = FullSimplify[Pq m*((1 - u)/
D[u, x]1)1}, Simp[C*PolyLog[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
x] [[2]], Expon[Pq, x1]

Rule 6055

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
1 :> Simp[(-(a + b*ArcTanh[c*x]) “p)*(Log[2/(1 + ex(x/d))]1/e), x] + Dist[b*c
*x(p/e), Int[(a + b*ArcTanh[c*x])~(p - 1)*(Log[2/(1 + ex(x/d))]1/(1 - c~2xx~2
)), x1, x] /; FreeQ[{a, b, c, 4, e}, x] && IGtQ[p, 0] && EqQ[c~2*d"2 - e~2,
0]

Rule 6057

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> S
imp[(-(a + b*ArcTanh[c*x]))*(Log[2/(1 + c*x)]/e), x] + (Dist[b*(c/e), Int[L
ogl2/(1 + c*x)]1/(1 - c™2%x72), x], x] - Dist[b*(c/e), Int[Log[2*c*((d + e*x
)/((c*xd + e)*(1 + c*x)))]/(1 - c”2*%x"2), x], x] + Simp[(a + b*ArcTanh[c*x])
*(Log[2*xc*x((d + exx)/((cxd + e)*(1 + c*x)))]1/e), x]) /; FreeQ[{a, b, c, d,
e}, x] && NeQ[c™2x%d"2 - e~2, 0]

Rule 6244

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)]*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_), x_Symbol] :> Simp[(e + f*x)“(m + 1)*((a + bxArcTanh[c + d*x]) p/(£*(m
+ 1))), x] - Dist[b*d*(p/(f*(m + 1))), Int[(e + f*x)"(m + 1)*((a + b*ArcTan
hlc + d*x])~(p - 1)/(1 - (c + d*x)~2)), x], x] /; FreeQ[{a, b, c, d, e, f},
x] && IGtQ[p, 0] && ILtQ[m, -1]

Rule 6256

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)]*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.)*x((A_.) + (B_.)*(x_) + (C_.)*(x_)"2)"(q_.), x_Symbol] :> Dist[1/d, Subs
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t[Int[((d*e - c*f)/d + f*(x/d)) m*x(-C/d"2 + (C/d"2)*x"2) g*(a + bxArcTanh[x
D°p, x1, x, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, £, A, B, C, m, p, q}, x]
&& EqQ[Bx(1 - c~2) + 2%A*c*d, 0] && EqQ[2*c*C - Bxd, 0]

Rule 6820

Int[u_, x_Symbol] :> With[{v = SimplifyIntegrand([u, x]}, Int[v, x] /; Simpl
erIntegrandQ[v, u, x]]

Rule 6857

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]}, Int[v, x] /; SumQ[vl] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rule 6873

Int[u_, x_Symbol] :> With[{v = Normalizelntegrand[u, x]}, Int[v, x] /; v =!
= u]

Rule 6874

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rubi steps



/ (a+ btanh™(c+ dav))2
(e+ fz)?

B (a+ btanh™'(c+ dav))2

268

+btanh ! (c+d.
(2bd) [ Erbeenn (erd) gy

fle+ fx) f
B (a+btanh™'(c+ dx))2 (2bd) [ (e—i—)?;;l()fillg—z(ccdzizd)%?) dx
fle+ fx) f
a+btanh—!(x)
o (a+ btanh~(c + dx))2 (2b)Subst <f (Eet+ ) s dr,z,c+ dx)
fle+ fz) f
d(a+btanh—1(z)
(a+btanh~'(c+dz))®  (2b)Subst (f (di o+ fz)(1- xz);) dz,z,c+ dx)
fle+ fz) f
a+btanh
B (a+ btanh™'(c + dx))2 (2bd) Subst(f 5 +cft+fx)( y da, x c+d:c>
fle+ fz) f
(a+btanh~*(c +dz))”  (2bd)Subst <f <_ (Tro) ) de—cf i/ (Tt
fle+ fz) f

B (a+btanh™ (c+ dx))2 B

(2abd)Subst ( dz,z,c+

1
f (—14=z)(14+zx)(de—cf+fx)

f(e+ fz) f
_ (a+ btanh ™ (c + dazc))2 B (2abd)Subst (f (2(de+f—clf)(—1+x) + 2(—de+(1-i1-c)
fle+ fx)
_(a+btanh'(c+dz))’  abdlog(l—c—ds)  abdlog(l+c+dz)
fle+ fz) f(de+ f—cf) f(de—f —cf)
B (a+btanh™'(c+ dav))2 b*dtanh™'(c + dz)log (=2) _ abdlog(1 -
fle+ fx) f(de+ f —cf) f(de+ f
(a+ btanh™ (c+ dac))2 b*dtanh ™ (c + dz)log (—2) _ abdlog(1 -
fle+ fz) f(de+ f —cf) fde+ f
~ (a+ btanh™(c + d:c))2 b*dtanh™(c + dz)log (=2) _ abdlog(1 -
fle+ fz) f(de+ f—cf) f(de+ f

Mathematica [C] Result contains complex when optimal does not.
time = 5.92, size = 425, normalized size = 0.89

{ o

,,,,,

Antiderivative was successfully verified.
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[In] Integrate[(a + b*ArcTanh[c + d*x])~2/(e + f*x)~2,x]

[Out] (-(a~2/f) + (2%axbx((f - c”2*f + d~2%e*xx + cxdx(e - f*x))*ArcTanh[c + d*x]
- dx(e + fxx)*Logl[(dx(e + f*x))/Sqrt[l - (c + d*x)~2]]1))/((d*e + £ - cxf)*(
dxe - (1 + c)*f)) + (b"2xd*(e + f*x)*(-(ArcTanh[c + d*x]~2/(E"ArcTanh[(d*e
- cxf)/f1*fxSqrt[1 - (d*e - c*£f)"2/£72])) + ((c + d*x)*ArcTanh[c + d*x]~2)/
(dx(e + fxx)) + ((dxe - c*f)*(IxPixLog[l + E~(2*ArcTanh[c + d*x])] - 2%ArcT
anh[c + d*x]*Log[l - E~(-2*(ArcTanh[(d*e - c*f)/f] + ArcTanh[c + d*x]))] -
IxPi*(ArcTanh[c + d*x] + Log[1/Sqrt[1l - (c + d*x)~2]]) - 2%ArcTanh[(d*e - c
*xf)/f]1*(ArcTanh[c + d*x] + Log[l - E~(-2*(ArcTanh[(d*e - c*f)/f] + ArcTanh[
¢ + d*x]))] - Log[I*Sinh[ArcTanh[(d*e - c*f)/f] + ArcTanh[c + d*x]]]) + Pol
yLog[2, E~(-2x(ArcTanh[(d*e - c*f)/f] + ArcTanh[c + d*x]))]))/(d"2%e”2 - 2%
ckdxexf + (-1 + c72)*£72)))/(d*e - cxf))/(e + f*x)

Maple [A]
time = 4.88, size = 857, normalized size = 1.79

method result

a2d? + b2d2 arctanh(da:+c)2 _ 2242 arctanh(dz+c) In(dz+c+1) 262 d2 arctanh(dz+c) In(cf—de— f(dz+c)) + 252 42
derivativedivides (cf—de—f(dz+c))f ' (cf—de—f(dz+c))f f(2cf—2de+2f) (cf—de—f)(cf—detf)

a?d? + b2d2 arctanh(dz+c)2 _ 2b2 42 arctanh(dz+c) In(dz+c+1) 262 d2 arctanh(dz+c) In(cf—de— f(dz+c)) + 252 42
default (cf—de—f(dz+c))f ' (cf—de—f(dz+c))f Ff(2cf—2de+2f) (cf—de—f)(cf—detf) —

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arctanh(d*x+c))~2/(f*x+e) 2,x,method=_RETURNVERBOSE)

[Out] 1/d*x(a"2*d~2/(cxf-d*e-f*x(d*x+c))/f+b~2xd"2/ (cxf-d*xe—f*(d*x+c))/f*arctanh(dx*
x+c) "2-2xb"2xd~2/f*arctanh (d*x+c) / (2xcxf-2xd*e+2*f ) *1n (d*x+c+1) -2*b~2%d"2*a
rctanh (d*x+c) / (cxf-dxe-f)/ (cxf-dxe+f)*1n(cxf-dxe-f* (d*xx+c))+2xb~2xd~2/f*arc
tanh (d*x+c) / (2xcxf-2*d*e-2*f) *1n(d*x+c-1)-1/2xb~2*%d~2/f/ (cxf-d*e-f)*dilog(1
/2%d*x+1/2%c+1/2)-1/2*%b"2%d~2/f/ (c*f-d*xe—f) *1n(d*x+c—1) *1n(1/2*d*x+1/2*c+1/
2)+1/4xb"2%d"2/f/ (cxf-d*e-f)*1n(d*x+c-1) "2-1/2%b"2xd~2/f/ (c*f-d*e+f) *1n(-1/
2%d*x-1/2*%c+1/2) *1n(d*x+c+1)+1/2%b"2%d"2/f/ (cxf-d*e+f) *1n(-1/2*d*x-1/2*%c+1/
2)*1n(1/2%d*x+1/2%c+1/2)+1/2%b~2%d~2/f/ (c*f-d*e+f) *dilog(1/2*d*x+1/2%c+1/2)
+1/4%b"2xd"2/f/ (cxf-d*e+f) *1n(d*x+c+1) "2+b~2*d"2/ (c*xf-d*e-f) / (cxf-d*e+f) *1n
(cxf-d*e-f*(d*x+c)) *1n((-f*x(d*x+c)-f)/(-c*f+d*xe-f))+b"2+%d"2/ (cxf-d*e-f)/(c*
f-dxe+f)*dilog((-f*(d*x+c)-£f)/(-cxf+dxe-£))-b~2xd~2/(c*f-d*e-f)/(c*f-d*e+f)
*1n (c*kf-d*e-f*(d*x+c) ) *1n((-f* (d*x+c)+f) / (-ckxf+d*xe+f))-b~2xd~2/ (c*f-d*e-f)/
(cxf-d*e+f)*dilog((—f*(d*x+c)+f)/(-ckf+d*e+f) ) +2*a*xb*d~2/ (cxf-d*e-f* (d*x+c)
)/f*arctanh (d*xx+c)-2*xaxbxd~2/f/ (2xcxf-2*d*e+2xf) *1n (d*x+c+1) -2*a*b*d~2/ (c*f
-d*e-f)/(c*f-d*e+f)*1n(c*f-d*xe—f* (d*x+c) ) +2xa*xb*d~2/f/ (2xc*f-2*xd*xe—2*f) *1n (
d*xx+c-1))

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctanh(d*x+c))~2/(f*x+e)~2,x, algorithm="maxima")

[Out] -(d*(log(d*x + c + 1)/((c + 1)*£f72 - d*f*e) - log(d*x + ¢ - 1)/((c - 1)*£f72
- dxfxe) - 2xlog(f*xx + e)/(2xcxdxf*xe - (c™2 - 1)*f72 - d"2*e”2)) + 2*arcta
nh(d*x + c)/(£72xx + f*xe))*axb - 1/4xb~2*(log(-d*x - c + 1)72/(£72*x + fxe)
+ integrate(-((d*f*x + c*f - f)*log(d*x + c + 1)72 + 2x(d*f*x + dxe - (d*f
*x + cxf - f)*log(d*x + c + 1))*log(-d*x - c + 1))/(d*f"3*x"3 + (c*f~3 + 2%
dxf~2%e - £73)*x72 + (d*f*e™2 + 2%(cxf~2 - £72)*e)*x + (c*f - f)*e”2), x))
- a”2/(£f72xx + fxe)
Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctanh(d*x+c))~2/(f*x+e)~2,x, algorithm="fricas")
[Out] integral((b~2*arctanh(d*x + c)~2 + 2%a*bk*arctanh(d*x + c) + a~2)/(£f72*x"2 +

2%f*x*e + e72), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00
/ (a + batanh (¢ + dz))”
(e+ fz)’

dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*atanh(d*x+c))**2/(f*xx+e)**2,x)

[Out] Integral((a + b*atanh(c + d*xx))#**x2/(e + f*x)**2, x)
Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctanh(d*x+c))~2/(f*x+e)”~2,x, algorithm="giac")
[Out] integrate((b*arctanh(d*x + c) + a)~2/(f*x + e)~2, x)
Mupad [F]
time = 0.00, size = -1, normalized size = -0.00
/ (a + batanh(c + dz))?

e+faf "
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c + d*x))"2/(e + f*x)~2,x)
[Out] int((a + b*xatanh(c + d*x))"2/(e + f*x)~2, x)
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-1 2
3.44 f (a—l—btaizifx()c:g—l—dx)) dr

Optimal. Leaf size=750

abd b*dtanh ™ (c + dz) _ (a+btanh™'(c+ dz))” +b2d2 tanh ™
TP —(de—cf)?) (e + f2)  (de+f—cf)(de— (1 +)f)(e + fa) 2f(e + fa) 2

[Out] -axb*xd/(£f72-(-cxf+d*e)~2)/(f*x+e)+b~2xd*arctanh(d*x+c)/(-cxf+d*xe-f)/(-cxf+d
xe+f) / (f*x+e) -1/2*% (a+b*arctanh (d*x+c)) ~2/f/ (f*x+e) “2+1/2*xb"2xd~2*arctanh (d*
x+c)*1n(2/ (-d*x-c+1)) /f/ (—ckf+d*xe+f) "2-1/2*a*xbxd~2*1n (-d*x-c+1) /f/ (-cxf+d*e
+£) "2+1/2xb~2*%d"2*1n (-d*x-c+1) / (-cxf+d*xe+f) ~2/ (d*e- (1+c) *f) -1/2*b~2*d"2*arc
tanh (d*x+c) *1n(2/ (d*x+c+1) ) /f/ (—cxf+d*e-f) “2+2*b"2*%d~2* (-c*f+d*e) *arctanh (d
*x+c)*1n(2/ (d*x+c+1)) / (—cxf+d*xe+f) "2/ (d*xe—-(1+c) *f) “2+1/2*a*xbxd~2*1n (d*x+c+1
)/f/ (—cxf+d*e-£f) "2-1/2*%b"2xd"2*1n (d*x+c+1) / (—c*kf+d*e+f) / (d*xe-(1+c) *f) "2+b~2
*d~2xfx1n (f*xx+e) / (-cxf+dxe+f) "2/ (d*e-(1+c) *f) "2-2xaxb*d~2* (—cxf+d*e) *1n (f*x
+e) / (—cxf+dxe+f) "2/ (d*e- (1+c) *f) ~2-2xb~2xd~2* (—c*xf+d*e) *arctanh (d*x+c) *1n (2
*dx (fxx+e) / (—cxf+d*xe+f) / (d*x+c+1) )/ (—cxf+d*xe+f) ~2/ (d*e—-(1+c) *f) "2+1/4%b~2*d
~2xpolylog(2, (-d*x-c-1)/(-d*x-c+1))/f/(-c*xf+d*e+f) "2+1/4xb~2*d"2*polylog(2,
1-2/(d*x+c+1)) /f/ (—c*f+d*e-f) "2-b~2xd~2* (—c*f+d*e) *polylog(2,1-2/(d*x+c+1))
/ (—cxf+dxe+f) "2/ (d*e-(1+c) *f) "2+b~2xd~2* (-c*xf+d*e) *polylog(2,1-2*d* (f*xx+e) /
(-cxf+d*e+f)/(d*x+c+1) )/ (—cxf+d*e+f) "2/ (d*e-(1+c)*f) "2

Rubi [A]
time = 1.56, antiderivative size = 750, normalized size of antiderivative = 1.00, number of

_ _ : o number of rules
steps used = 26, number of rules used = 18, integrand size = 20, integrand size 0.900,

Rules used = {6244, 2007, 723, 814, 6873, 6256, 724, 815, 6857, 6055, 2449, 2352, 6063, 720,
31, 647, 6057, 2497}

Antiderivative was successfully verified.
[In] Int[(a + b*ArcTanh[c + d*x])~2/(e + f*xx)~3,x]

[Out] -((a*xb*d)/((£72 - (d*e - cxf)"2)x(e + f*x))) + (b~2*d*ArcTanh[c + d*x])/((d
xe + £ - cxf)*(d*xe - (1 + c)*f)*(e + f£*x)) - (a + bxArcTanh[c + d*x])~2/(2%

fx(e + £*xx)~2) + (b"2*d"2xArcTanh[c + d*x]*Logl[2/(1 - c - d*x)])/(2xfx(d*e

+ f - c*f)72) - (axb*d"2*Log[l - c - d*x])/(2xf*x(dxe + £ - cxf)~2) + (b™2*d
“2xLogl[l - ¢ - d*x])/(2%(d*e + £ - c*f)"2x(d*xe - (1 + c)*f)) - (b~2*d"2xArc
Tanh[c + d*x]*Logl[2/(1 + c + d*x)])/(2xfx(d*xe - f - cxf)~2) + (2%b~2xd"2x(d

xe — c*f)*ArcTanh[c + d*x]*Log[2/(1 + c + d*x)])/((d*e + £ - c*f) 2*x(d*e -

(1 + c)*£)72) + (a*b*d™2xLogl[l + c + d*x])/(2*f*x(d*e - £ - c*f)~2) - (b"2xd
“2xLog[l + c + d*x])/(2%(d*e + £ - c*xf)x(d*xe - (1 + c)*£f)~2) + (b~2xd"2xfx*L

ogle + £xx])/((d*e + £ - c*f)"2x(d*e - (1 + c)*f)"2) - (2xaxb*d~2*x(d*e - c*
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f)*Logle + f*x])/((dxe + f - cxf)"2x(d*e - (1 + c)*£)72) - (2%b~2xd"2x(d*e

- cxf)*ArcTanh[c + d*x]*Log[(2xd*x(e + f*x))/((d*xe + £ - cxf)*(1 + c + d*x))
1)/((d*e + £ - c*xf)"2x(d*e - (1 + c)*£)~2) + (b~2xd"2*PolyLog[2, -((1 + c +
d*x)/(1 - ¢ - d*x))])/(4*xfx(d*e + £ - c*f)~2) + (b~2xd~2*PolyLogl[2, 1 - 2/
(1 + c + dxx)])/(4xfx(d*e - £ - c*f)~2) - (b~2xd"2*(d*e - cxf)*PolyLogl[2, 1
-2/(1 + c+ d*xx)])/((d*e + £ - c*xf)"2x(d*xe - (1 + c)*£)72) + (b~2*d"2*(d*
e - cxf)*PolyLog[2, 1 - (2*d*(e + f*x))/((d*e + £ — c*f)*(1 + c + d*x))])/(
(d*xe + £ - cxf)"2x(d*e - (1 + c)*£f)~2)

Rule 31

Int[((a_) + (b_.)*(x_))"(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x]1 /; FreeQ[{a, b}, xI

Rule 647

Int[((d)) + (e_)*(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> With[{q = Rt[(-
a)*c, 2]}, Dist[e/2 + cx(d/(2%q)), Int[1/(-q + c*x), x], x] + Dist[e/2 - cx
(d4/(2xq)), Int[1/(q + c*x), x], x]1] /; FreeQ[{a, c, 4, e}, x] && NiceSqrtQ[
(-a)*c]

Rule 720

Int[1/(((d_) + (e_.)*(x_))*((a_) + (c_.)*(x_)"2)), x_Symbol] :> Dist[e”2/(c
*d"2 + a*e”2), Int[1/(d + exx), x], x] + Dist[1/(c*xd"2 + a*xe”2), Int[(c*d -
ckxexx)/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e}, x] && NeQ[cxd™2 + axe~2,
0]

Rule 723

Int[((d_.) + (e_.)*(x_))"(m_)/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol
] :> Simp[ex((d + e*x)"(m + 1)/((m + 1)*(c*d"2 - bxd*e + a*e~2))), x] + Dis
t[1/(c*xd”2 - b*d*e + a*e”2), Int[(d + e*x)"(m + 1)*(Simp[c*d - bxe - c*exx,
x]/(a + b*x + c*x72)), x], x] /; FreeQ[{a, b, c, d, e, m}, x] && NeQ[b~2 -
4xaxc, 0] && NeQ[c*d™2 - b*d*e + a*xe”™2, 0] && NeQ[2*c*d - b*e, 0] && LtQ[m
, —-1]

Rule 724

Int[((d)) + (e_)*(x_))"(m_)/((a_) + (c_.)*(x_)"2), x_Symbol] :> Simp[e*x((d
+ e*xx)"(m + 1)/((m + 1)*(c*d”2 + a*xe”2))), x] + Dist[c/(c*xd"2 + a*e~2), In
t[(d + exx)"(m + 1)*x((d - e*x)/(a + c*x~2)), x], x] /; FreeQ[{a, c, d, e, m
}, x] && NeQ[cxd™2 + axe”2, 0] && LtQ[m, -1]

Rule 814

Int [(((d_.) + (e_.)*x(x_))"(m_)*((£f_.) + (g_.)*(x_)))/((a_.) + (b_.)*(x_) +
(c_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(d + e*x) mx((f + g*x)/(a +
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b*x + c*x72)), x], x] /; FreeQl[{a, b, c, d, e, £, g}, x] && NeQ[b~2 - 4xax
c, 0] && NeQ[c*d~™2 - bxdxe + axe”2, 0] && IntegerQ[m]

Rule 815

Int[(((d_.) + (e_)*(x_))"(m )*((f_.) + (g_.)*x(x_)))/((a_) + (c_.)*x(x_)"2),
x_Symbol] :> Int[ExpandIntegrand[(d + e*x) m*x((f + g*x)/(a + c*x72)), x],
x] /; FreeQl{a, c, d, e, f, g}, x] && NeQ[c*d"2 + a*e™2, 0] && IntegerQ[m]

Rule 2007

Int[(u_ )" (m_.)*(v_)~(p_.), x_Symbol] :> Int[ExpandToSum[u, x] m*ExpandToSum
[v, x1°p, x] /; FreeQ[{m, p}, x] && LinearQ[u, x] && QuadraticQ[v, x] && !
(LinearMatchQ[u, x] && QuadraticMatchQ[v, x])

Rule 2352

Int[Logl(c_.)*(x_)]1/((d.) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQ[{c, d, e}, x] && EqQle + c*d, 0]

Rule 2449

Int[Logl(c_.)/((d_) + (e_.)*x(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Logl[2*d*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] && EqQ[c, 2*d] &% EqQle~2xf + d~2*g, 0]

Rule 2497

Int[Loglu_l*(Pq )~ (m_.), x_Symboll :> With[{C = FullSimplify[Pq~m*((1 - u)/
D[u, x]1)1}, Simp[C*PolyLog[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
x] [[2]1], Expon[Pq, x1]

Rule 6055

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d.) + (e_.)*(x_)), x_Symbol
1 :> Simp[(-(a + bxArcTanh[c*x]) “p)*(Log[2/(1 + ex(x/d))]/e), x] + Dist[bxc
*(p/e), Int[(a + bk*ArcTanh[c*x])~(p - 1)*(Logl[2/(1 + e*x(x/d))]/(1 - c™2%x™2
)), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d"2 - e~2,
0]

Rule 6057

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))/((d)) + (e_.)*(x_)), x_Symbol] :> S
imp[(-(a + b*ArcTanh[c*x]))*(Log[2/(1 + c*x)]1/e), x] + (Dist[b*(c/e), Int[L
ogl2/(1 + c*xx)]1/(1 - c™2%x72), x], x] - Dist[b*(c/e), Int[Log[2*c*x((d + e*x
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)/((cxd + e)*x(1 + c*x)))]1/(1 - c~2*x~2), x], x] + Simp[(a + b*ArcTanh[c*x])
*(Log[2*xcx((d + e*x)/((c*d + e)*x(1 + c*x)))]1/e), x]) /; FreeQ[{a, b, c, d,
e}, x] && NeQ[c™2*xd~2 - e~2, 0]

Rule 6063

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol
1 :> Simp[(d + e*x)~(q + 1)*((a + bxArcTanh[c*x])/(ex(q + 1))), x] - Dist[b
*(c/(ex(q + 1))), Int[(d + e*x)~(q + 1)/(1 - ¢c~2%x~2), x], x] /; FreeQ[{a,
b, ¢, d, e, q}, x] && NeQ[q, -1]

Rule 6244

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_), x_Symbol] :> Simp[(e + f*x)“(m + 1)*((a + bxArcTanh[c + d*x]) p/(f*(m
+ 1))), x] - Dist[b*d*(p/(f*(m + 1))), Int[(e + f*x)~"(m + 1)*((a + b*ArcTan
hlc + axx1)~"(p - 1)/(1 - (c + d*x)"2)), x], x] /; FreeQ[{a, b, c, 4, e, f},
x] && IGtQ[p, 0] && ILtQ[m, -1]

Rule 6256

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.)x((A_.) + (B_.)*(x_) + (C_.)*(x_)"2)"(q_.), x_Symbol] :> Dist[1/d, Subs
t[Int[((d*e - c*f)/d + £*(x/d)) m*x(-C/d"2 + (C/d"2)*x"2) g*(a + bxArcTanh[x
D-p, x1, x, ¢ + d*x], x] /; FreeQ[{a, b, ¢, d, e, f, A, B, C, m, p, q}, x]
&% EqQ[B*(1 - c~2) + 2xAxcxd, 0] && EqQ[2*c*C - B*d, 0]

Rule 6857

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]}, Int[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rule 6873
Int[u_, x_Symbol] :> With[{v = NormalizeIntegrand[u, x]}, Int[v, x] /; v =!

=u]

Rubi steps



/ (a+btanh™'(c+ dav))2
(e+ fz)?

(a+ btanh™'(c + dz) )
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a+btanh~!(c+dzx)
(bd) [ et Fo) (= (erd)?) 4*

2f(e+ fz)? f
B (a+ btanh™ (c + dazc))2 (bd) [ (o f?b(tfn; 2(2:121 xzﬂx?) dx
2f(e+ fz)? f
bSub a+b tanh_21 (z) d ., d
(a+btanh_1(c+d:v))2 ubst (f (L3t +L2) 1-a?) H&et x)
 2f(e+ f)? f
(a+ btanh™(c + d:c))2 bSubst (f <_ (de—cf+;;)22(—1+z2) - (de—bg;-tj”r;l;;(l_(
2f(e+ fz)? f
_ (a + btanh_l(c + dav))2 (abd?) Subst <f (de—cf+fal:)2(_1+x2) dz,z,c+ da
- 2fle+far f
abd (a+btanh~(c + do))>  (B%d?) Subst( [
(PP-(de—cf)(e+fo)  2fe+frr
abd B (a+ btanh™*(c + dac))2 B (b°d*) Subst (f
(f? = (de —cf)?) (e + fz) 2f(e+ fz)? 2f(de
B abd b’dtanh™(c + dz) E
(72— (de—cf ) (e + fa) | (de+ f —cf)(de— (1+ O)f)(e+ fa)
abd N b’dtanh™'(c + dx) (¢
(= de=chH?)(e+fo) * (de+ f —cf)(de—(1+)f)(e+ fz)
B abd b?dtanh™'(c + dz) (¢
(f? = (de—cf ) (e+ f2) | (de+f — cf)(de — (L+O)f)(e + fa)
3 abd N b’dtanh™(c + dz) B E
(f?—(de—cf)?)(e+ fz)  (de+ f—cf)(de—(1+c)f)(e+ fz)

Mathematica [C] Result contains complex when optimal does not.
time = 14.70, size = 1968, normalized size = 2.62

Warning: Unable to verify antiderivative.

[In] Integrate[(a + b*ArcTanh[c + d*x])~2/(e + f*x)~3,x]
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[Out] -1/2%a~2/(f*x(e + £*x)~2) + (a*bk*(d*xe - cxf + fx(c + d*x)) 3*x((f*x(2 + ((d*e
+ f - cxf)*(dxe - (1 + c)*f))/((d*xe - c*f)/Sqrt[l - (c + d*x)~2] + (fx(c +
d*x))/Sqrt[1 - (c + d*x)~2])~2)*ArcTanh[c + d*x])/((d*e + f - c*f)~2x(-(d*e
) + £ + cxf)72) - ((c + d*x)*(f - 2*d*exArcTanh[c + d*x] + 2*c*f*ArcTanh[c
+ d*x]))/((d*xe - c*f)*(d*e + f - cxf)*x(dxe - (1 + c)*f)*xSqrt[1 - (c + d*x)~
2]*%((d*e - c*f)/Sqrt[l - (c + d*x)~2] + (fx(c + d*x))/Sqrt[l - (c + d*x)~2]
)) - (2x(d*e - cxf)xLogl(d*e)/Sqrt[1 - (c + d*x)~2] - (cxf)/Sqrt[l - (c + d
*xx)"2] + (fx(c + d*x))/Sqrt[l - (c + d*x)~2]])/(d"2%e”~2 - 2*cxd*xexf + (-1 +
c"2)*£72)72))/(d*(e + f*x)~3) + (b72x(d*e - c*f + fx(c + d*x)) " 3*x((f*x(1 -
(c + d*x)~2)~(3/2)*((d*e) /Sqrt[1 - (c + d*x)~2] - (cxf)/Sqrt[l - (c + d*x)~
2] + (f*(c + d*x))/Sqrt[1l - (c + d*x)~2]) 3*%ArcTanh[c + d*x]~2)/(2*(d*e - £
- cxf)*(d*e + £ - c*xf)x(d*xe - c*f + fx(c + dxx))~3*(-((d*e)/Sqrt[1 - (c +
d*x)~2]) + (cxf)/Sqrt[l - (c + d*x)~2] - (fx(c + d*x))/Sqrt[l - (c + d*x)~2
1)72) + ((1 - (c + d*x)~2)"(3/2)*((d*e)/Sqrt[1 - (c + d*x)~2] - (c*f)/Sqrtl
1 - (c + d*x)72] + (fx(c + d*x))/Sqrt[l - (c + d*x)~2])73*((fx(c + d*x)*Arc
Tanh[c + d*x])/Sqrt[1l - (c + d*x)~2] - (d*ex(c + d*x)*ArcTanh[c + d*x]~2)/S
qrt[1 - (c + d*x)~2] + (cxfx(c + d*x)*ArcTanh[c + d*x]~2)/Sqrt[1l - (c + d*x
)72]1))/((d*e - c*f)x(d*e - f - c*f)x(d*e + f - c*f)*x(d*e - c*f + f*x(c + d*x
))"3x(-((d*e)/Sqrt[1 - (c + d*x)~2]) + (cxf)/Sqrt[l - (c + d*x)~2] - (£f*(c
+ d*x))/Sqrt[1 - (c + d*x)~2])) + (£x(1 - (c + d*x)~2)~(3/2)*((d*e)/Sqrt[1
- (c + d*x)~2] - (c*f)/Sqrt[l - (c + d*x)~2] + (fx(c + d*x))/Sqrt[1l - (c +
d*x)~2]) "3*(-(f*ArcTanh[c + d*x]) + (d*e - c*f)xLogl[(d*e - cxf)/Sqrt[1l - (c
+ d*x)"2] + (f*x(c + d*x))/Sqrt[1 - (c + d*x)~2]]1))/((d*e - cxf)*(d*e - f -
ckf)*x(dxe + £ - cxf)*(-£72 + (dxe - cxf)"2)*(d*e - c*xf + f*x(c + d*x))~3) +
(cx(1 - (c + d*x)"2)"(3/2)*((d*e)/Sqrt[1 - (c + d*x)"2] - (c*f)/Sqrt[1l - (
c + dxx)"2] + (f*(c + d*x))/Sqrt[1 - (c + d*x)~2])"3*(ArcTanh[c + d*x]~2/E~
ArcTanh[(d*e - c*f)/f] - (I*x(d*e - c*f)*(-((-Pi + (2*I)*ArcTanh[(d*e - c*f)
/f]1)*ArcTanh[c + d*x]) - 2*(I*ArcTanh[(d*e - c*f)/f] + IxArcTanh[c + d*x])*
Log[1l - E~((2*I)*(I*ArcTanh[(d*e - cxf)/f] + I*ArcTanh[c + d*x]))] - Pi*Log
[1 + E7(2%ArcTanh[c + d*x])] + Pi*Logl[1/Sqrt[1 - (c + d*x)~2]] + (2*I)*ArcT
anh[(d*e - cx*f)/f]*Log[I*Sinh[ArcTanh[(d*e - c*f)/f] + ArcTanh[c + d*x]]] +
I¥PolyLog[2, E~((2*I)*(IxArcTanh[(d*e - cxf)/f] + IxArcTanh[c + d*x]))]1))/
(fxSqrt[1 - (dxe - c*xf)~2/£72])))/((d*e - c*f)*(dxe - f - cxf)*(d*e + £ - ¢
*£)*Sqrt[(£72 - (d*e - cxf)~2)/f72]*(d*e - cxf + f*(c + d*x))~3) - (d*xex(1
- (c + d*x)~2)"(3/2)*((d*e) /Sqrt[1 - (c + d*x)~2] - (cxf)/Sqrt[1l - (c + d*x
)72] + (£fx(c + d*x))/Sqrt[1 - (c + d*x)~2])"3*(ArcTanh[c + d*x]~2/E"ArcTanh
[(d*xe - cxf)/f] - (Ix(d*e - c*f)*(-((-Pi + (2*%I)*ArcTanh[(d*e - c*f)/f])*Ar
cTanh[c + d*x]) - 2%(IxArcTanh[(d*e - cxf)/f] + IxArcTanh[c + d*x])*Logl[l -
E~((2*I)*(I*ArcTanh[(d*e - cxf)/f] + IxArcTanh[c + d*x]))] - PixLog[l + E~
(2*ArcTanh[c + d*x])] + PixLog[1/Sqrt[1 - (c + d*x)~2]] + (2*I)*ArcTanh[(d*
e - cxf)/f]*Log[I*Sinh[ArcTanh[(d*e - c*f)/f] + ArcTanh[c + d*x]]] + I*Poly
Log[2, E~((2*I)*(IxArcTanh[(d*e - c*f)/f] + IxArcTanh[c + d*x]))]))/(£f*Sqrt
[1 - (d*e - cx£)~2/£72])))/(f*(d*e - cxf)*(d*xe - f - cxf)*(dxe + £ - c*xf)*S
qrt[(£72 - (d*e - c*£)~2)/f"2]*(d*e - c*f + fx(c + d*x))~3)))/(d*x(e + f*x)~
3)
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Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 1490 vs.
2(735) = 1470.
time = 2.16, size = 1491, normalized size = 1.99

method result size
derivativedivides | Expression too large to display | 1491

default Expression too large to display | 1491

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arctanh(d*x+c)) 2/ (f*x+e) 3,x,method=_RETURNVERBOSE)

[Out] 1/d*x(b~2*d~3/(c*xf-d*e-f)/(ckf-d*xe+f)/(2xcxf-2*xd*e+2*f) *1n(d*x+c+1)+b~2*d~3*
£/ (cxf-dxe-f) "2/ (cxf-dxe+f) “2x1n(cxf-d*xe-f* (d*x+c))-b~2*%d~3/ (cxf-d*e-f)/(c*
f-dxe+f)/ (2*%c*xf-2xd*e-2*f ) *1n(d*x+c-1)+b~2*d"4/ (cxf-d*xe-f) "2/ (cxf-d*e+f) ~2x%
dilog((-f*(d*x+c)-f)/(-cxf+dxe-f))*e-b~2xd~4/(c*f-d*e-£f) "2/ (cxf-dxe+f) "2xdi
log((—f*(d*x+c)+f)/(-cxf+d*xe+f))*e-axb*d~3/(cxf-dxe-f)/(cxf-dxe+f)/(cxf-dxe
-f*(d*x+c))-axbxd~3/ (cxf-d*e-f*(d*x+c)) ~2/f*arctanh (d*x+c)+1/2*a*xb*d~3/f/(c
xf-d*e+f) "2%1n(d*x+c+1)-1/2%axb*d~3/f/(cxf-d*e-f) “2*1n(d*x+c-1)+1/2*%b~2%d"3
/f*arctanh(d*xx+c)/ (cxf-d*e+f) "2*%1n(d*x+c+1) -b~2*xd~3*arctanh (d*x+c) / (cxf-d*e
-f)/(cxf-d*e+f)/(cxf-d*e-f* (d*x+c))-1/2xb"2xd"3/f*arctanh (d*x+c)/(cxf-d*e-f
)" 2*%1n(d*x+c-1)+1/4%b"2xd"3/f/ (c*f-d*xe—-f) "2*1n(d*x+c-1) *1n(1/2*d*x+1/2*c+1/
2)+1/4xb"2xd"3/f/ (cxf-d*e+f) "2*%1In(-1/2*%d*x-1/2*c+1/2) *1n(d*x+c+1) -1/4*b~2*d
~3/f/ (ckf-d*xe+f) "2x1n(-1/2*d*x-1/2%c+1/2) *1n(1/2*%d*x+1/2*c+1/2)+b~2*%d"3*f / (
cxf-d*e-f) "2/ (cxf-dxe+f) “2x1n(c*xf-d*e-f* (d*xx+c) ) *In((-f* (d*xx+c)+f) / (—ckf+d*
e+f) ) xc+2*a*b*xd~3*xf/ (c*f-d*xe-f) "2/ (c*f-d*xe+f) "2*1n(cxf-d*e-f* (d*x+c)) *c+b~2
*d~3*f/ (cxf-d*e-f) "2/ (cxf-dxe+f) "2xdilog((-f* (d*x+c)+f)/(-cxf+d*e+f))*c-2%a
*b*d~4/ (cxf-d*e-f) "2/ (cxf-d*xe+f) “2*1n(c*f-d*e-f*(d*x+c) ) *e-2*xb~2*d"4*arctan
h(d*x+c)/(cxf-dxe-f) "2/ (cxf-d*e+f) “2x1n(c*f-d*xe-f* (d*x+c) ) *xe+b~2+%d~4/ (cxf-d
xe—f) "2/ (c*f-dxe+f) ~2%1n(cxf-dxe-f* (d*x+c) ) *1n((-f*(d*x+c)-f)/(-cxf+d*xe-f))
xe—-b~2*%d"3*f/(cxf-dxe-f) ~2/ (cxf-d*e+f) "2*dilog ((-f* (d*x+c)-f) /(—c*f+d*e-£f))
*c-b~2*d"4/ (cxf-d*xe-f) "2/ (cxf-d*xe+f) “2x1n(c*f-d*e-f* (d*x+c) ) *1n((-f* (d*x+c)
+f) / (—cxf+d*xe+f) ) xe-1/2*%a"2+%d~3/ (cxf-d*e-f* (d*x+c)) ~2/f-1/2*%b"2*%d~3/ (cxf-d*
e-f*(d*x+c))~2/f*arctanh(d*x+c) ~2+1/4%b~2%d~3/f/ (cxf-d*e-£f) "2*dilog(1/2*d*x
+1/2*%c+1/2)-1/8*%b~2xd"3/f/ (cxf-d*e—f) "2x1n(d*x+c-1) "2-1/4%b"2*d~3/f/ (cxf-d*
e+f) "2xdilog(1/2*d*x+1/2%c+1/2)-1/8*b~2%d~3/f/ (c*f-d*e+f) “2*1n(d*x+c+1) ~2+2
*b~2xd~3*f*arctanh (d*x+c)/(cxf-d*e-f) 2/ (cxf-d*e+f) “2x1n(c*f-d*xe—f* (d*x+c))
*c-b~2*d"3*f/ (cxf-d*e-f) "2/ (cxf-d*e+f) “2*1n(c*xf-dxe—f* (d*x+c) ) *1n((—f* (d*x+
c)-f)/(—cxf+d*xe-£f))*c)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((a+b*arctanh(d*x+c))~2/(f*x+e)"3,x, algorithm="maxima")

[Out] -1/2%(d*(d*log(d*x + c + 1)/(2x(c*e + e)*d*f~2 - (c™2 + 2%c + 1)*f~3 - d~2x%
f*xe~2) - dxlog(d*x + c - 1)/(2x(cxe - e)*d*f~2 - (c™2 - 2xc + 1)*f"3 - d72%
fxe”2) + 4x(cxd*f - d™2*e)*log(f*x + e)/(4*c*d"3*xfxe”3 - 2%(3*c™2*%e”2 - e72
)*d"2+f72 + 4x(c"3%e - c*ke)*d*f"3 - (c”4 - 2%c”2 + 1)*f74 - d"4*xe”4) + 2/(2
xckd*xf*e”2 - (c™2xe - e)*f"2 - d72xe”3 + (2*ckd*f"2xe - (c”2 - 1)*f~3 - 472
*xf*xe"2)*x)) + 2%arctanh(d*x + c)/(£73*x72 + 2xf"2xx*e + f*e~2))*axb - 1/8%Db
“2x(log(-d*x - c + 1)72/(£73*x"2 + 2+f"2*x*e + f*e~2) + 2*xintegrate(-((d*fx*
x + cxf - f)*xlog(d*x + c + 1)72 + (d*f*x + dxe - 2*(d*f*x + cxf - f)*log(d*
x + ¢ + 1))*log(-d*x - c + 1))/(d*f~4*x"4 + (c*xf74 + 3*d*f"3*%e - £74)*x"3 +
3x(dxf~2xe”2 + (c*f~3 - £73)*e)*x"2 + (d*xfxe”3 + 3x(c*xf~2 - £72)*e”2)*x +
(cxf - £)*e”3), x)) - 1/2%a~2/(£73*%x"2 + 2*f~2*x*e + f*e~2)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c)) 2/ (f*x+e)”3,x, algorithm="fricas")
[Out] integral((b~2*arctanh(d*x + c)~2 + 2xaxbxarctanh(d*x + c) + a~2)/(£f73*x"3 +
3xf"2%x"2%e + 3*kf*x*e”2 + €73), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

(a + batanh (¢ + dz))” p
(e + fo)*

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*atanh(d*x+c))**2/(f*x+e)**3,x)
[Out] Integral((a + b*atanh(c + d*x))**2/(e + f*x)**3, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctanh(d*x+c))~2/(f*x+e)"3,x, algorithm="giac")
[Out] integrate((b*arctanh(d*x + c) + a)~2/(f*x + e)~3, x)



Mupad [F]
time = 0.00, size = -1, normalized size = -0.00
(a + batanh(c + d z))?
(e+ fz)’

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c + d*x))"2/(e + f*x)~3,x)
[Out] int((a + b*atanh(c + d*x))"2/(e + f*x)~3, x)

280



281

3.45 [(e+ fz)? (a+btanh™'(c + d:c))3 dx

Optimal. Leaf size=546

ab?f2x b f%(c + dz)tanh™!(c + dz) bf2(a-|-btaunh_l(c-l-dav))2 3bf(de — cf) (a-l—btanh_l(c-l-dav))2
PP P - 2P * e

[Out] axb”2*f~2*x/d~2+b~3*f~2* (d*x+c) *arctanh (d*x+c)/d~3-1/2*b*f "2 (a+b*arctanh(d
*x+c)) ~2/d"3+3*b*xf* (—cxf+d*xe) * (a+b*arctanh (d*x+c) ) ~2/d"3+3*bxf* (—cxf+d*e) * (
d*xx+c)* (a+b*arctanh (d*x+c)) ~2/d"3+1/2*xb*xf ~2* (d*x+c) ~2* (a+b*arctanh (d*x+c) )~
2/d"3-1/3* (—cxf+d*xe) * (d"2*e~2-2*cxd*exf+(c~2+3) *f~2) * (a+b*arctanh (d*x+c)) "3
/d~3/f+1/3%(3*%d"2*e”2-6*c*d*xexf+(3*c™2+1) *f~2) * (a+b*arctanh (d*x+c)) ~3/d"3+1
/3% (fxx+e) ~3* (a+b*arctanh (d*x+c)) ~3/f-6xb~2*f* (—cxf+d*e) * (a+b*arctanh (d*x+c
))*1n(2/ (-d*x-c+1))/d"3-b* (3*d"2*xe~2-6*c*d*exf+(3*c~2+1) *f~2) * (a+b*arctanh (
d*x+c)) ~2%x1n(2/ (-d*x-c+1)) /d~3+1/2xb~3*f~2%1n (1- (d*x+c) ~2) /d~3-3*b~3*f* (-c*
f+d*e) *polylog(2, (-d*x-c-1)/(-d*x-c+1))/d"3-b~ 2% (3*d"2*e~2-6*c*d*exf+(3*xc”2
+1)*£~2) * (a+b*arctanh (d*x+c) ) *polylog(2,1-2/(~d*x-c+1)) /d~3+1/2%b~3* (3xd~2x*
e~ 2-6xc*d*e*xf+(3*c~2+1)*f~2)*polylog(3,1-2/(-d*x-c+1))/d"3

Rubi [A]
time = (.75, antiderivative size = 546, normalized size of antiderivative = 1.00, number of

_ _ . e number of rules _
steps used = 21, number of rules used = 14, integrand size = 20, integrand size 0.700,

Rules used = {6246, 6065, 6021, 6131, 6055, 2449, 2352, 6037, 6127, 266, 6095, 6195, 6205,
6745}

Antiderivative was successfully verified.
[In] Int[(e + f*x)~2*(a + b*ArcTanh[c + d*x])~3,x]

[Out] (axb™2*%f~2xx)/d"2 + (b~3*xf~2*%(c + d*x)*ArcTanh[c + d*x])/d~3 - (b*f"2x(a +
bxArcTanh([c + d*x])~2)/(2*d"3) + (3*bxfx(d*e - c*f)*(a + b*ArcTanh[c + d*x]
)"2)/d"3 + (3*b*f*x(d*e - c*f)*(c + d*x)*(a + bxArcTanh[c + d*x])~2)/d"3 + (
b*f~2%(c + d*xx) 2*(a + bxArcTanh[c + d*x])~2)/(2*xd"3) - ((d*xe - c*f)*(d"2*e
2 - 2kckd¥xexf + (3 + c”2)*xf"2)*(a + bxArcTanh[c + d*x])~3)/(3*xd"3*f) + ((3
xd"2%xe~2 - 6kckdxexf + (1 + 3*xc”2)*f~2)*(a + bxArcTanh[c + d*x])~3)/(3%d~3)
+ ((e + f*x)~3*(a + bkArcTanh[c + d*x])~3)/(3*f) - (6xb"2*xf*(d*e - c*xf)*(a
+ b*ArcTanh[c + d*x])*Logl[2/(1 - c - d*x)])/d"3 - (b*(3*d"2%e"2 - 6xcxd*e*
f + (1 + 3xc™2)*f"2)*(a + bxArcTanh[c + d*x])~2xLog[2/(1 - ¢ - d*x)])/d"3 +
(b~3xf~2*Log[1 - (c + d*x)~2])/(2%d"3) - (3*b~3*f*(d*e - cxf)*PolyLogl[2, -
(1 +c+d*xx)/(1 - ¢c - d*x))])/d"3 - (b"2*%(3*%d"2*xe”2 - 6*cxdxexf + (1 + 3%
c"2)*f72)*(a + b*ArcTanh[c + d*x])*PolyLog[2, 1 - 2/(1 - ¢ - d*x)])/d"3 + (
b~3%(3*%d"2%e”~2 - 6*ckdkexf + (1 + 3%c~2)*f~2)*PolyLog[3, 1 - 2/(1 - ¢ - d*x
)1)/(2%d~3)
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Rule 266

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
t[a + bxx"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 2352

Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQ[{c, d, e}, x] && EqQle + c*d, 0]

Rule 2449

Int[Logl(c_.)/((d.) + (e_.)*(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Log[2*d*x]/(1 - 2%d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] & EqQ[c, 2*d] && EqQ[e~2*f + d~2xg, 0]

Rule 6021

Int[((a_.) + ArcTanh[(c_.)*(x_)~(n_.)]*(b_.))"(p_.), x_Symbol] :> Simp[x*(a
+ bxArcTanh[c*x"n])"p, x] - Dist[b*c*n*p, Int[x"n*((a + bxArcTanh[c*x"n])~
(p - 1D/ - c¢™2%x7(2%n))), x], x] /; FreeQl{a, b, c, n}, x] && IGtQ[p, O]
& (EqQ[n, 11 || EqQlp, 11)

Rule 6037

Int[((a_.) + ArcTanh[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + b*ArcTanh[c*x"n])"p/(m + 1)), x] - Dist[b*c*n*(p/(m
+ 1)), Int[x"(m + n)*((a + bxArcTanh[c*x"n])~(p - 1)/(1 - c™2*x~(2%n))), x]
, x] /; FreeQ[{a, b, ¢, m, n}, x] & IGtQ[p, 0] && (EqQlp, 1] || (EqQ[n, 1]
&& IntegerQ[m])) && NeQ[m, -1]

Rule 6055

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d.) + (e_.)*(x_)), x_Symbol
1 :> Simp[(-(a + b*ArcTanh[c*x]) “p)*(Log[2/(1 + ex(x/d))]/e), x] + Dist[bx*c
x(p/e), Int[(a + bxArcTanh[c*x])~(p - D) *(Log[2/(1 + e*x(x/d))]/(1 - c™2xx"2
)), x1, x]1 /; FreeQ[{a, b, c, 4, e}, x] && IGtQ[p, 0] && EqQ[c~2*d"2 - e~2,
0]

Rule 6065

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_)*((d_) + (e_.)*(x_))"(q_.), x_S
ymbol] :> Simp[(d + e*x)~(q + 1)*((a + bxArcTanh[c*x])~p/(e*x(q + 1))), x] -
Dist [bxc*(p/(ex(q + 1))), Int[ExpandIntegrand[(a + b*ArcTanh[c*x])~(p - 1)
, (d+ exx)"(q + 1)/(1 - c~2%x72), x], x], x] /; FreeQ[{a, b, c, d, e}, x]

&& IGtQ[p, 1] &% IntegerQ[ql && NeQ[q, -1]
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Rule 6095

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d.) + (e_.)*(x_)"2), x_Symb
0l] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(b*c*dx(p + 1)), x] /; FreeQ[{a, b
, €, d, e, p}, x] && EqQ[c™2*d + e, 0] && NeQ[p, -1]

Rule 6127

Int[(((a_.) + ArcTanh[(c_.)*(x_)I*(b_.)) " (p_.)*((f_.)*(x_))"(m_))/((d_) + (
e_.)*(x_)"2), x_Symbol] :> Dist[f~"2/e, Int[(f*x)~(m - 2)*(a + b*ArcTanh[c*x
1)7p, x], x] - Dist[d*(£72/e), Int[(f*x)"(m - 2)*((a + bxArcTanh[c*x]) p/(d
+ e*x~2)), x], x] /; FreeQl[{a, b, c, d, e, £}, x] & GtQ[p, 0] && GtQ[m, 1
]

Rule 6131

Int [(((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)*(x_))/((d_) + (e_.)*(x_)"2),
x_Symbol] :> Simp[(a + b*ArcTanh([c*x])~(p + 1)/(b*xex(p + 1)), x] + Dist[1/
(cxd), Int[(a + bxArcTanh[c*x])~p/(1 - c*x), x], x] /; FreeQ[{a, b, c, d, e
}, x] && EqQ[c™2*d + e, 0] && IGtQ[p, 0]

Rule 6195

Int[(((a_.) + ArcTanh[(c_.)*(x_)I*(b_.)) " (p_.)*x((£f_) + (g_.)*(x_))"(m_.))/(
(@) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + bxArcTanh[c*x])
“p/(d + exx"2), (f + gxx)"m, x], x] /; FreeQ[{a, b, c, d, e, f, g}, x] & I
GtQlp, O] && EqQlc™2*d + e, 0] && IGtQ[m, O]

Rule 6205

Int [(Loglu_l*((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.))/((d) + (e_.)*(x_)"
2), x_Symbol] :> Simp[(-(a + bxArcTanh[c*x]) “p)*(PolyLog[2, 1 - ul/(2*c*d))
, x] + Dist[b*(p/2), Int[(a + b*ArcTanh[c*x])~(p - 1)*(PolyLogl[2, 1 - ul/(d
+ exx"2)), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQlp, 0] && EqQ[c~2*d
+ e, 0] & EqQ[(1 - w2 - (1 - 2/(1 - c*x))"2, 0]

Rule 6246

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)I1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[((d*e - c*f)/d + f*(x/d)) "m*(a + b*A
rcTanh([x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGt
Qlp, 0]

Rule 6745

Int[(u_)*PolyLog[n_, v_], x_Symbol] :> With[{w = DerivativeDivides[v, u*v,
x]}, Simp[w*PolyLog[n + 1, v], x] /; !'FalseQ[wl] /; FreeQ[n, x]
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Rubi steps
Subst ( [ (%< 4 L2 (a+ btanh™'(z))’ dz,z,c + dz
/(e-l—fﬂc)2 (a+btanh_1(c+dx))3 dz = ( " 7 y ) )
_ (e+ fz)® (a+btanh ™' (c+ dx))3 bSubst <f (‘WLW
- 37
(e+ fz)? (a+btanh™'(c + d:c))3 bSubst (f e
= 37
_ 3bf(de — cf)(c+dz) (a+ btanh™ (c + daz:))2 N bf?(c+dz)* (a-
= 5
3bf(de — cf) (a + btanh~*(c + dz))®  3bf(de — cf)(c+ dz) (a
= 3 + 3

_ab*fx bf?(a+btanhT (c +dz))” | 3bf(de —cf) (a + btant
TR 2d3 d

_ab’fx N b*f2(c+dz)tanh ™ (c+dz) bf*(a+ btanh™" (c + d:
T d3 2d3

ab*f .\ b f2(c + dz) tanh ™ (c + dz) B bf?(a + btanh™" (c + d:

d? a3 243
B ab? f2z N b f2(c + dz) tanh™ (¢ + dx) B bf? (a + btanh™'(c + d:
T2 d3 2d3

Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 1646 vs.
2(546) = 1092.
time = 8.07, size = 1646, normalized size = 3.01

Warning: Unable to verify antiderivative.

[In] Integrate[(e + f*x)“2*(a + bxArcTanh[c + d*x])~3,x]

[Out] a~2*x(a*e”2 + (bxf*(3*kdxe - 2xc*f))/d"2)*x + (a~2xf*(2*axd*e + b*f)*x~2)/(2*
d) + (a”3%xf"2%x"3)/3 + a~2*b*x*(3*e”2 + 3kexfxx + £ 2*x"2)*ArcTanh[c + d*x]
- (a"2%bx (-1 + c)*(3*xd"2%e"2 - 3x(-1 + c)*d*exf + (-1 + c)~2*f~2)*Logl[l -
c - d*x])/(2xd"3) + (a”2*bx(1 + c)*(3*d"2*e”2 - 3*(1 + c)*d*exf + (1 + c)~2
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x£~2)xLog[1 + c + d*x])/(2%d"3) + (3*a*b~2*e~2*(ArcTanh[c + d*x]*((-1 + c +
d*x)*ArcTanh[c + d*x] - 2xLog[l + E~(-2#ArcTanh[c + d*x])]) + PolyLog[2, -
E™(-2%ArcTanh[c + d*x])]))/d - (3%axb~2*e*xf*((1 - 2%c + c~2 - d"2*x"2)*ArcT
anh[c + d*x]~2 - 2xArcTanh[c + d*x]*(c + d*x + 2*c*xLog[l + E~(-2xArcTanh[c

+ d*x])]) + 2xLogl[1/Sqrt[1 - (c + d*x)~2]] + 2*c*PolyLog[2, -E~(-2*ArcTanh[
c + dxx])]))/d"2 + (b~3*%e"2x(2*ArcTanh[c + d*x]~2x((-1 + c + d*x)*ArcTanh[c
+ dxx] - 3xLogl[l + E~(-2%ArcTanh([c + d*x])]) + 6*%ArcTanh[c + d*x]*PolyLogl[
2, -E~(-2*%ArcTanh([c + d*x])] + 3*PolyLog[3, -E~(-2*ArcTanh[c + d*x])]))/(2*
d) - (b™3*exfx(ArcTanh[c + d*x]*((1 - 2%c + c¢™2 - d"2*x"2)*ArcTanh[c + d*x]
~2 + 6xLog[1l + E~(-2%ArcTanh[c + d*x])] - 3*ArcTanh[c + d*x]*(-1 + c + d*x

+ 2xc*Log[1l + E~(-2*%ArcTanh[c + d*x])])) + (-3 + 6xc*ArcTanh[c + d*x])*Poly
Log[2, -E~(-2xArcTanh[c + d*x])] + 3*c*PolyLog[3, -E~(-2*%ArcTanh[c + d*x])]
))/d72 - (a*xb™2*£72x(1 - (c + d*x)~2)~(3/2)*(-((c + d*x)/Sqrt[1l - (c + d*x)
~2]) + (6%c*(c + d*x)*ArcTanh[c + d*x])/Sqrt[1 - (c + d*x)~2] + (3*(c + d*x
)*¥ArcTanh[c + d*x]~2)/Sqrt[1 - (c + d*x)~2] - (3*%c™2x(c + d*x)*ArcTanh[c +

d*x]~2)/Sqrt[1 - (c + d*x)~2] + ArcTanh[c + d*x]~2*Cosh[3*ArcTanh[c + d*x]]
+ 3xc~2*ArcTanh[c + d*x]~2*Cosh[3*ArcTanh[c + d*x]] + 2*ArcTanh[c + d*x]*C
osh[3*ArcTanh[c + d*x]]*Log[1 + E~(-2xArcTanh[c + d*x])] + 6*c~2xArcTanh[c

+ d*x]*Cosh[3*ArcTanh[c + d*x]]*Logl[l + E~(-2*ArcTanh[c + d*x])] - 6*c*Cosh
[3%ArcTanh[c + d*x]]*Logl[1/Sqrt[1 - (c + d*x)~2]] + (3*%(1 - 4*c + 3*xc™2)*Ar
cTanh[c + d*x]~2 + 2*ArcTanh[c + d*x]*(2 + (3 + 9*c~2)*Log[1 + E~(-2xArcTan
hlc + d*x])]) - 18*c*Logl[1/Sqrt[1 - (c + d*x)~2]])/Sqrt[l - (c + d*x)~2] -

(4x(1 + 3xc~2)*PolyLog[2, -E~(-2*ArcTanh[c + d*x])])/(1 - (c + d*x)~2)~(3/2
) - Sinh[3*ArcTanh[c + d*x]] + 6*c*ArcTanh[c + d*x]*Sinh[3*ArcTanh[c + d*x]
] - ArcTanh[c + d*x]~2*Sinh[3*ArcTanh[c + d*x]] - 3*c”™2*%ArcTanh[c + d*x] 2%
Sinh[3*ArcTanh[c + d*x]]))/(4*%d"3) + (b~"3*f72x((-3*c + (1 + 3%c~2)*ArcTanh[
c + dxx])*PolyLog[2, -E~(-2%ArcTanh[c + d*x])] - ((1 - (c + d*x)~2)~(3/2)*(
(-3%(c + d*x)*ArcTanh[c + d*x])/Sqrt[1 - (c + d*x)~2] + (9*c*(c + d*x)*ArcT
anh[c + d*x]~2)/Sqrt[1l - (c + d*x)~2] + (3*(c + d*x)*ArcTanh[c + d*x]~3)/Sq
rt[1 - (c + d*x)~2] - (3*%c™2x(c + d*x)*ArcTanh[c + d*x]~3)/Sqrt[1l - (c + d*
x)"2] - 9%cxArcTanh[c + d*x]~2*Cosh[3*ArcTanh[c + d*x]] + ArcTanh[c + d*x]~
3*Cosh[3*ArcTanh[c + d*x]] + 3*c”2*ArcTanh[c + d*x]~3*Cosh[3*ArcTanh[c + d*
x]] - 18xc*ArcTanh[c + d*x]*Cosh[3*ArcTanh[c + d*x]]*Logl[l + E~(-2%ArcTanh[
c + d*x])] + 3*ArcTanh[c + d*x]~2xCosh[3*ArcTanh[c + d*x]]*Log[l + E~(-2%Ar
cTanh[c + d*x])] + 9*%c™2*%ArcTanh[c + d*x] “2*Cosh[3*ArcTanh[c + d*x]]*Logl1
+ E7(-2%ArcTanh[c + d*x])] + 3*Cosh[3*ArcTanh[c + d*x]]*Logl[1/Sqrt[1 - (c +
d*x)~2]] + (3*x((1 - 4%c + 3*c~2)*ArcTanh[c + d*x]~3 - 18*c*ArcTanh[c + d*x
1*Log[1 + E~(-2xArcTanh[c + d*x])] + ArcTanh[c + d*x]~2*(2 - 9%c + (3 + 9%*c
~2)*Log[1 + E~(-2xArcTanh[c + d*x])]) + 3*Logl[1/Sqrt[1 - (c + d*x)~2]]1))/Sq
rt[1 - (c + d*x)~2] - (6%x(1 + 3*c~2)*PolyLog[3, -E~(-2*ArcTanh[c + d*x])])/
(1 - (c + d*x)~2)~(3/2) - 3*ArcTanh[c + d*x]*Sinh[3*ArcTanh[c + d*x]] + 9*c
xArcTanh[c + d*x]~2+Sinh[3*ArcTanh[c + d*x]] - ArcTanh[c + d*x]~3*Sinh[3*Ar
cTanh[c + d*x]] - 3*c”2*ArcTanh[c + d*x]~3*Sinh[3*ArcTanh[c + d*x]]))/12))/
d~3
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Maple [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 50.18, size = 12235, normalized size = 22.41

method result size

derivativedivides | Expression too large to display | 12235

default Expression too large to display | 12235

Verification of antiderivative is not currently implemented for this CAS.

[In] int((f*x+e) ~2x(at+b*arctanh(d*x+c))~3,x,method=_RETURNVERBOSE)
[Out] result too large to display

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) 2% (a+b*arctanh(d*x+c))~3,x, algorithm="maxima")

[Out] 1/3*%a"3*f"2xx"3 + a~3*xfxx"2%e + 1/2*x(2*x"3*arctanh(d*x + c) + d*((d*x"2 - 4
*xc*xx)/d"3 + (c”3 + 3%c”2 + 3%c + 1)*log(d*x + ¢ + 1)/d"4 - (c”3 - 3%c™2 + 3
*c - 1)*log(d*x + c - 1)/d"4))*a”~2*b*f~2 + 3/2%(2xx"2xarctanh(d*x + c) + d*
(2%xx/d"2 - (c™2 + 2xc + 1)*log(d*x + c + 1)/d"3 + (c™2 - 2xc + 1)*log(d*x +
c - 1)/d73))*a"2*b*xf*e + a~3xx*xe”2 + 3/2*%(2*%(d*x + c)*arctanh(d*x + c) + 1
og(-(d*x + c)~2 + 1))*a"2xbxe”2/d - 1/24x((b~3*%d"3*f"2%x"3 + 3*b~3*d"3*f*x~
2%e + 3*b"3*%d"3*x*e”2 + 3*x(cxd"2 - d72)*b"3*ke”2 - 3x(c"2*d*f - 2xckd*f + dx
f)*b~3xe + (c™3*%f72 - 3*%c"2%f"2 + 3kc*f"2 - £72)*b"3)*log(-d*x - ¢ + 1)73 -
3% (2*xaxb~2xd"3*f"2*xx"3 + (6*axb"2*d"3*fxe + b"3*d"2xf"2) *x"2 - 2% (2*b~3*c*
d*xf~2 - 3%xaxb~2*%d"3*e”2 - 3*b"3kd"2xfxe)*x + (b"3*d"3*f"2*x"3 + 3*xb~3xd"3*f
*x"2%e + 3*%b"3xd"3*x*e”2 + 3*k(c*d”2 + d"2)*b"3*%e”2 - 3% (cT2xd*f + 2*cxdxf +
d*f)*b~3xe + (c™3*f"2 + 3*%c™2*f"2 + 3*kc*kf"2 + £72)*b"3)*log(d*x + c + 1))*
log(-d*x - c + 1)72)/d"3 - integrate(-1/8*((b~3*d~3*f~2*x~3 + (c*d™2 - d~2)
*b~3*%e”2 + (2*xb"3*d"3*fxe + (c*d™2*%f~2 - d"2+%f72)*b"3)*x"2 + (b"3*d"3*e”2 +
2% (c*d~2xf - d~2*f)*b~3%e)*x)*log(d*x + c + 1)73 + 6% (a*b™2xd"3*f"2*x"3 +
(cxd™2 - d72)*a*xb"2%e”2 + (2*a*b~2xd"3*xf*xe + (cxd"2*f"2 - d~2*xf~2)*a*xb~2)*x
"2 + (axb"2*%d"3*e"2 + 2% (c*d"2*f - d72*f)*a*b”"2*e)*x)*log(d*x + c + 1)72 -
(4*axb~2+%d"3*f"2*x"3 + 2% (6*axb~2xd"3*f*e + b~3*kd"2*xf"2)*x"2 + 3% (b~ 3*d"3*f
“2xx"3 + (c*d"2 - d72)*b"3*e”2 + (2*%b"3*d"3*fxe + (ckd"2*%f"2 - d"2*%£72)*b"3
)*¥x72 + (b™3*d"3%e”2 + 2x(ckd"2xf - d~2*f)*b"3*e)*x)*log(d*x + ¢ + 1)72 - 4
*(2xb"3*kc*d*f~2 — 3*a*b”2xd"3*e”2 - 3*b"3kd"2*fxe)*x — 2% (3% (c”2xd*f + 2xcx*
d*f + dxf)*b"3%e - (c™3*f"2 + 3*xc™2*f"2 + 3xcxf"2 + £72)*xb"3 - (6*axb~2*d"3
*f72 + b73%dA"3*f"2)*x"3 - 3% (2*%(c*d"2*%f"2 - A"2*%f"2)*xaxb"2 + (4*axb”2*d"3*f
+ b73*%d"3*f) *e)*x"2 — 3% (4*(cxd"2*f - d72xf)*a*xb”2*e + (2*a*b”2*xd"3 + b~ 3*
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d~3)*e"2)*x - 3*(2x(cxd”2 - d~2)*a*b”"2 + (c*xd"2 + d~2)*b"3)*e”2)*log(d*x +
c + 1))xlog(-d*x - ¢ + 1))/(d"3*x + cxd"2 - d"2), x)

Fricas [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) 2% (a+b*arctanh(d*x+c))~3,x, algorithm="fricas")

[Out] integral(a”™3*f"2*x"2 + 2%a~3*fxxxe + (b 3*f 2*%x"2 + 2*%b~3*f*xx*e + b~3xe~2)x*
arctanh(d*x + ¢c)~3 + a”"3%e”2 + 3% (a*b™2*%f 2%x"2 + 2*a*xb~2*fxx*e + axb™2%e”2
Y*xarctanh(d*x + c)~2 + 3*%(a~2*%bxf~2*%x"2 + 2%a~2xb*xfxx*xe + a~2*b*e~2)*arctan

h(d*x + c), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (a + batanh (c + dz))° (e + fz)® dz

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((f*x+e)**2*(a+b*atanh(d*x+c))**3,x)
[Out] Integral((a + bxatanh(c + d*x))**3*(e + f*xx)**2, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) 2% (atb*arctanh(d*x+c))~3,x, algorithm="giac")

[Out] integrate((f*x + e) 2*(b*arctanh(d*x + c) + a)~3, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ (e+ fz)? (a+ batanh(c + dz))’ dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e + fxx)~2%(a + b*atanh(c + d*x))~3,x)
[Out] int((e + f*x)~2x(a + b*atanh(c + d*x))~3, x)
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3.46 [(e+ fz) (a + btanh(c + d:c))3 dx

Optimal. Leaf size=326

3bf(a+btanh™(c+ dx))2+3bf(c + dz) (a+btanh ™' (c + dx))2+(de —cf) (a+ btanh ™' (c + dz))°

2d? 2d? d?

[Out] 3/2*b*f*(a+b*arctanh(d*x+c))~2/d~2+3/2xb*f* (d*x+c)* (a+b*arctanh(d*x+c))~2/d
~2+(-cxf+dxe) * (a+b*arctanh (d*x+c)) ~3/d"2-1/2* (d"2*e~2-2*cxd*e*xf+(c™2+1) *f~2
)*(a+b*arctanh(d*x+c))~3/d"2/f+1/2x (f*x+e) ~2* (a+b*arctanh (d*x+c)) ~3/£f-3*xb~2

*xf* (atb*arctanh (d*x+c) ) *1n(2/ (-d*x-c+1) ) /d~2-3*b* (-c*f+d*e) * (a+b*arctanh (d*

x+c)) "2*%1n(2/(-d*x-c+1))/d"2-3/2*%b"3*f*polylog(2, (-d*x-c-1) /(-d*x-c+1))/d"2
-3%b~2% (—cxf+d*e) * (a+b*arctanh (d*x+c) ) *polylog(2,1-2/(-d*x-c+1))/d~2+3/2xb~

3% (—cxf+d*e) *polylog(3,1-2/(-d*x-c+1))/d"2

Rubi [A]

time = 0.58, antiderivative size = 325, normalized size of antiderivative = 1.00, number of

steps used = 15, number of rules used = 11, integrand size = 18, Zumber of rules _ ( 519
integrand size

Rules used = {6246, 6065, 6021, 6131, 6055, 2449, 2352, 6195, 6095, 6205, 6745}

N1~ ) (o4 btanh e+ de)) 90 log (<) (o btanh (e k) (5 4200 = &) (0t btanh™ (0 +de)' (e o) (o btanh e+ )’ Bl — cf)og (<) 0 branh~ (e + ) Sbfat btanh e+ de))® | /(e ds) (ot btanh e+ de)® | (et fo) (ot btank ek dr))® e —efLis(1 — ) 3 fLin(— et
0

Antiderivative was successfully verified.
[In] Int[(e + f*xx)*(a + b*ArcTanh[c + d*xx])~3,x]

[Out] (3*b*xf*(a + bxArcTanh[c + d*x])~2)/(2*xd"2) + (3*bxf*x(c + d*x)*(a + b*ArcTan
hlc + d*x])~2)/(2%d"2) + ((d*xe - cxf)*(a + b*ArcTanh[c + d*x])~3)/d"2 + ((2

xcke - (d*e”2)/f - ((1 + c~2)*f)/d)*(a + bxArcTanh[c + d*x])~3)/(2%d) + ((e

+ f*x)~2x(a + b*ArcTanh[c + d*x])~3)/(2*xf) - (3*b~2xf*(a + b*ArcTanh[c + d
*xx])*Log[2/(1 - ¢ - d*x)])/d"2 - (3*bx(d*e - cxf)*(a + bxArcTanh[c + d*x])~
2xLog[2/(1 - ¢ - d*x)])/d"2 - (3*b~3*f*PolyLog[2, -((1 + ¢ + d*x)/(1 - ¢ -
d*x))1)/(2%d~2) - (3*b~2*x(d*e - c*f)*(a + b*ArcTanh[c + d*x])*PolyLog[2, 1

- 2/(1 - c - d*x)])/d"2 + (3*b"3*(d*e - c*f)*PolyLog[3, 1 - 2/(1 - ¢ - d*x)
1)/(2%d"2)

Rule 2352

Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQ[{c, d, e}, x] && EqQle + c*d, 0]

Rule 2449

Int[Logl(c_.)/((d_) + (e_.)*x(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Log[2*d*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] && EqQ[c, 2*d] && EqQ[e~2xf + d~2*g, 0]

(d?
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Rule 6021

Int[((a_.) + ArcTanh[(c_.)*(x_)~(n_.)1*(b_.))"(p_.), x_Symbol]l :> Simp[x*(a
+ b*ArcTanh[c*x"n])"p, x] - Dist[b*c*n*p, Int[x"n*((a + bxArcTanh[c*x"n])~
(p - 1D/(1 - c™2%x~(2*n))), x], x] /; FreeQ[{a, b, c, n}, x] && IGtQ[p, O]
& (EqQ[n, 11 || EqQlp, 11)

Rule 6055

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
1 :> Simp[(-(a + bxArcTanh[c*x]) “p)*(Log[2/(1 + ex(x/d))]/e), x] + Dist[bxc
*x(p/e), Int[(a + b*ArcTanh[c*x])~(p - 1)*(Log[2/(1 + ex(x/d))]/(1 - c™2*x~2
)), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d"2 - e~2,
0]

Rule 6065

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_)*((d_) + (e_.)*(x_))"(q_.), x_S
ymbol] :> Simp[(d + exx)~(q + 1)*((a + bxArcTanh[c*x]) p/(ex(q + 1))), x] -
Dist [bxc*(p/(ex(q + 1))), Int[ExpandIntegrand[(a + b*ArcTanh[c*x])~(p - 1)
, (A + exx)"(q+ 1)/(1 - c™2%x~2), x], x], x] /; FreeQ[{a, b, c, d, e}, x]
&& IGtQ[p, 1] && IntegerQlql && NeQ[q, -1]

Rule 6095

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symb
0l] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(b*cxd*(p + 1)), x] /; FreeQ[{a, b
, €, d, e, p}, x] && EqQ[c™2*d + e, 0] && NeQ[p, -1]

Rule 6131

Int[(((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.)*(x_))/((d)) + (e_.)*(x_)"2),
x_Symbol] :> Simp[(a + b*ArcTanh([c*x])~(p + 1)/(b*ex(p + 1)), x] + Dist[1/
(cxd), Int[(a + b*ArcTanh[c*x])"p/(1 - c*x), x], x] /; FreeQ[{a, b, c, d, e
}, x] & EqQlc™2#d + e, 0] && IGtQ[p, O]

Rule 6195

Int[(((a_.) + ArcTanh[(c_.)*(x_)I*(b_.)) " (p_.)*x((£f_) + (g_.)*(x_))"(m_.))/(
(@) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + bxArcTanh[c*x])
“p/(d + exx"2), (f + gxx)"m, x], x] /; FreeQ[{a, b, c, d, e, f, g}, x] & I
GtQlp, 0] &% EqQlc~2xd + e, 0] && IGtQ[m, O]

Rule 6205

Int[(Loglu_l*((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.))/((d ) + (e_.)*(x_)"
2), x_Symbol] :> Simp[(-(a + bxArcTanh[c*x]) “p)*(PolyLog[2, 1 - ul/(2xc*d))
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, x] + Dist[b*(p/2), Int[(a + b*ArcTanh[c*x])~(p - 1)*(PolyLogl[2, 1 - ul/(d
+ e*xx”2)), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d
+ e, 0] & EqQ[(1 - w2 - (1 - 2/(1 - c*x))~2, 0]

Rule 6246

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[((d*e - cxf)/d + f*(x/d)) "m*(a + bxA
rcTanh[x])"p, x], x, c + d*x], x] /; FreeQ[{a, b, ¢, d, e, f, m}, x] && IGt
Qlp, 0]

Rule 6745
Int[(u_)*PolyLog[n_, v_], x_Symbol] :> With[{w = DerivativeDivides[v, u*v,

x]}, Simp[w*PolyLog[n + 1, v], x] /; !'FalseQ[wl] /; FreeQ[n, x]

Rubi steps
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Subst (f (%=l 4 L2 (a + btanh_l(an))3 dz,x,c+ da:)

/(e + fz) (a+btanh ™ (c+ d:):))3 dzr =

(e + fz)? (a+btanh™"(c+ da:))3 (3b)Subst (f (_f(ﬁ%

2f

(e + fo)? (a+ btanh " (c + da))®  (30)Subst ([ (L2l tlx

2f

_ 3bf(c+dx) (a+ btanh™'(c + dz))2 N (e + fz)? (a + btanh™(c

2d?

2f

_ 3bf(a+btanh ™ (c + dz))” | 3bf(c+da) (a + btanh ™" (c + dzx)

2d?

2d?

_ 3bf(a+btanh™ (c+ d:v))2 N 3bf(c+dz) (a+ btanh™ (c + dz)

2d?

2d?

_ 3bf(a+btanh™(c+ dz)) N 3bf(c+ dz) (a+ btanh™(c + dz)

2d?

2d?

_ 3bf(a+btanh™(c+ d:v))2 N 3bf(c+dz) (a+ btanh™ (c + dz)

2d?

2d?

_ 3bf(a+btanh™(c+ dac))2 N 3bf(c+dz) (a+ btanh™" (c + dz)

2d?

Mathematica [A]
time = 0.72, size = 566, normalized size = 1.74

2d?

Antiderivative was successfully verified.

[In] Integrate[(e + f*x)*(a + b*ArcTanh[c + d*x])~3,x]

[Out] (2%a~2*(2*a*d*e + 3*b*f - 2xaxc*f)*(c + d*x) + 2*%a"3*fx(c + d*x)~2 - 6*a”~2x%
bx(c + d*x)*(c*f - d*(2%e + fxx))*ArcTanh[c + d*x] + 3*a”~2%bx(2xd*xe + f - 2
xcxf)*Log[l - ¢ - dxx] + 3%a~2*%bx(2*d*e - (1 + 2*c)*f)*Logl[l + c + d*x] + 1
2%xaxb~2xf*((c + d*x)*ArcTanh[c + d*x] - ((1 - (c + d*x)~2)*ArcTanh[c + d*x]
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~2)/2 - Logl[1/Sqrt[1 - (c + d*x)~2]]) + 12*%axb~2*d*e*(ArcTanh[c + d*x]*((-1
+ ¢ + d*x)*ArcTanh[c + d*x] - 2*Log[l + E~(-2*ArcTanh[c + d*x])]) + PolyLo
gl[2, -E~(-2xArcTanh[c + d*x])]) - 12*axb~2*c*f*(ArcTanh[c + d*x]*((-1 + c +
d*x)*ArcTanh[c + d*x] - 2xLog[l + E~(-2*ArcTanh[c + d*x])]) + PolyLog[2, -
E~(-2%ArcTanh[c + d*x])]) + 2*%b~3*fx(ArcTanh[c + d*x]*(3*%(-1 + c + d*x)*Arc
Tanh[c + d*x] + (-1 + c72 + 2%c*xd*x + d™2*x"2)*ArcTanh[c + d*x]~2 - 6*Logl[1
+ E7(-2%ArcTanh[c + d*x])]) + 3*PolyLog[2, -E~(-2*ArcTanh[c + d*x])]) + 4%
b~3xd*ex (ArcTanh[c + d*x]~2*((-1 + c + d*x)*ArcTanh[c + d*x] - 3*Log[1l + E~
(-2%ArcTanh([c + d*x])]) + 3*ArcTanh[c + d*x]*PolyLog[2, -E~(-2%ArcTanh[c +
d*x])] + (3*PolyLog[3, -E~(-2%ArcTanh([c + d*x])])/2) - 4*b~3*cxf*(ArcTanh[c
+ d*x]"2x((-1 + c + d*x)*ArcTanh[c + d*x] - 3*Log[l + E~(-2xArcTanh[c + d*
x])]) + 3*%ArcTanh[c + d*x]*PolyLog[2, -E~(-2*ArcTanh[c + d*x])] + (3*PolyLo
g3, -E~(-2xArcTanh[c + d*x])])/2))/(4xd~2)

Maple [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 3.83, size = 19935, normalized size = 61.15

method result size
derivativedivides | Expression too large to display | 19935

default Expression too large to display | 19935

Verification of antiderivative is not currently implemented for this CAS.

[In] int((f*x+e)* (a+b*arctanh(d*x+c))~3,x,method=_RETURNVERBOSE)
[Out] result too large to display

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)*(atb*arctanh(d*x+c))~3,x, algorithm="maxima")

[Out] 1/2*a~3*f*x"2 + 3/4*(2xx"2*arctanh(d*x + c) + d*x(2*x/d"2 - (c™2 + 2%c + 1)x*
log(d*x + ¢ + 1)/d”3 + (c72 - 2%c + 1)*log(d*x + ¢ - 1)/d”3))*a"2*b*xf + a~3
*xx*¥e + 3/2%x(2x(d*x + c)*arctanh(d*x + c) + log(-(d*x + c)~2 + 1))*a~2*bxe/d
- 1/16%((b~3*d"2*f*x"2 + 2*%b~3*d"2*x*e + 2x(c*d - d)*b~3%e - (c™2*f - 2xc*
f + £)*b"3)*log(-d*x - c + 1)73 - 3% (2*kaxb~2xd"2*f*x"2 + 2% (2*a*b”~2*d"2xe +
b~3*d*f)*x + (b~3*d"2xf*x"2 + 2xb~3*%d"2*x*e + 2*(c*d + d)*b~"3*e - (c"2xf +
2xcxf + f)*b~3)*log(d*x + c + 1))*log(-d*x - ¢ + 1)72)/d"2 - integrate(-1/
8% ((b~3*%d~2xf*x"2 + (c*d - d)*b~3*%e + (b~3*xd"2*e + (ckd*f - d*f)*b~3)*x)*1lo
g(d*x + ¢ + 1)73 + 6x(axb™2*%d"2xf*x"2 + (c*d - d)*a*b"2xe + (axb~2*d"2%e +
(cxd*f - dxf)*axb~2)*x)*log(d*x + c + 1)72 - 3*x(2%axb~2*d"2*xf*xx"2 + (b~3*d~
2xfxx~2 + (c*d - d)*b~3*e + (b~3*xd"2*e + (ckd*f - d*f)*b~3)*x)*log(d*x + c
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+ 1)72 + 2% (2%a*xb~2xd"2*e + b 3xd*f)*x - ((c”2*f + 2%xcxf + f)*b~3 - (4*a*b”
2%d"2xf + b3*%d"2xf) *x"2 - 2% (2% (c*kd*f - d*xf)*a*xb”2 + (2*a*b~2*xd"2 + b~3*d”
2)xe)*x - 2*%(2x(c*d - d)*a*xb”2 + (c*d + d)*b~3)*e)*log(d*x + c + 1))*log(-d
*x - c + 1))/(@"2*x + cxd - d), x)

Fricas [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)*(atb*arctanh(d*x+c))~3,x, algorithm="fricas")

[Out] integral(a~3*f*x + (b~3*f*x + b~3%e)*arctanh(d*x + c)~3 + a~3%e + 3*(a*b™2x
fxx + a*xb~2%e)*arctanh(d*x + c)~2 + 3x(a"2xb*f*x + a~2xb*e)*arctanh(d*x + ¢

), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (a + batanh (c + dz))’ (e + fz) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)*(at+tb*atanh(d*x+c))**3,x)
[Out] Integral((a + b*atanh(c + d*x))**3x(e + f*x), x)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)*(atb*arctanh(d*x+c))~3,x, algorithm="giac")
[Out] integrate((f*x + e)*(b*arctanh(d*x + c) + a)~3, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/(e+fx) (a + batanh(c + dx))® dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e + fxx)*(a + b*atanh(c + d*x))~3,x)
[Out] int((e + fxx)*(a + b*atanh(c + d*x))~3, x)
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3.47 [ (a+btanh™'(c+ d:c))3 dz

Optimal. Leaf size=132

(a+ btanh™(c+ dx))3+ (c+dz) (a + btanh(c+dz))’ 3b(a+btanh(c + dr))’log (=) 3b*(a

d d d

[Out] (atb*arctanh(d*x+c))~3/d+(d*x+c)*(at+tb*arctanh(d*x+c))~3/d-3*b* (atb*arctanh(
d*x+c)) ~2*1n(2/ (-d*x-c+1))/d-3*b~2* (a+b*arctanh (d*x+c)) *polylog(2,1-2/ (-d*x
-c+1))/d+3/2*b~3*polylog(3,1-2/(-d*x-c+1))/d

Rubi [A]
time = 0.16, antiderivative size = 132, normalized size of antiderivative = 1.00, number of

number of rules _ o 583,
integrand size

steps used = 6, number of rules used = 7, integrand size = 12,
Rules used = {6238, 6021, 6131, 6055, 6095, 6205, 6745}

302Lis (1 — —2) (a + btanh™!(c + dx)) L letdn) (ot btanh™!(c + dz))’ GRS btanh~'(c+ dz))®  3blog (—2r) (a+ btanh ™ (c + do))’ . 30°Lig (1 — =)

c—dz+1

d d d d 2d

Antiderivative was successfully verified.
[In] Int[(a + bxArcTanh[c + d*x])~3,x]

[Out] (a + b*ArcTanh[c + d*x])~3/d + ((c + d*x)*(a + b*ArcTanh[c + d*x])~3)/d - (
3*b*(a + bxArcTanh[c + d*x])~2xLog[2/(1 - c - d*x)])/d - (3*b~2x(a + b*ArcT
anh[c + d*x])*PolyLogl[2, 1 - 2/(1 - ¢ - d*x)])/d + (3%b~3*PolyLogl[3, 1 - 2/

(1 - ¢ - d*xx)]1)/(2%d)

Rule 6021

Int[((a_.) + ArcTanh[(c_.)*(x_ )" (n_.)I*(b_.))"(p_.), x_Symbol] :> Simp[x*(a
+ b*ArcTanh[c*x"n])"p, x] - Dist[b*c*n*p, Int[x"n*((a + bxArcTanh[c*x"n])~
(p - 1)/ - c™2%x~(2*n))), x], x] /; FreeQ[{a, b, c, n}, x] && IGtQ[p, O]
&& (EqQ[n, 11 || EqQlp, 11)

Rule 6055

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d.) + (e_.)*(x_)), x_Symbol
1 :> Simp[(-(a + b*ArcTanh[c*x]) “p)*(Log[2/(1 + ex(x/d))]1/e), x] + Dist[bx*c
*(p/e), Int[(a + b¥ArcTanh[c*x])~(p - 1)*(Logl[2/(1 + ex(x/d))]/(1 - c™2*x"2
)), x1, x1 /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d"2 - e~2,
0]

Rule 6095

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symb
0l] :> Simp[(a + bxArcTanh[c*x])~(p + 1)/(bxc*xdx(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] && EqQ[c™2*d + e, 0] && NeQ[p, -1]
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Rule 6131

Int[(((a_.) + ArcTanh[(c_.)*(x_)I*(b_.)) " (p_.)*(x_))/((d_) + (e_.)*(x_)"2),
x_Symbol] :> Simp[(a + b*ArcTanh([c*x])~(p + 1)/(b*ex(p + 1)), x] + Dist[1/
(cxd), Int[(a + b*ArcTanh[c*x])~p/(1 - c*x), x], x] /; FreeQ[{a, b, c, d, e
}, x] && EqQlc™2#d + e, 0] && IGtQ[p, O]

Rule 6205

Int[(Loglu_l*((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.))/((d_) + (e_.)*(x_)"
2), x_Symbol] :> Simp[(-(a + b*ArcTanh[c*x]) “p)*(PolyLog[2, 1 - ul/(2xc*d))
, x] + Dist[b*(p/2), Int[(a + b*ArcTanh[c*x])~(p - 1)*(PolyLogl[2, 1 - ul/(d
+ exx~2)), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQlc~2*d
+ e, 0] & EqQ[(1 - w2 - (1 - 2/(1 - c*x))~2, 0]

Rule 6238

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)I*(b_.))"(p_.), x_Symbol] :> Dist[1/d
, Subst[Int[(a + b*ArcTanh([x])"p, x], x, c + d*x], x] /; FreeQ[{a, b, c, d}
, x] && 16tQlp, 0]

Rule 6745
Int[(u_)*PolyLog[n_, v_], x_Symbol] :> With[{w = DerivativeDivides[v, u*v,

x]}, Simp[w*PolyLog[n + 1, v], x] /; !'FalseQ[wl] /; FreeQ[n, x]

Rubi steps

Subst <f (a+ btanh_l(alc))3 dz,z,c+ dx)

/ (a+ btanh™(c+ dm))3 de =

d
z(a+btanh~ (z) 2

_ (c+dz) (a+ btanh™'(c + dav))3 (3b)Subst (f (+1_—m2) dz,z,c+
- d d

(a+ btanh™(c+ da:))3 N (c+dz) (a+btanh™ (c+ d:c))3 (3b)Subst
B d d

(a+ btanh™(c+ dx))3 N (c+dz) (a+btanh™ (c+ dx))3 3b(a + bt:
a d d
_ (a+btanh™'(c+ d:v))3 (c+dz) (a+btanh ' (c + dgv))3 3b(a+ bt
= d * d

(a+ btanh™ (c+ dx))3 N (c+ dz) (a+ btanh ' (c + da:))3 3b(a+ bt

d d
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Mathematica [A]
time = 0.18, size = 205, normalized size = 1.55

20+ ot e+ o) — 30°H1 -+ g1 c = 6)-+ 301+ g1+ -+ o)+ 6t -+ ) ((-1-+ -+ di) b -+ di) — o 1+ ) 4 Polyog(2,-8-059)) 42 b e+ ) (21 -+ -+ o) ™+ ) =3l (1-+ 5 6543) ) 4 3t -+ dePoyTog (3, e~ + Srolylog(3, -k e ))
u

Antiderivative was successfully verified.

[In] Integrate[(a + bxArcTanh[c + d*x])~3,x]

[Out] (2*a~3%d*x + 6%a~2xbxd*x*ArcTanh[c + d*x] - 3%a~2*b*(-1 + c)*Log[l - c - dx
x] + 3*a”2+b*(1 + c)*Logl[l + c + d*x] + 6*axb~2x(ArcTanh[c + d*x]*((-1 + ¢

+ dxx)*ArcTanh[c + d*x] - 2%Log[l + E~(-2%ArcTanh[c + d*x])]) + PolyLogl2,
-E~(-2%ArcTanh[c + d*x])]) + 2*b~3*(ArcTanh[c + d*x]~2*((-1 + c + d*x)*ArcT
anh[c + d*x] - 3*Log[l + E~(-2xArcTanh[c + d*x])]) + 3*ArcTanh[c + d*x]*Pol
yLog[2, -E~(-2*ArcTanh[c + d*x])] + (3*PolyLog[3, -E~(-2%ArcTanh[c + d*x])]
)/2))/(2%d)

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 283 vs.
2(130) = 260.

time = 0.50, size = 284, normalized size = 2.15

method result

2
(dz+c)a+(dz+c)b? arctanh(dz+c)3+b3 arctanh (dz+c)3 —3b3 arctanh(dz+c)? In <1+ fﬁ;;i;? ) —3b? arctanh(dz+-c)

derivativedivides

2
(dz+c)ad+(dz+c)b3 arctanh(dz+c)3+b? arctanh(de+c)®—3b? arctanh(dz+c)? In <1+ gd_z(Z:igz ) —3b? arctanh(dz+-c)

default

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arctanh(d*x+c))~3,x,method=_RETURNVERBOSE)

[Out] 1/d*((d*x+c)*a”3+(d*x+c)*b~3*arctanh(d*x+c) “3+b~3*arctanh (d*x+c) “3-3*b~3*ar
ctanh (d*x+c) “2*1n(1+(d*x+c+1) ~2/(1-(d*x+c) ~2) ) -3*b~3*arctanh (d*x+c) *polylog
(2,-(d*x+c+1) "2/ (1-(d*x+c) ~2) ) +3/2*b~3*polylog(3,-(d*x+c+1) "2/ (1-(d*x+c) ~2)

)+3% (d*x+c) *a*b~2*arctanh (d*x+c) “2+3*a*xb~2*arctanh (d*x+c) “2-6*arctanh (d*x+c

) *1n(1+(d*x+c+1) "2/ (1-(d*x+c) ~2) ) *a*b~2-3*polylog(2, - (d*x+c+1) "2/ (1-(d*x+c)

~2) ) *axb~2+3* (d*x+c) *a~2*bxarctanh (d*x+c)+3/2*a”2xb*1n(1-(d*x+c) ~2))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctanh(d*x+c))~3,x, algorithm="maxima")
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[Out] a~3*x + 3/2*%(2*(d*x + c)*arctanh(d*x + c) + log(-(d*x + c)~2 + 1))*a~2*b/d
- 1/8%((b~3*d*x + b~3*%(c - 1))*log(-d*x - c + 1)73 - 3*(2xaxb~2*xd*x + (b~3*

d*x + b"3*%(c + 1))*log(d*x + c + 1))*log(-d*x - ¢ + 1)72)/d - integrate(-1/

8% ((b~3*d*x + b~3*(c - 1))*log(d*x + c + 1)73 + 6*(axb™2*d*x + a*xb™2*x(c - 1
))*log(d*x + ¢ + 1)72 - 3x(4*a*b™2*d*x + (b~3*d*x + b~3*(c - 1))*log(d*x +

c + 1)72 + 2x(b"3x(c + 1) + 2xa*xb”2x(c - 1) + (2*a*b~2xd + b~3*d) *x)*1og(d*

X + c + 1))*xlog(-d*x - ¢ + 1))/(d*x + ¢ - 1), x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c))~3,x, algorithm="fricas")

[Out] integral(b~3*arctanh(d*x + c)~3 + 3*axb~2*arctanh(d*x + c)~2 + 3*a~2*b*arct
anh(d*x + ¢c) + a~3, x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (a + batanh (c + dz))° dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(d*x+c))**3,x)
[Out] Integral((a + b*atanh(c + d*x))#**3, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c))~3,x, algorithm="giac")
[Out] integrate((b*arctanh(d*x + c) + a)~3, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ (a + batanh(c + dz))’ dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c + d*x))~3,x)
[Out] int((a + b*atanh(c + d*x))~3, x)
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-1 3
3.48 f (a—l—btar;l:_fa(:c—l—dx)) dr

Optimal. Leaf size=308

2d(e+fx)

(a+btanh™'(c+ dx))3 log (=24) (a+btanh™'(c+ dm))g log ((de+f—6f)(1+c+dm)> +3b(a + btanh™(c

- ;i * f

[Out] -(atb*arctanh(d*x+c)) 3*1n(2/(d*x+c+1))/f+(atb*arctanh(d*x+c)) ~3*1n(2*d* (f*
x+e)/(-cxf+d*e+f) /(d*x+c+1)) /£+3/2%b* (a+b*arctanh (d*x+c)) ~2*polylog(2,1-2/(
dxx+c+1))/£-3/2*b* (a+b*arctanh (d*x+c)) “2xpolylog(2,1-2*d* (f*x+e) / (-cxf+dxe+
£)/(d*x+c+1))/£+3/2%b" 2% (a+b*arctanh (d*x+c) ) *polylog(3,1-2/(d*x+c+1)) /£-3/2

*b~2x* (at+b*arctanh (d*x+c) ) *polylog (3, 1-2xd* (f*xx+e) / (—c*xf+d*e+f) / (d*x+c+1)) /£
+3/4xb~3%polylog(4,1-2/ (d*x+c+1))/£-3/4*b"3*polylog(4,1-2xd* (f*x+e) / (-c*f+d
xe+f) / (d*x+c+1)) /£

Rubi [A]
time = 0.13, antiderivative size = 308, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.100,

steps used = 2, number of rules used = 2, integrand size = 20,
Rules used = {6246, 6061}

3#(a+ btanh™! (e + da)) Lis(1 - g Bietl)  gpLig(1 - 2) (a+ btanh (e + de))  3bla+ btank ‘(H»dz)foq(J’,‘u,,;ﬁﬁ‘/l‘y,”‘+\«+bt b+ dz)log (el tlel 1) . btanh~}(c + Wi (1~ i) | WL~ )
o7 27 77 7 7 7 7 7

Antiderivative was successfully verified.
[In] Int[(a + bxArcTanh[c + d*x])~3/(e + f*xx),x]

[Out] -(((a + b*ArcTanh[c + d*x])~3xLog[2/(1 + c + d*x)])/f) + ((a + bxArcTanh[c
+ d*x])~3*Log[(2*d*(e + f*x))/((d*e + £ - c*f)*x(1 + ¢ + d*x))])/f + (3*bx(a

+ bxArcTanh[c + d*x])~2*PolyLogl[2, 1 - 2/(1 + c + d*x)])/(2%f) - (3*bx(a +
bxArcTanh[c + d#*x]) 2*PolyLogl[2, 1 - (2*d*(e + f*x))/((d*e + f - c*f)*(1 +

c + dxx))])/(2%f) + (3*xb~2*(a + b*ArcTanh[c + d*x])*PolyLogl[3, 1 - 2/(1 +

c + dxx)])/(2xf) - (3*b"2x(a + bxArcTanh[c + d+*x])*PolyLog[3, 1 - (2*d*(e +
fxx))/((d*e + £ - c*f)*(1 + c + d*x))])/(2+f) + (3*xb~3*PolyLogl[4, 1 - 2/(1

+ c + d*x)])/(4*xf) - (3*%b~3*PolyLog[4, 1 - (2%d*(e + f*x))/((d*e + f - c*f

)*¥(1 + ¢ + dxx))])/(4x£)

Rule 6061

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"3/((d.) + (e_.)*(x_)), x_Symbol] :>
Simp[(-(a + b*ArcTanh[c*x])~3)*(Log[2/(1 + c*x)]/e), x] + (Simp[(a + b*Arc
Tanh [c*x]) ~3* (Log[2*c*((d + e*x)/((cxd + e)*(1 + c*xx)))]/e), x] + Simp[3*bx
(a + bxArcTanh[c*x]) 2% (PolyLog[2, 1 - 2/(1 + c*x)]/(2*e)), x] - Simp[3*b*(
a + b*ArcTanh[c*x]) 2% (PolyLog[2, 1 - 2xc*((d + exx)/((cxd + e)*(1 + c*x)))
1/(2*%e)), x] + Simp[3*b~2x(a + b*ArcTanh[c*x])*(PolyLog[3, 1 - 2/(1 + c*x)]
/(2xe)), x] - Simp[3*b~2*(a + b*ArcTanh[c*x])*(PolyLog[3, 1 - 2*c*((d + e*x
)/ ((cxd + e)*x(1 + c*xx)))]1/(2%e)), x] + Simp[3*b~3*(PolyLogl[4, 1 - 2/(1 + c*
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x)]1/(4%e)), x] - Simp[3*b~3*%(PolyLogl[4, 1 - 2*c*((d + e*x)/((cxd + e)*(1 +
c*x)))1/(4%e)), x]1) /; FreeQ[{a, b, c, d, e}, x] && NeQ[c™2%d™2 - 72, 0]

Rule 6246

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)I*x(0_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[((d*e - c*f)/d + f*(x/d)) m*x(a + bxA
rcTanh[x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, ¢, d, e, f, m}, x] && IGt
Qlp, 0]

Rubi steps

(a+btanh(c+da))’ Subst [ 4325 de,z,c + dx)
/ e+ fx v= d
_ (a+btanh™'(c+ da:))3 log (72%) . (a+btanh™'(c+ dav))3 log (@
! f

Mathematica [F|
time = 46.23, size = 0, normalized size = 0.00

btanh™(c + dz))’
/(a—i— anh™' (c + dz)) "

e+ fz
Verification is not applicable to the result.

[In] Integrate[(a + b*ArcTanh[c + d*x])~3/(e + f*x),x]
[Out] Integratel[(a + b*ArcTanh[c + d*x])~3/(e + f*x), x]

Maple [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 7.70, size = 3825, normalized size = 12.42

method result size

derivativedivides | Expression too large to display | 3825

default Expression too large to display | 3825

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arctanh(d*x+c)) 3/ (f*x+e),x,method=_ RETURNVERBOSE)

[Out] 1/d*(-3/2*I*a*b~2xd/f*Pi*arctanh(d*x+c) ~2*csgn(I/(1+(d*x+c+1)~2/(1-(d*x+c)”
2)) ) *csgn(I* (f*c*x (1+(d*x+c+1) "2/ (1-(d*x+c) ~2) )+ (- (d*x+c+1) "2/ (1- (d*x+c) ~2) -
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1) *exd+(-(d*x+c+1) "2/ (1-(d*x+c) ~2)+1) *f) / (1+(d*x+c+1) "2/ (1-(d*x+c) ~2))) ~2-3
/2*I*axb~2xd/f*Pi*arctanh (d*x+c) “2*csgn (I* (f*c* (1+(d*x+c+1) "2/ (1-(d*x+c)~2)
)+ (= (d*x+c+1) "2/ (1-(d*x+c) ~2) -1) *exd+ (- (d*x+c+1) "2/ (1-(d*x+c) ~"2)+1) *£) / (1+(
d*x+c+1) "2/ (1-(d*x+c)~2))) “2xcsgn (I* (fxc* (1+(d*x+c+1) "2/ (1-(d*x+c)~2))+(-(d
xx+c+1) 72/ (1-(d*x+c) ~2) -1) *e*xd+ (- (d*x+c+1) "2/ (1-(d*x+c) "2)+1) *f) ) +1/2%xI*b~3
*xd/f*Pixarctanh(d*x+c) “3*csgn(I/(1+(d*x+c+1)~2/(1-(d*x+c)~2)))*csgn(I* (f*xc*
(1+(d*x+c+1) "2/ (1-(d*x+c) ~2) )+ (- (d*x+c+1) ~2/ (1-(d*x+c) ~2) -1) *e*xd+ (- (d*x+c+1
)72/ (1-(d*x+c) ~2)+1) *£) / (1+(d*x+c+1) ~2/ (1-(d*x+c) ~2)) ) *csgn (I* (£xcx (1+(d*x+
c+1)~2/(1-(d*x+c)~2) ) +(-(d*x+c+1) "2/ (1-(d*x+c) “2) -1) *e*xd+ (- (d*x+c+1) "2/ (1-(
d*x+c)~2)+1) *f) ) +3/2*I*a*xb~2xd/f*Pi*xarctanh (d*x+c) “2*xcsgn(I/(1+(d*x+c+1)~2/
(1-(d*x+c)~2)) ) *csgn(I* (fxcx (1+(d*x+c+1) "2/ (1-(d*x+c) ~2) ) +(-(d*x+c+1)~2/(1-
(d*x+c)~2)-1) *exd+(-(d*x+c+1) "2/ (1-(d*x+c) ~2)+1) *f) / (1+(d*x+c+1) "2/ (1- (d*x+
c)~2)))*xcsgn(I*(£xc* (1+(d*x+c+1) "2/ (1-(d*x+c) ~2))+(-(d*x+c+1) "2/ (1-(d*x+c)”
2)-1)*exd+(-(d*x+c+1) "2/ (1-(d*x+c) ~2)+1) *f) ) +b~3*d*c/ (c*f-d*e-f) *arctanh (d*
x+c) "3*1n(1-(cxf-dxe-f)*x (d*x+c+1) "2/ (1-(d*x+c) ~2) / (-cxf+d*e-f) ) +3*axb~2*d*c
/ (cxf-d*e-f)*arctanh (d*x+c)*polylog(2, (cxf-d*e-f) * (d*x+c+1) ~2/(1-(d*x+c)~2)
/ (—c*xf+dxe-£f))+3/2xaxb~2+%d"2/f*e/ (cxf-d*xe-f)*polylog(3, (cxf-d*xe-f) * (d*x+c+1
) "2/ (1-(d*x+c) ~2) / (—cxf+d*e-f) ) +3*a*b~2xd*c/ (cxf-d*e-f) *arctanh (d*x+c) "2*1n
(1-(c*f-d*e-£f) * (d*x+c+1) "2/ (1-(d*x+c) "2) / (—c*f+d*e-£f) ) -b~3*d~2/f*e/ (cxf-d*e
-f)*arctanh (d*x+c) ~3*1n(1-(c*f-d*e-f)* (d*x+c+1) "2/ (1-(d*x+c) ~2) / (-c*f+d*e-f
))-3/2%b~3*%d"2/f*e/ (cxf-d*e-f)*arctanh (d*x+c) “2*polylog(2, (cxf-d*e-f)* (d*x+
c+1)~2/(1-(d*x+c)~2) / (—cxf+d*e-f) ) +3/2*%b"3*%d"~2/f*e/ (cxf-d*e-f) *arctanh (d*x+
c)*polylog(3, (cxf-d*e-f)* (d*x+c+1) "2/ (1-(d*x+c)~2)/(-cxf+d*e-£))+1/2%I*b" 3%
d/f*Pi*arctanh (d*x+c) “3*csgn(I* (f*c* (1+(d*x+c+1) "2/ (1-(d*x+c) ~2) )+ (- (d*x+c+
1)72/(1-(d*x+c) ~2) -1) *e*d+ (- (d*x+c+1) "2/ (1-(d*x+c) "2) +1) *£f) / (1+(d*x+c+1) "2/
(1-(d*x+c)~2))) "3+a"3*d*1n(c*f-d*e-f*(d*x+c))/£-3/4xb~3*d/f*polylog(4,-(d*x
+c+1) "2/ (1-(d*x+c) ~2) ) -3/4*b~3*d/ (cxf-d*e-f) *polylog(4, (cxf-d*e-f)* (d*x+c+1
) "2/ (1-(d*x+c) ~2) / (-cxf+d*e-£f))-3/2*a"2xbxd/f*dilog ((—f* (d*x+c)—£f)/(-cxf+d*
e-f))+3/2*%a"2*b*d/f*dilog ((-f*(d*x+c)+f)/(-cxf+d*e+f))+3/2*%a*b~2*d/f*polylo
g(3,-(d*x+c+1) "2/ (1-(d*x+c) ~2) ) +3/2*a*xb~2*d/ (cxf-d*e-f) *polylog(3, (cxf-d*e-
f)*(d*x+c+1) "2/ (1-(d*x+c) "2) / (-cxf+d*e-£f) ) +b~3*d*1n (c*f-d*e-f* (d*x+c) ) /f*ar
ctanh (d*x+c) "3-b~3*d/f*arctanh (d*x+c) “3*1n(f*cx (1+(d*x+c+1) "2/ (1-(d*x+c)~2)
)+ (= (d*x+c+1) "2/ (1-(d*x+c) ~2) -1) *exd+ (- (d*x+c+1) ~2/(1-(d*x+c) ~2) +1) *f) -3/2%
b~3*d/f*arctanh(d*x+c) “2*polylog(2,-(d*x+c+1)~2/(1-(d*x+c) ~2))+3/2xb~3*d/f*
arctanh (d*x+c) *polylog(3,-(d*x+c+1)~2/(1-(d*x+c) ~2))+3/4*b~3*d*c/ (cxf-d*xe-f
)*polylog(4, (cxf-d*e-f)*(d*x+c+1) "2/ (1-(d*x+c)~2)/(-cxf+d*e-£f))-b~3*d/ (c*f-
dxe-f)*arctanh (d*x+c) “3*1n(1-(cxf-d*e-f) * (d*x+c+1) "2/ (1-(d*x+c) ~2) / (-c*xf+d*
e-£f))-3/2%b~3*d/ (cxf-d*e-f)*arctanh (d*x+c) “2*polylog(2, (cxf-d*e-f) * (d*xx+c+1
) "2/ (1-(d*x+c) ~2) / (-cxf+d*e-£))+3/2+%b"3*d/ (cxf-dxe-f) *arctanh (d*x+c) *polylo
g(3, (cxf-d*e-f)*(d*x+c+1)~2/(1-(d*x+c)~2) /(—cxf+d*e-£f))-1/2%I*b~3*d/f*Pi*ar
ctanh (d*x+c) "3xcsgn (I* (fxc* (1+(d*x+c+1) "2/ (1-(d*x+c) ~2) )+ (- (d*x+c+1) "2/ (1-(
d*x+c) ~2)-1) *e*xd+(-(d*x+c+1) "2/ (1-(d*x+c) ~2)+1) *f) / (1+(d*x+c+1) "2/ (1- (d*x+c
)72))) "2*csgn (I* (f*c* (1+(d*x+c+1) "2/ (1-(d*x+c) ~2) )+ (- (d*x+c+1) "2/ (1-(d*x+c)
~2)-1) *e*xd+(-(d*x+c+1) "2/ (1-(d*x+c) ~2)+1) *f) ) -1/2xI*b~3*d/f*Pi*arctanh (d*x+
c) "3*xcsgn(I/(1+(d*x+c+1) "2/ (1-(d*x+c) ~2)) ) *csgn(I* (f*xc* (1+(d*x+c+1)~2/(1-(d
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*x+c) "2) )+ (- (d*x+c+1) "2/ (1-(d*x+c) ~2) -1) *e*xd+ (- (d*x+c+1) "2/ (1- (d*x+c) ~2)+1)
*f) /(1+(d*x+c+1) "2/ (1-(d*x+c) ~2) ) ) "2-3*axb~2*%d~2/f*e/ (c*f-d*e-f) *arctanh (d*
x+c) "2x1n(1-(c*f-d*xe—f) * (d*x+c+1) "2/ (1-(d*x+c) ~2) / (—cxf+d*e-f) ) -3*xaxb~2*d "2
/f*e/(c*xf-d*e-f)*arctanh(d*x+c)*polylog(2, (cxf-d*e—f)*(d*x+c+1) "2/ (1-(d*x+c
)~2) / (-cxf+d*e-£) ) +3/2*I*a*b~2*d/f*Pi*arctanh (d*x+c) “2xcsgn (I* (fxc* (1+(d*x+
c+1) "2/ (1-(d*x+c) ~2) )+ (- (d*x+c+1) "2/ (1-(d*x+c) ~2) -1) *exd+ (- (d*x+c+1) "2/ (1-(
d*x+c) ~2)+1) *f) / (1+(d*x+c+1) "2/ (1-(d*x+c) ~2) ) ) ~3+3/2%b~3*d*c/ (c*f-d*xe—f) *ar
ctanh (d*x+c) “2*polylog(2, (cxf-d*e-f) * (d*xx+c+1) ~2/(1-(d*x+c) ~2)/ (-cxf+d*e-f)
)-3/2*%b~3*d*c/ (cxf-d*e-f)*arctanh (d*x+c) *polylog(3, (cxf-d*e-f) * (d*x+c+1) "2/
(1-(d*x+c)~2) / (—c*f+d*e-f))-3/4*b~3*xd"2/f*e/ (c*f-d*e-f)*polylog(4, (cxf-d*e-
f)*(d*x+c+1) "2/ (1-(d*x+c) ~2) / (-c*f+d*e-f) ) +3*a~2*bxd*1n (c*f-d*xe-f* (d*x+c))/
f*arctanh (d*x+c)-3/2*a"2*b*d/f*1n(c*f-d*xe—f* (d*x+c) ) *1n((-f*(d*x+c)-f)/(-cx*
f+dxe-f))+3/2*a~2xbxd/f*1n(cxf-d*e-f* (d*x+c) ) *1n((-f* (d*x+c)+f)/(-cxf+d*e+f
) ) +3*axb~2*d*1n (c*f-d*e-f* (d*x+c))/f*arctanh(d*x+c) "2-3*a*xb~2xd/f*arctanh(d
*x+c) " 2*%1n (fxcx (1+(d*x+c+1) "2/ (1-(d*x+c) ~2) )+ (- (d*x+c+1) "2/ (1-(d*x+c) ~2)-1)
xexd+ (- (d*x+c+1) "2/ (1-(d*x+c) ~2) +1) *f) -3*%a*b~2*d/f*arctanh (d*x+c) *polylog(2
,—(d*x+c+1) "2/ (1-(d*x+c) ~2) ) -3/2*axb~2*d*c/ (c*f-d*e-f) *polylog(3, (cxf-d*e-f
Yx(d*x+c+1) "2/ (1-(d*x+c) ~2) / (—cxf+d*e—f) ) -3*a*xb~2*xd/ (c*f-d*xe—f) *arctanh (d*x
+c) ~2*1n(1-(c*xf-d*e-£f) * (d*x+c+1) "2/ (1-(d*x+c) ~2) / (—c*f+d*e-f) ) -3*a*xb~2*xd/ (c
*f-dxe-f)*arctanh (d*x+c)*polylog(2, (cxf-d*e-f)*. ..

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctanh(d*x+c))~3/(f*x+e),x, algorithm="maxima")

[Out] a~3*log(f*x + e)/f + integrate(1/8+b~3*(log(d*x + c + 1) - log(-d*x - c + 1
))"3/(fxx + e) + 3/4*%axb”2x(log(d*x + ¢ + 1) - log(-d*x - c + 1))72/(f*x +

e) + 3/2xa"2xb*(log(d*x + c + 1) - log(-d*x - c + 1))/(f*x + e), x)

Fricas [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctanh(d*x+c))~3/(f*x+e),x, algorithm="fricas")
[Out] integral((b~3*arctanh(d*x + c)~3 + 3*axb~2xarctanh(d*x + c)~2 + 3%a"2*b*arc
tanh(d*x + c) + a”3)/(f*x + e), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00
/ (a + batanh (¢ + dz))® .
e+ fz
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Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((a+b*atanh(d*x+c))**3/(f*x+e),x)
[Out] Integral((a + b*atanh(c + d*x))**3/(e + f*x), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((atb*arctanh(d*x+c)) 3/ (f*x+e),x, algorithm="giac")
[Out] integrate((b*arctanh(d*x + c) + a)~3/(f*x + e), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ (a + batanh(c + d z))®
dz
e+ fx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c + d*x))~3/(e + f*x),x)
[Out] int((a + b*atanh(c + d*x))"3/(e + f*x), x)
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-1 3
3.49 f (a—l—btaizifx()c;—dx)) dr

Optimal. Leaf size=1089

B (a + btanh_l(c + da:))3+3ab2dtanh_1(c + d.’E) log (1—c2—da:) 3b3d tanh_l(c + dq;)2 log (1—c2—da;) _3a2bdl
fle+ fz) f(de+ f —cf) 2f(de + f —cf) 2f(c

[Out] -(a+b*arctanh(d*x+c))~3/f/(f*x+e)+3*a*b~2xd*arctanh (d*x+c)*1n(2/(-d*x-c+1))
/f/(-c*f+d*e+f)+3/2%b~3*d*arctanh (d*x+c) “2*1n(2/(-d*x-c+1)) /f/(-c*f+d*e+f) -
3/2*a~2*b*d*1n(-d*x-c+1) /f/ (-cxf+d*e+f)-3*a*b~2xd*arctanh (d*x+c) *1n(2/ (d*x+
c+1))/f/(~cxf+d*e-£f)+6*a*b~2*d*arctanh (d*x+c)*1n(2/ (d*x+c+1) )/ (-cxf+d*e-f)/
(—cxf+dxe+f)-3/2+%b~3*d*arctanh (d*x+c) “2x1n(2/ (d*x+c+1))/f/(-cxf+d*e—-£f)+3*%b~
3xd*arctanh (d*x+c) “2x1n(2/ (d*x+c+1) )/ (-cxf+d*e-£) / (-cxf+dxe+f)+3/2%a"2xbxd*
1n(d*x+c+1)/f/(-cxf+d*e-f)+3*%a~2*b*d*1n (f*x+e) / (£72- (-c*f+d*e) ~2) -6*a*xb~2*xd
*arctanh (dxx+c) *1n(2xd* (fxx+e) / (~cxf+dxe+f) / (d*x+c+1)) / (-cxf+dxe-f) / (-cxf+d
xe+f) -3*xb~3*kd*arctanh (d*x+c) "2*x1n (2*d* (fxx+e) / (-cxf+dxe+f) / (d*x+c+1)) / (—cxf
+d*e-f)/(-cxf+d*e+f)+3/2*%axb~2*d*polylog(2, (-d*x-c-1)/(-d*x-c+1)) /f/(-c*f+d
xe+f)+3/2%b~3*d*arctanh (d*x+c)*polylog(2,1-2/(-d*x-c+1)) /f/ (-cxf+dxe+f)+3/2
*axb~2*d*polylog(2,1-2/(d*x+c+1))/f/(-cxf+d*e-f)-3*a*b~2xd*polylog(2,1-2/(d
xx+c+1)) / (-cxf+dxe-f) / (—cxf+d*e+f)+3/2xb~3*d*arctanh (d*x+c) *polylog(2,1-2/(
d*x+c+1))/f/(-cxf+d*e-f)-3*b~3*d*arctanh (d*x+c)*polylog(2,1-2/(d*x+c+1)) /(-
cxf+dxe-f)/(—c*xf+d*e+f)+3*axb~2*d*polylog(2,1-2xd* (f*x+e)/(—cxf+d*xe+f) /(d*x
+c+1))/ (—cxf+d*e-£f) / (-cxf+d*e+f) +3*%b~3*d*arctanh (d*x+c) *polylog(2,1-2*d* (f*
x+e)/ (-cxf+d*e+f) /(d*x+c+1) )/ (—c*xf+d*e-£f) / (-cxf+d*e+f)-3/4*%b~3*d*polylog(3,
1-2/(-d*x-c+1))/f/(-cxf+d*e+f)+3/4*%b~3*d*polylog(3,1-2/(d*x+c+1)) /f/(-c*xf+d
*xe-f)-3/2%b~3*d*polylog(3,1-2/(d*x+c+1))/(-c*f+dxe-f)/(-ckf+dxe+f)+3/2%b~3*
dxpolylog(3,1-2*d* (f*x+e) /(—c*f+d*e+f)/(d*x+c+1))/(-cxf+dxe-f)/(—c*f+d*e+f)

Rubi [A]
time = 2.07, antiderivative size = 1094, normalized size of antiderivative = 1.00, number of

_ _ . e number of rules _
steps used = 30, number of rules used = 18, integrand size = 20, integrand size 0.900,

Rules used = {6244, 6873, 6256, 6820, 12, 6857, 84, 6874, 6055, 2449, 2352, 6057, 2497,
6095, 6205, 6745, 6203, 6059}

Antiderivative was successfully verified.

[In] Int[(a + b*ArcTanh[c + d*x])~3/(e + f*xx)~2,x]

[Out] -((a + b*ArcTanh([c + d*x])~3/(f*(e + f*x))) + (3*axb~2xdxArcTanh[c + d*x]*L
ogl2/(1 - ¢ - d*x)])/(f*(d*xe + £ - cxf)) + (3*b~3*d*ArcTanh[c + d*x] 2*Logl[

2/(1 - ¢ - d*x)])/(2xf*x(d*e + f - c*xf)) - (3*a"2%b*d*Log[l - c - dxx])/(2*f
x(d*e + £ - c*f)) - (3*axb~2*d*ArcTanh[c + d*x]*Log[2/(1 + c + d*x)])/(f*(d
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xe — f - cxf)) + (6*a*b~2*xdxArcTanh[c + d*x]*Logl[2/(1 + c + d*x)])/((d*e +

f - cxf)x(d*e - (1 + c)*f)) - (3*b~3*d*ArcTanh[c + d*x]~2xLog[2/(1 + c + dx
x)]1)/(2xfx(d*e - £ - cxf)) + (3*%b~3*d*ArcTanh[c + d*x]"2*Log[2/(1 + c + d*x
)1)/((d*e + £ - cxf)*(d*e - (1 + c)*f)) + (3*xa"2*bxd*Logl[l + c + d*x])/(2*f
x(dxe - f - cxf)) - (3*a"2xbxd*Logle + f*x])/((d*e + f - cxf)x(dxe - (1 + ¢
)*f)) - (6*%axb~2xd*ArcTanh[c + d*x]*Log[(2*d*(e + f*x))/((d*e + f - c*xf)*(1
+ c + d*x))])/((d*e + £ - c*f)*x(d*e - (1 + c)*f)) - (3*b~3*d*ArcTanh[c + d
*xx] “2xLog[(2xd*(e + f*x))/((d*xe + £ - cxf)*(1 + c + d*x))])/((d*e + £ - cxf
)*¥(d*e - (1 + c)*f)) + (3*%a*b~2xd*PolyLogl[2, -((1 + c + d*x)/(1 - c - d*x))
1)/ (2xfx(dxe + £ - cxf)) + (3*%b~3xdxArcTanh[c + d*x]*PolyLogl[2, 1 - 2/(1 -

c - d*x)])/(2xfx(d*e + £ - c*f)) + (3*axb~2*d*PolyLog[2, 1 - 2/(1 + c + d*x
)1)/(2*f*(d*e - £ - cxf)) - (3*%a*xb~2xd*PolyLogl[2, 1 - 2/(1 + ¢ + d*x)])/((d
xe + f - cxf)*(d*e - (1 + c)*f)) + (3*b~3*d*ArcTanh[c + d*x]*PolyLog[2, 1 -
2/(1 + ¢ + d*x)]1)/(2xf*x(d*xe - f - cxf)) - (3*b~3*d*ArcTanh[c + d*x]*PolyLo
gl2, 1 - 2/(1 + ¢ + d*x)])/((d*xe + £ - cxf)*(d*xe - (1 + c)*f)) + (3*axb™2xd
*PolyLog[2, 1 - (2*%d*(e + f*x))/((d*e + £ - c*f)*(1 + c + d*x))])/((d*e + £
- cxf)x(d*e - (1 + c)*f)) + (3%b~3*d*ArcTanh[c + d*x]*PolyLogl[2, 1 - (2*d*
(e + £xx))/((d*e + £ - c*f)*x(1 + ¢ + d*x))])/((d*e + f - c*xf)*(dxe - (1 + ¢
)*£)) - (3*b~3xd*PolyLogl[3, 1 - 2/(1 - ¢ - d*x)])/(4*xfx(d*e + £ - c*f)) + (
3*%b~3xd*PolyLogl[3, 1 - 2/(1 + c + d*x)])/(4xfx(dxe - f - cxf)) - (3*b"3%d*P
olyLogl[3, 1 - 2/(1 + ¢ + d*x)])/(2*(d*xe + £ - cxf)x(d*xe - (1 + c)*f)) + (3«
b~3*d*PolyLog[3, 1 - (2xd*(e + f*x))/((d*e + £ - cxf)*x(1 + c + d*x))]1)/(2%(
d*e + £ - cxf)*x(dxe - (1 + c)*£f))

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
QLu, (b_)*(v_) /; FreeQ[b, x]]

Rule 84

Int[((e_.) + (£_)*(x_))"(p_.)/(((a_.) + (b_)*(x_))*((c_.) + (d_.)*(x_))),
x_Symbol] :> Int[ExpandIntegrand[(e + f*x)“p/((a + bxx)*(c + d*x)), x], x]
/; FreeQ[{a, b, c, 4, e, £}, x] && IntegerQ[p]

Rule 2352

Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQ[{c, d, e}, x] && EqQle + c*d, 0]

Rule 2449

Int[Logl(c_.)/((d_) + (e_.)*(x_))1/((£f_) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Log[2*d*x]/(1 - 2%d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] & EqQ[c, 2*d] && EqQ[e~2*f + d~2xg, 0]

Rule 2497
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Int[Log[u_J*(Pq_)~(m_.), x_Symbol] :> With[{C = FullSimplify[Pq m*((1 - u)/
D[u, x1)1}, Simp[C*PolyLog[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
x] [[2]], Expon[Pq, x]]

Rule 6055

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
1 :> Simp[(-(a + b*ArcTanh[c*x]) “p)*(Log[2/(1 + ex(x/d))]1/e), x] + Dist[b*c
*x(p/e), Int[(a + b*ArcTanh[c*x])~(p - 1)*(Log[2/(1 + ex(x/d))]/(1 - c™2xx~2
)), x1, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQlp, 0] && EqQ[c~2*d"2 - e~2,
0]

Rule 6057

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> S
imp[(-(a + b*ArcTanh[c*x]))*(Log[2/(1 + c*x)]/e), x] + (Dist[b*(c/e), Int[L
ogl2/(1 + c*xx)]1/(1 - c™2*x~2), x], x] - Dist[b*(c/e), Int[Log[2*c*((d + ex*x
)/((cxd + e)*(1 + c*x)))]/(1 - c™2*x”2), x], x] + Simp[(a + b*ArcTanh[c*x])
*(Log[2*cx((d + e*x)/((c*d + e)*x(1 + c*x)))]1/e), x]) /; FreeQ[{a, b, c, d,
e}, x] && NeQ[c™2xd~2 - e~2, 0]

Rule 6059

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"2/((d_) + (e_.)*(x_)), x_Symbol] :>
Simp[(-(a + bxArcTanh[c*x])~2)*(Log[2/(1 + c*x)]/e), x] + (Simp[(a + b*Arc
Tanh [c*x]) “2* (Log[2*c*((d + e*xx)/((c*d + e)*(1 + cx*x)))]1/e), x] + Simp[bx(a
+ bxArcTanh[c*x])*(PolyLog[2, 1 - 2/(1 + c*x)]/e), x] - Simp[bx(a + b*ArcT
anh[c*x])*(PolyLog[2, 1 - 2*c*((d + exx)/((c*d + e)*(1 + c*x)))]/e), x] + S
imp [b~2*(PolyLog[3, 1 - 2/(1 + c*x)]/(2%e)), x] - Simp[b~2*(PolyLog[3, 1 -
2xcx((d + exx)/((cxd + e)*x(1 + c*xx)))]1/(2*e)), x]) /; FreeQ[{a, b, c, d, e}
, x] && NeQ[c™2+#d"2 - e~2, 0]

Rule 6095

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symb
0l] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(b*cxd*(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] && EqQ[c™2+d + e, 0] && NeQ[p, -1]

Rule 6203

Int[(Loglu_]l*((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.))/((d_) + (e_.)*(x_)"
2), x_Symbol] :> Simp[(a + b*ArcTanh[c*x]) “p*(PolyLog[2, 1 - ul/(2%c*d)), x
] - Dist[bx(p/2), Int[(a + b*ArcTanh[c*x])~(p - 1)*(PolyLog[2, 1 - ul/(d +
exx~2)), x], x] /; FreeQl[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c"2xd + e
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, 0] & EqQL(1 - w2 - (1 - 2/(1 + c*x))~2, 0]

Rule 6205

Int[(Loglu_l*((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.))/((d ) + (e_.)*(x_)"
2), x_Symbol] :> Simp[(-(a + bxArcTanh[c*x]) “p)*(PolyLogl[2, 1 - ul/(2xc*d))
, x] + Dist[b*(p/2), Int[(a + b*ArcTanh[c*x])~(p - 1)*(PolyLogl[2, 1 - ul/(d
+ exx"2)), x], x] /; FreeQ[{a, b, c, 4, e}, x] && IGtQ[p, 0] && EqQ[c~2xd
+ e, 0] & EqQ[(1 - uw)~2 - (1 - 2/(1 - c*xx))~2, 0]

Rule 6244

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (f_.)*(x_))"(
m_), x_Symbol] :> Simp[(e + f*x)~(m + 1)*((a + bxArcTanh[c + d*x]) p/(f*(m
+ 1))), x] - Dist[bxd*x(p/(f*(m + 1))), Int[(e + f*x)"(m + 1)*((a + b*ArcTan
hlc + d*x])~(p - 1)/(1 - (c + d*x)~2)), x], x] /; FreeQ[{a, b, c, d, e, £},
x] && IGtQ[p, 0] && ILtQ[m, -1]

Rule 6256

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)]*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_)x((A_.) + (B_.)*(x_) + (C_.)*(x_)"2)"(q_.), x_Symbol] :> Dist[1/d, Subs
t[Int[((d*e - c*f)/d + fx(x/d)) "m*(-C/d"2 + (C/d"2)*x"2)"g*(a + b*ArcTanh[x
D7p, x]1, x, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, £, A, B, C, m, p, g}, x]
&& EqQ[Bx(1 - c~2) + 2%Axc*d, 0] && EqQ[2*c*C - Bxd, 0]

Rule 6745

Int[(u_)*PolyLog[n_, v_], x_Symbol] :> With[{w = DerivativeDivides[v, u*v,
x]}, Simp[w*PolyLog[n + 1, v], x] /; !'FalseQ[wl] /; FreeQ[n, x]

Rule 6820

Int[u_, x_Symbol] :> With[{v = SimplifyIntegrand[u, x]}, Int[v, x] /; Simpl
erIntegrandQ[v, u, x]]

Rule 6857

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x1}, Int[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rule 6873

Int[u_, x_Symbol] :> With[{v = NormalizelIntegrand[u, x]}, Int[v, x] /; v =!
= 'll]
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Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]

]

Rubi steps

(a.—i—btamh_l(c—i—d:/lc))2
(3bd) [ (erfo)(=(ctdn)?) 0%

/ (a+ btanh™(c + dz))3 e (a+btanh™'(c+ daz))3
(e + fx)? N fle+ fz)

f

a+btanh—! (c+d:1:))2 dr

_ (a + btanh_l(c + dx))3 (3bd) f (e-ﬁfz)(l—cz—chx—deQ)

fle+ fz)

f
— 2

(a+ btanh™ (c + d:c))3 (3b)Subst (f (23l +2) (-2

fle+ fz)
(a+btanh™(c+ d:z))3

f

— 2
(3b)Subst ( i Eld(:j;tf}};) (ll(fl)z) dz,z,c+ dx)

fle+ fz)

f

(a+btanh~!(z)) 2

(a + btanh_l(c + dac))3 (3bd)Subst (f (de—cf+fz)(1—z2) dr,z,c+ d$)

fle+ fx)

f

2

(a + btanh_l(c + clgc))3 (3bd)Subst (f <_ (_1+x)(1+§)(de-cf+fz) BT

fle+ fx)

B (a+btanh™ (c+ dx))3 (3a”bd) Subst (f (—1+x)(1+x§(de—cf+fx) dz,z, ¢

fle+ fz)

f

(a + btanh™'(c + dx))3 (3a%bd) Subst (f (2(de+f—clf)(—1+w) + et

fle+ fz)

. (a+btanh™'(c+ dx))3 _ 3a’bdlog(l —c—dx)  3a’bdlog(l+c+d

fle+ fx)

(a+btanh™ (c+ dav))3

e+ f—cf) | 2f(de—f—cf)

3ab’dtanh~'(c + dz)log (=2) 3b’dta

fle+ fz)

(a+ btanh™ (c+ dw))3

1—c—dz
f(de+ f —cf)

3ab’dtanh~'(c + dz)log (=2) 3b’dta

l—c—dz

fle+ fx) flde+ f —cf)
(a+btanh ' (c+dz))®  3ab’dtanh™(c+dz)log (=25) 3bdta
fle+ fz) flde+ f —cf)
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Mathematica [C] Result contains complex when optimal does not.
time = 20.88, size = 2701, normalized size = 2.48

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[(a + b*ArcTanh[c + d*x])~3/(e + f*x)~2,x]

[Out] -(a"3/(fx(e + f*x))) - (3*a"2*bxArcTanh[c + d*x])/(f*x(e + f*x)) + (3*a~2*b*
d*Logl[l - c - d*x])/(2xfx(-(d*e) - f + cxf)) - (3*%a"2xbxd*Log[l + c + d*x])
/(2%f*x(-(d*e) + f + c*f)) - (3*a"2xbxd*Logle + f*x])/(d"2%e”2 - 2xcxdxexf -
£72 + c72%£72) + (3*%axb”2x(1 - (c + d*x)~2)*((d*e - c*f)/Sqrt[l - (c + d*x
)72] + (fx(c + d*x))/Sqrt[1l - (c + d*x)~2])~2*(-(ArcTanh[c + d*x]~2/(E"ArcT
anh[(d*e - cx*f)/f]1*fxSqrt[1 - (dxe - c*f)~2/£72])) + ((c + d*x)*ArcTanh[c +
d*x]~2)/(Sqrt[1 - (c + d*x)~2]*((d*e)/Sqrt[1l - (c + d*x)~2] - (c*f)/Sqrt[1
- (c + d*x)"2] + (f*x(c + d*x))/Sqrt[1l - (c + d*x)72])) + ((d*e - cx*f)*(I*P
i*Log[1 + E~(2xArcTanh[c + d*x])] - 2%ArcTanh[c + d*x]*Log[l - E~(-2*(ArcTa
nh[(d*e - cxf)/f] + ArcTanh[c + d*x]))] - IxPix(ArcTanh[c + d*x] + Log[1/Sq
rt[1 - (c + d*x)~2]]) - 2+ArcTanh[(d*e - c*f)/f]*(ArcTanh[c + d*x] + Logl[1
- E7(-2*%(ArcTanh[(d*e - c*f)/f] + ArcTanh[c + d*x]))] - Log[I*Sinh[ArcTanh[
(d*e - cxf)/f] + ArcTanh[c + d*x]]]) + PolyLog[2, E~(-2x(ArcTanh[(d*e - c*f
)/f] + ArcTanh[c + d*x]))]))/(d"2*e”2 - 2*kcxd¥exf + (-1 + c~2)*£72)))/(d*(d
xe — c*xf)*x(e + f*x)72) + (b73*x(1 - (c + d*x)~2)*((d*e - cxf)/Sqrt[l - (c +
d*x)~2] + (f*(c + d*x))/Sqrt[1 - (c + d*x)~2])"2x((d*(c + d*x)*ArcTanh[c +
d*x]~3)/((d*e - cxf)*Sqrt[1 - (c + d*x)"2]*((d*e)/Sqrt[1l - (c + d*x)~2] - (
cxf)/Sqrt[1 - (c + d*x)~2] + (fx(c + d*x))/Sqrt[1 - (c + d*x)~"2])) - (3*d*(
(ArcTanh[c + d*x]~2*(-(f*ArcTanh[c + d*x]) + (d*e - cx*f)x*Log[(d*e)/Sqrt[1 -
(c + d*x)~2] - (c*xf)/Sqrt[l - (c + d*x)~2] + (f*(c + d*x))/Sqrt[l - (c + d
*x)72]1))/((d*xe + £ - cxf)*(d*e - (1 + c)*f)) - (ArcTanh[c + d*x]*((-I)*d*e
*PixArcTanh[c + d*x] + I*cxf*PixArcTanh[c + d*x] - 2*fxArcTanh[c + d*x]~2 +
(Sqrt[1l - c™2 - (d"2*%e”2)/f72 + (2xcxdx*e)/f]*fxArcTanh[c + d*x]~2)/E~ArcTa
nh[(d*e - cxf)/f] + Ixd*ex*PixLog[l + E~(2*ArcTanh[c + d*x])] - I*c*f*PixLog
[1 + ET(2%ArcTanh[c + d*x])] - 2*d*exArcTanh[c + d*x]*Log[l - E~(-2*(ArcTan
h[(dxe - c*f)/f] + ArcTanh[c + d*x]))] + 2*c*fxArcTanh[c + d*x]*Log[1l - E~(
-2%(ArcTanh[(d*e - cxf)/f] + ArcTanh[c + d*x]))] - Ixd*e*PixLog[1/Sqrt[1 -
(c + d*x)~2]] + Ixcxf*PixLog[1/Sqrt[l - (c + d*x)~2]] + 2*d*exArcTanh[c + d
*x] *Log[(d*e) /Sqrt[1 - (c + d*x)~2] - (c*f)/Sqrt[l - (c + d*x)~2] + (f*(c +
d*x))/Sqrt[1 - (c + d*x)~2]] - 2%c*f*ArcTanh[c + d*x]*Log[(d*e)/Sqrt[1 - (
c + d*x)~2] - (c*f)/Sqrt[l - (c + d*x)~2] + (f*(c + d*x))/Sqrt[l - (c + d*x
)~2]] - 2x(d*e - c*f)*ArcTanh[(d*e - cx*f)/f]*(ArcTanh[c + d*x] + Log[l - E~
(-2%(ArcTanh[(d*e - cxf)/f] + ArcTanh[c + d*x]))] - Log[I*Sinh[ArcTanh[(d*e
- c*f)/f] + ArcTanh[c + d*x]]]) + (d*e - c*xf)*PolyLog[2, E~(-2%(ArcTanh[(d
*e¢ — cxf)/f] + ArcTanh[c + d*x]))]))/((d*¥e + f - c*xf)x(d*e - (1 + c)*f)) +
(2% (2xd*xe + (-2 - 2xc + Sqrt[l - c™2 - (d"2%e"2)/£f"2 + (2*cxdxe)/f]/E"ArcTa
nh[(d*xe - cxf)/f])*f)*ArcTanh[c + d*x]~3 - 6x(d*e - c*f)*ArcTanh[c + d*x]~2
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xLog[-1 + E~(2*(ArcTanh[(d*e - cxf)/f] + ArcTanh[c + d*x]))] + 6*%(d*e - cxf
)*ArcTanh[c + d*x]*((-I)*Pi*(ArcTanh[c + d*x] - Log[l + E~(2*ArcTanh[c + d*
x]1)] + Logl[(1 + E~(2*ArcTanh[c + d*x]))/(2+#E"ArcTanh[c + d*x])]) - 2*ArcTan
h[(d*xe - c*f)/f]*(ArcTanh[c + d*x] + Logl[l - E~(-2*(ArcTanh[(d*e - c*f)/f]
+ ArcTanh[c + d*x]))] - Logl[(I/2)*E~(-ArcTanh[(d*e - c*f)/f] - ArcTanh[c +
d*x])*(-1 + E~(2*(ArcTanh[(d*e - cxf)/f] + ArcTanh[c + d*x])))])) + 6x(d*e
- cxf)*ArcTanh[c + d*x]~2xLog[d*ex(1 + E~(2*ArcTanh[c + d*x])) - (1 + c - E
~(2%ArcTanh([c + d*x]) + c*E~(2%ArcTanh[c + d*x]))*f] - 6%(d*xe - c*f)*ArcTan
h[c + d*x]~2*(ArcTanh[c + d*x] + Log[l - E~(-2*x(ArcTanh[(d*e - c*f)/f] + Ar
cTanh[c + d*x]))] - Log[-1 + E~(2*(ArcTanh[(d*e - c*f)/f] + ArcTanh[c + d*x
1))] + Logld*e*(1 + E~(2%ArcTanh[c + d*x])) - (1 + ¢ - E7(2xArcTanh[c + d*x
1) + c*E~(2%ArcTanh[c + d*x]))*f] - Logl[(dxex(1 + E~(2%ArcTanh[c + d*x])) -

(1 + ¢ - E"(2%ArcTanh[c + d*x]) + c*xE~(2*ArcTanh[c + d*x]))*f)/(2*E"ArcTan
hlc + d*x])]) - 2*(d*e - c*xf)*(2*ArcTanh[c + d*x]~3 + 3%ArcTanh[c + d*x]~2%
Log[l - E~(-2*(ArcTanh[(d*e - c*f)/f] + ArcTanh[c + d*x]))] - 3%ArcTanh[c +
d*x] “2*Log[1 - E~(ArcTanh[(d*e - c*f)/f] + ArcTanh[c + d*x])] - 3*ArcTanh[
c + dxx]~2xLog[1 + E"(ArcTanh[(d*e - c*f)/f] + ArcTanh[c + d*x])] - 3*ArcTa
nh[c + d*x]*PolyLog[2, E~(-2*(ArcTanh[(d*e - cxf)/f] + ArcTanh[c + d*x]))]
- 6*%ArcTanh[c + d*x]*PolyLog[2, -E~(ArcTanh[(d*e - c*f)/f] + ArcTanh[c + dx
x])] - 6*ArcTanh[c + d*x]*PolyLog[2, E~(ArcTanh[(d*e - c*f)/f] + ArcTanhl[c
+ dxx])] + 6%PolyLog[3, -E~(ArcTanh[(d*e - c*f)/f] + ArcTanh[c + d*x])] + 6
*PolyLog[3, E~(ArcTanh[(d*e - c*f)/f] + ArcTanh[c + d*x])]) - dxe*(4xArcTan
h[c + d*x]~3 - 6xArcTanh[c + d*x]~2+Log[l - E~(2x(ArcTanh[(d*e - cxf)/f] +
ArcTanh[c + d*x]))] - 6xArcTanh[c + d*x]*PolyLog[2, E~(2*(ArcTanh[(d*e - c*
f)/f] + ArcTanh[c + d*x]))] + 3*PolyLog[3, E~(2*(ArcTanh[(d*e - cxf)/f] + A
rcTanh[c + d*x]))]) + cxfx(4xArcTanh[c + d*x]~3 - 6*ArcTanh[c + d*x] 2*Logl
1 - E"(2*%(ArcTanh[(d*e - c*f)/f] + ArcTanh[c + d*x]))] - 6xArcTanh[c + d*x]
*PolyLog[2, E~(2*(ArcTanh[(d*e - cxf)/f] + ArcTanh[c + d*x]))] + 3*PolyLogl
3, ET(2x(ArcTanh[(d*e - c*f)/f] + ArcTanh[c + d*x]))]) + (d*e - c*f)*(4x*Arc
Tanh([c + d*x]~3 - 6*%ArcTanh[c + d*x]~2xLogl[l + ...

Maple [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 4.01, size = 5732, normalized size = 5.26

method result size

derivativedivides | Expression too large to display | 5732

default Expression too large to display | 5732

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(d*x+c))~3/(f*x+e) 2,x,method=_RETURNVERBOSE)
[Out] result too large to display

Maxima [F]
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time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctanh(d*x+c))~3/(f*x+e)”~2,x, algorithm="maxima")

[Out] -3/2%(d*(log(d*x + c + 1)/((c + 1)*£72 - dxfxe) - log(d*x + ¢ - 1)/((c - 1)
*£72 - dxfxe) - 2xlog(f*x + e)/(2*ckdxfxe - (c72 - 1)*f~2 - d72%e”2)) + 2xa
rctanh(d*x + c)/(£f72%x + f*xe))*a~2xb - a~3/(f 2*x + fxe) + 1/8%(((cxd*f - d
*f)*xb"3*%e - (c”2*xf"2 - £72)*b"3 + (b~3*d"2*f*e - (cxd*f~2 + d*xf~2)*b~3)*x)*
log(-d*x - c + 1)73 - 3%(4*a*b~2xcxd*f*e - 2xaxb~2*d"2*e”2 - 2%(c™2*f"2 - f
~2)*xaxb”2 + ((cxd*f + d*xf)*b~3*ke - (c™2*xf"2 - £72)*b"3 + (b~3*xd"2xf*e - (cx*
d*xf72 - d*x£72)*b~3)*x)*log(d*x + c + 1))*log(-d*x - c + 1)72)/(2%cxd*f~2%e”
2 - d"2%f*e”3 - (c™2xf~4 - 2%c*d*f"3*e + d"2xf"2%xe"2 - f74)*x - (c"2*f"3 -
£°3)*e) - integrate(1/8*(((cxd*xf - d*f)*b~3*%e - (c™2xf~2 - £72)*b"3 + (b~3*
d~2xf*xe - (c*kd*f~2 + d*f~2)*b~3)*x)*log(d*x + c + 1)73 + 6% ((cxd*f - d*f)*a
*b"2xe - (c72xf"2 - £72)*xaxb”2 + (a*xb~2xd"2*f*e - (cxd*f~2 + d*xf~2)*a*xb~2)x*
x)*log(d*x + c + 1)72 + 3%(4*axb~2xd"2xe”2 - 4x(ckd*f + d*f)*axb™2xe - ((c*
d*f - dxf)*b~3%e - (c”2*f"2 - £72)*b"3 + (b~3*d"2*f*e - (ckxd*f~2 + d*xf~2)*b
~3)*x)*log(d*x + c + 1)72 + 4x(axb™2xd"2*xf*e - (cxd*f~2 + d*xf72)*axb~2)*x -
2% (b73*d"2*%f"2xx"2 — 2% (c™2*xf"2 - £72)*axb”2 - (2x(cxd*f~2 + d*xf~2)*a*b~2
- (cxd*f~2 + d*f~2)*b"3 - (2*xaxb~2*d"2xf + b~3*d"2xf)*e)*x + (2x(ckd*f - dx*
f)*a*xb™2 + (cxd*f + d*f)*b~3)*e)*log(d*x + c + 1))*log(-d*x - ¢ + 1))/((c*d
*f~4 - d72+%f"3xe + d*f74)*x"3 + (c72*xf"4 - 2+%d"2xf"2*%e”2 - f74 + (c*d*f~3 +
3*%d*f~3)*e) *x"2 - (d"2*f*e”3 + (ckxd*f~2 - 3xd*f~2)*e"2 - 2%(c™2%f~3 - £73)
xe)*x — (c*xd*f — d*f)*e”3 + (c™2*%f72 - f~2)*e"2), x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctanh(d*x+c))~3/(f*x+e)”2,x, algorithm="fricas")

[Out] integral((b~3*arctanh(d*x + c)~3 + 3*axb~2xarctanh(d*x + c)~2 + 3%a"2*b*arc
tanh(d*x + c) + a~3)/(f72*x"2 + 2*f*xx*xe + e72), Xx)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (a + batanh (¢ + dz))* i
(e + fz)”

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((a+b*atanh(d*x+c))**3/(f*x+e)**2,x)
[Out] Integral((a + b*atanh(c + d*x))#**3/(e + f*x)**2, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((atb*arctanh(d*x+c)) 3/ (f*x+e)”2,x, algorithm="giac")

[Out] integrate((b*arctanh(d*x + c) + a)~3/(f*x + e)~2, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ (a + batanh(c + d z))® i
(e + f2)’

Verification of antiderivative is not currently implemented for this CAS

[In] int((a + b*atanh(c + d*x))~3/(e + f*x)~2,x)
[Out] int((a + b*atanh(c + d*x))~3/(e + f*x)~2, x)
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3.50 [(e+ fz)™ (a+btanh'(c + da:))3 dx

Optimal. Leaf size=23
m -1 3
Int ((e + fz)™ (a + btanh™ (c + dz)) ,x>

[Out] Unintegrable((f*x+e) “m*(at+b*arctanh(d*x+c))~3,x)

Rubi [A]
time = 0.05, antiderivative size = 0, normalized size of antiderivative = 0.00, number of

number of rules _ g
integrand size ’

steps used = 0, number of rules used = 0, integrand size = 0,
Rules used = {}

/(e + fz)™ (a + btanh (¢ + dz))’ de

Verification is not applicable to the result.
[In] Int[(e + f*x) m*(a + b*ArcTanh[c + d*x])~3,x]

[Out] Defer[Subst] [Defer[Int] [((d*e - c*f)/d + (f*x)/d) "m*(a + b*ArcTanh[x])~3, x
1, x, ¢ + d*x]/d

Rubi steps

Subst <f (%= + L2)™ (a+ btanh_l(ac))3 dz,z,c+ dz)

/(6 + fz)™ (a + btanh " (c + dx))3 de = h

Mathematica [A]
time = 3.61, size = 0, normalized size = 0.00

/(e + fz)™ (a + btanh ' (c + dm))3 dx

Verification is not applicable to the result.

[In] Integrate[(e + f*x) m*(a + bxArcTanh[c + d*x])~3,x]
[Out] Integratel[(e + f*x) m*(a + b*ArcTanh[c + d*x])~3, x]

Maple [A]
time = 2.54, size = 0, normalized size = 0.00

/ (fz +e)™ (a + barctanh (dz + c))3 dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((f*x+e) “m*(a+b*arctanh(d*x+c))~3,x)
[Out] int((f*x+e) “m*(a+b*arctanh(d*x+c))~3,x)
Maxima [A]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) m*(atb*arctanh(d*x+c))~3,x, algorithm="maxima")

[Out] -1/8%(b"3*fxx + b"3%e)*(f*x + e) m¥xlog(-d*x - ¢ + 1)73/(f*(m + 1)) + (f*x +
e)"(m + 1)*a~3/(fx(m + 1)) + integrate(1/8*((b~3*d*f*(m + 1)*x + (cxfx(m +
1) - fx(m + 1))*b"3)*log(d*x + ¢ + 1)73 + 6x(axb™2*d*f*(m + 1)*x + (c*xf*(m
+ 1) - fx(m + 1))*a*b"2)*log(d*x + ¢ + 1)72 + 3*(b"3xd*e + 2x(c*f*x(m + 1)
- f*x(m + 1))*axb™2 + (2%a*b~2*d*f*(m + 1) + b~3xd*f)*x + (b~3*d*f*(m + 1)*x
+ (c*fx(m + 1) - fx(m + 1))*b~3)*log(d*x + ¢ + 1))*log(-d*x - c + 1)72 + 1
2% (a"2%bxd*xf*x(m + 1)*x + (cxf*x(m + 1) - f*(m + 1))*a"2xb)*log(d*x + c + 1)
- 3x(4*xa"2xbxd*fx(m + 1)*x + 4x(cxfx(m + 1) - fx(m + 1))*a~2%b + (b~ 3xd*f*(
m+ 1)*xx + (c*xf*(m + 1) - f*(m + 1))*b~3)*Llog(d*x + c + 1)72 + 4*(axb™2*d*f
*(m + 1)*x + (c*fx(m + 1) - fx(m + 1))*a*xb~2)*log(d*x + c + 1))*log(-d*x -
c + 1))*x(fxx + e)"m/(d*f*x(m + 1)*x + c*fx(m + 1) - fx(m + 1)), x)
Fricas [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) “m*(a+b*arctanh(d*x+c))~3,x, algorithm="fricas")

[Out] integral((b~3*arctanh(d*x + c)~3 + 3*a*b~2*arctanh(d*x + c)~2 + 3*a”2*b*arc
tanh(d*x + c) + a~3)*(f*x + e)"m, x)

Sympy [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)**m* (a+b*atanh(d*x+c))**3,x)
[Out] Timed out
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Giac [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) “m*(at+b*arctanh(d*x+c))~3,x, algorithm="giac")

[Out] integrate((b*arctanh(d*x + c) + a)~3*(f*x + e)"m, x)

Mupad [A]
time = 0.00, size = -1, normalized size = -0.04

/ (e + fz)™ (a + batanh(c + d )’ dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e + f*x) m*(a + b*atanh(c + d*x))~3,x)

[Out] int((e + f*x)“m*(a + b*atanh(c + d*x))~3, x)



315

3.51 [(e+ fz)™ (a+btanh'(c + da:))2 dx

Optimal. Leaf size=23
m -1 2
Int ((e + fz)™ (a + btanh™ (c + dz)) ,x>

[Out] Unintegrable((f*x+e) “m*(atb*arctanh(d*x+c))~2,x)

Rubi [A]
time = 0.04, antiderivative size = 0, normalized size of antiderivative = 0.00, number of

number of rules _ g
integrand size ’

steps used = 0, number of rules used = 0, integrand size = 0,
Rules used = {}

/(e + fz)™ (a + btanh " (c + dz))? de

Verification is not applicable to the result.
[In] Int[(e + f*x)“m*(a + b*ArcTanh[c + d*x])~2,x]

[Out] Defer[Subst] [Defer[Int] [((d*e - c*f)/d + (f*x)/d) "m*(a + b*ArcTanh[x])"2, x
1, x, ¢ + d*x]/d

Rubi steps

Subst <f (%= + L2)™ (a+ btanh_l(ac))2 dz,z,c+ dz)

/(6 + fz)™ (a + btanh " (c + dx))2 de = h

Mathematica [A]
time = 0.23, size = 0, normalized size = 0.00

/(e + fz)™ (a + btanh ' (c + dm))2 dx

Verification is not applicable to the result.

[In] Integrate[(e + f*x)“m*(a + bxArcTanh[c + d*x])~2,x]
[Out] Integratel[(e + f*x) m*(a + b*ArcTanh[c + d*x])~2, x]

Maple [A]
time = 2.37, size = 0, normalized size = 0.00

/ (fz +e)™ (a + barctanh (dz + c))2 dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((f*x+e) “m*(a+b*arctanh(d*x+c)) ~2,x)
[Out] int((f*x+e) “m*(at+b*arctanh(d*x+c)) ~2,x)
Maxima [A]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) “m*(a+b*arctanh(d*x+c))~2,x, algorithm="maxima")

[Out] 1/4*(b~2*f*x + b~ 2xe)*(f*x + e) m*log(-d*x - c + 1)72/(fx(m + 1)) + (f*x +
e)"(m + D*a~2/(f*(m + 1)) - integrate(-1/4*((b~2xd*f*(m + 1)*x + (c*f*(m +

1) - fx(m + 1))*b"2)*log(d*x + ¢ + 1)72 + 4x(axbxd*f*(m + 1)*x + (c*f*(m +

1) - fx(m + 1))*a*b)*log(d*x + c + 1) - 2x(b"2xdxe + 2x(c*f*(m + 1) - f*x(m

+ 1))*a*xb + (2kaxbxd*xf*(m + 1) + b~2kd*f)*x + (b™2xd*f*(m + 1)*x + (c*f*(m

+ 1) - fx(m + 1))*b"2)*log(d*x + c + 1))*1log(-d*x - c + 1))*(f*x + e)"m/(d
*fx(m + 1)*x + ckxfx(m + 1) - f*x(m + 1)), x)

Fricas [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) “m*(a+b*arctanh(d*x+c))~2,x, algorithm="fricas")

[Out] integral((b~2*arctanh(d*x + c)~2 + 2%a*b*arctanh(d*x + c) + a~2)*(f*xx + e)”
m, x)

Sympy [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)**m* (a+b*atanh(d*x+c))**2,x)
[Out] Timed out
Giac [A]

time = 0.00, size = 0, normalized size = 0.00

could not integrate
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) “m*(at+b*arctanh(d*x+c))~2,x, algorithm="giac")

[Out] integrate((b*arctanh(d*x + c) + a)~2*(f*x + e)"m, x)

Mupad [A]
time = 0.00, size = -1, normalized size = -0.04

/ (e + fz)™ (a + batanh(c + dz))* dzx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e + f*x) m*(a + b*atanh(c + d*x))~2,x)

[Out] int((e + f*x)“m*(a + b*atanh(c + d*x))~2, x)
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3.52 [(e+ fz)™ (a+ btanh™'(c + dz)) dz

Optimal. Leaf size=162

(e+ fz)*™ (a + btanh™'(c + dz)) bd(e + fz)**™ o Fy (1, 2+m;3+m; ;ﬁ;ﬁ}) bd(e + fz)**™ o Fy <1a :
Fa+m) T S de— At oNTimEtm)  2f(detf—cf

[Out] (fx*x+e)”(1+m)*(a+b*arctanh(d*x+c))/f/(1+m)+1/2*b*d* (f*x+e)~ (2+m)*hypergeom(
[1, 2+m], [3+m],d* (f*x+e) /(—cxf+d*xe-f))/f/(d*xe-(1+c)*f)/(1+m) /(2+m)-1/2*b*d*
(fxx+e) " (2+m) *hypergeom([1, 2+m], [3+m],d*(f*x+e)/(-c*f+dxe+f))/f/(-cxf+d*e+
£)/(1+m)/(2+m)

Rubi [A]
time = 0.19, antiderivative size = 162, normalized size of antiderivative = 1.00, number of

number of rules _ ( 999
integrand size ’

steps used = 6, number of rules used = 4, integrand size = 18,
Rules used = {6246, 6063, 726, 70}

(e+ fa)™ (a+btanh~'(c+da))  ble+ f)™ 5P (Lm+2m+ 3 2D ) bd(e+ fa)™ o Fy (1m + 2m + 35 22
f(m+1) + 2f(m+1)(m+2)(de — (c+1)f) B 2f(m+1)(m + 2)(—cf + de+ f)

Antiderivative was successfully verified.
[In] Int[(e + f*x)“m*(a + b¥ArcTanh[c + d*x]),x]

[Out] ((e + fxx)~(1 + m)*(a + b*ArcTanh[c + d*x]))/(£fx(1 + m)) + (b*d*(e + f*xx)~(
2 + m)*Hypergeometric2F1[1, 2 + m, 3 + m, (d*(e + f*x))/(d*e - £ - c*x£)])/(
2¢f*x(d¥e - (1 + c)*f)*(1 + m)*(2 + m)) - (bxd*(e + f*xx)7(2 + m)*Hypergeomet
ric2F1[1, 2 + m, 3 + m, (d*x(e + f*xx))/(d*xe + £ - cxf)])/(2xfx(d*e + f - cx*f

)k(1 + m)*(2 + m))

Rule 70

Int[((a)) + (b_.)*(x_))"(m_)*((c_) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[(b
xc — a*d)"n*((a + b*x)"(m + 1)/(b"(n + 1)*(m + 1)))*Hypergeometric2F1i[-n, m
+ 1, m+ 2, (-d)*((a + bxx)/(bxc - a*d))], x] /; FreeQ[{a, b, c, d, m}, x]
&& NeQ[bxc - a*d, 0] && !IntegerQ[m] && IntegerQ[n]

Rule 726

Int[((d) + (e_.)*(x_))"(m_)/((a_) + (c_.)*(x_)"2), x_Symbol] :> Int[Expand
Integrand[(d + e*x)"m, 1/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e, m}, x] &
& NeQ[cxd™2 + a*e™2, 0] && !IntegerQ[m]

Rule 6063

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol
1 :> Simp[(d + e*x)~(q + 1)*((a + b*ArcTanh[c*x])/(ex(q + 1))), x] - Distl[b
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*(c/(ex(q + 1))), Int[(d + exx)~(q + 1)/(1 - ¢c~2%x~2), x], x] /; FreeQ[{a,
b, c, d, e, q}, x] && NeQlq, -1]

Rule 6246

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[((d*e - cx*f)/d + f*(x/d)) m*x(a + bxA
rcTanh([x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGt
Qlp, 0]

Rubi steps

Subst (f (%= + £2)™ (a + btanh™'(z)) da,z,c+ dx)
d

/(e + fz)™ (a + btanh ™' (c + dz)) dz =

de—cf+fl>1+m
d

bSubst (f <d1_—2
_ (e + fax)t™ (a+btanh_1(c+dz)) B z
) fA+m) Fl+m)

14
de—cf | fz
edc +7)

bSubst f UT
_ (et fr)*™ (a + btanh™' (c + dz))

f(1+m)
bSubst | [ —<de;cf:?)
_ (e+ fz)"*™ (a + btanh™'(c + dz))
- f1+m) - 2f(1+m)
_ (e+ fz)"*™ (a + btanh™' (c + dz)) N bd(e + fz)**™ 2 Fy <1, 2+
- f1+m) 2f(de — (L +c)f)(

Mathematica [F|
time = 0.05, size = 0, normalized size = 0.00

/(e + fz)™ (a + btanh ™' (c + dz)) dz

Verification is not applicable to the result.

[In] Integrate[(e + f*x)“m*(a + bxArcTanh[c + d*x]),x]
[Out] Integratel[(e + f*x)“m*(a + b*ArcTanh[c + d*x]), x]
Maple [F]

time = 1.93, size = 0, normalized size = 0.00

/ (fz +e)™ (a + barctanh (dz + ¢)) dz
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Verification of antiderivative is not currently implemented for this CAS.
[In] int((f*x+e) “m* (at+b*arctanh(d*x+c)),x)
[Out] int((f*x+e) “m*(a+b*arctanh(d*x+c)),x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) m*(a+b*arctanh(d*x+c)),x, algorithm="maxima")

[Out] -1/2%b*x((f*x + e)*(f*xx + e) m*log(-d*x - c + 1)/(f*x(m + 1)) - integrate((dx
fxx + d¥e + (d*fx(m + 1)*x + cxfx(m + 1) - f*x(m + 1))*log(d*x + c + 1))*(f*
x + e)"m/(dxfx(m + 1)*x + cxfx(m + 1) - fx(m + 1)), x)) + (f*xx + e)~(m + 1)

xa/(f*(m + 1))

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((f*x+e) “m*(a+b*arctanh(d*x+c)),x, algorithm="fricas")
[Out] integral((b*arctanh(d*x + c) + a)*(fxx + e)”m, x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (a + batanh (¢ + dz)) (e + fz)™ dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)**m* (a+b*atanh(d*x+c)),x)
[Out] Integral((a + b*atanh(c + d*x))*(e + f*x)**m, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) “m*(at+b*arctanh(d*x+c)),x, algorithm="giac")



[Out] integrate((b*arctanh(d*x + c) + a)*(f*x + e)"m, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ (e+ fx)" (a+ batanh(c+ dzx)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e + f*x)“m*(a + b*atanh(c + d*x)),x)

[Out] int((e + f*x) m*x(a + b*atanh(c + d*x)), x)
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3.53 [ tmb(arn) g,

Optimal. Leaf size=780

b(%+wx) b(%K/%)

log(l—a—bz)log [ ~——— 2 | log(l+a+bzx)log| =—— 2 | (~1)23log(l —a— bx)l

og(l —a — bz)log (b Ve rim ﬁ) og(1 +a + bz)log (b Vo -win¥d (—1)**log(1l — a — bz)I¢
6c2/3/d " 6c2/3¥/d - 62

[Out] -1/6*1n(-b*x-a+1)*1n(b*x(c~(1/3)+d~(1/3)*x)/(b*xc~(1/3)+(1-a)*d~(1/3)))/c~(2/
3)/d"(1/3)+1/6*1n(b*x+a+1)*1n(b*(c~(1/3)+d~(1/3)*x) / (b*c~(1/3)-(1+a)*d~(1/3
)))/c~(2/3)/d"(1/3)-1/6*%(-1)~(2/3) *1n(-b*x-a+1) *1n(b*x(c~(1/3)-(-1)"(1/3)*d"
(1/3)*x)/ (b*c~(1/3)-(-1)~(1/3)*(1-a)*d~(1/3))) /c~(2/3)/a~(1/3)+1/6x(-1)~(2/
3)*1n(b*x+a+1) *1n(b*(c~(1/3)-(-1)~"(1/3)*d~(1/3)*x) / (b*c~(1/3)+(-1)~(1/3)*(1
+a)*d~(1/3)))/c”~(2/3)/d~(1/3)+1/6*(-1)~(1/3) *1n(-b*x-a+1) *1n(b*(c~(1/3)+(-1
)~ (2/3)*d~(1/3)*x) / (b*xc~(1/3)+(-1)~(2/3)*(1-a)*d~(1/3)))/c~(2/3) /d~(1/3)-1/
6%(-1)~(1/3) *1n(b*x+a+1) *1n(b*x(c~(1/3)+(-1)~(2/3)*d~(1/3) *x) / (b*xc~(1/3)-(-1
)~ (2/3)*x(1+a)*d~(1/3)))/c~(2/3)/d~(1/3)-1/6%*polylog(2,d~(1/3) *(-b*x-a+1) /(b
xc~(1/3)+(1-a)*d~(1/3)))/c~(2/3)/d~(1/3)-1/6%(-1)~(2/3) *polylog(2,-(-1)~(1/
3)*d~(1/3) *(-b*x-a+1)/(b*c~(1/3)-(-1)~(1/3)*(1-a)*d~(1/3))) /c~(2/3)/a~(1/3)
+1/6%(-1)~(1/3)*polylog(2, (-1)~(2/3)*d~ (1/3) * (~b*x-a+1) / (bxc~(1/3)+(-1)~(2/
3)*(1-a)*d~(1/3)))/c~(2/3)/d~(1/3)+1/6*polylog(2,-d~ (1/3) * (b*x+a+1) /(b*c~ (1
/3)-(1+a)*d~(1/3)))/c~(2/3)/d~(1/3)+1/6%(-1)~(2/3) *polylog(2, (-1)~(1/3)*d"~ (
1/3)*(b*xx+a+1) /(b*c™(1/3)+(-1)~(1/3)*x(1+a)*d~(1/3)))/c~(2/3) /d~(1/3)-1/6%* (-
1)~ (1/3)*polylog(2,-(-1)~(2/3)*d~ (1/3) *(b*x+a+1) / (b*c~(1/3)-(-1)~(2/3) *(1+a
)*d~(1/3)))/c~(2/3)/d"(1/3)

Rubi [A]
time = 0.98, antiderivative size = 780, normalized size of antiderivative = 1.00, number of

number of rules _ 319
' integrand size ’

steps used = 23, number of rules used = 5, integrand size = 16
Rules used = {6250, 2456, 2441, 2440, 2438}

() oo (o) w( ) o) (i) ot v () ‘(—‘—) oo Db () oo i (R ) T

Antiderivative was successfully verified.
[In] Int[ArcTanh[a + b*x]/(c + d*x~3),x]

[Out] -1/6%(Logl[l - a - b*x]*Logl[(b*(c~(1/3) + d~(1/3)*x))/(b*c~(1/3) + (1 - a)*d
~(1/3))1)/(c”(2/3)*d~(1/3)) + (Logll + a + b*x]*Logl[(bx(c™(1/3) + d~(1/3)*x
))/(bxc™(1/3) - (1 + a)*d~(1/3))1)/(6%c~(2/3)*d~(1/3)) - ((-1)~(2/3)*Logl1

- a - bxx]*xLog[(bx(c™(1/3) - (-1)7(1/3)*d~(1/3)*x))/(b*c~(1/3) - (-1)~(1/3)

*(1 - a)*d~(1/3))]1)/(6%c™(2/3)*d"(1/3)) + ((-1)7(2/3)*Logl[l + a + bxx]*Logl
(b*(c~(1/3) - (-1)7(1/3)*d~(1/3)*x))/(b*c~(1/3) + (-1)7(1/3)*(1 + a)*d~(1/3
))1)/(6xc™(2/3)*d~(1/3)) + ((-1)"(1/3)*Logl[l - a - b*x]*Log[(b*x(c~(1/3) + (
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-1)"(2/3)*d~(1/3)*x) )/ (b*c~(1/3) + (-1)~(2/3)*(1 - a)*d~(1/3))]1)/(6*c~(2/3)
*d~(1/3)) - ((-1)~(1/3)*Logl[1 + a + b*x]*Log[(bx(c~(1/3) + (-1)~(2/3)*d~(1/
3)*x))/(b*c~(1/3) - (-1)~(2/3)*(1 + a)*d~(1/3))]1)/(6*c~(2/3)*d~(1/3)) - Pol
yLogl[2, (d~(1/3)*(1 - a - b*x))/(b*c~(1/3) + (1 - a)*d~(1/3))]1/(6xc~(2/3)*d
~(1/3)) - ((-1)~(2/3)*PolyLogl2, -(((-1)~(1/3)*d~(1/3)*(1 - a - b*x))/(b*c”
(1/3) - (-1)~(1/3)*(1 - a)*d~(1/3)))]1)/(6%xc~(2/3)*d~(1/3)) + ((-1)~(1/3)*Po
lyLog[2, ((-1)~(2/3)*d~(1/3)*(1 - a - b*x))/(b*c~(1/3) + (-1)~(2/3)*(1 - a)
*d~(1/3))]1)/(6%c~(2/3)*d~(1/3)) + PolyLogl[2, -((d~(1/3)*(1 + a + bxx))/(b*c
~(1/3) - (1 + a)*d~(1/3)))1/(6*xc~(2/3)*d~(1/3)) + ((-1)~(2/3)*PolyLog[2, ((
-1)~(1/3)*%d~(1/3)*(1 + a + b*x))/(bxc™(1/3) + (-1)~(1/3)*(1 + a)*d~(1/3))1)
/(6%c™(2/3)*d~(1/3)) - ((-1)~(1/3)*PolyLogl[2, -(((-1)~(2/3)*d~(1/3)*(1 + a
+ b*x))/(b*xc~(1/3) - (-1)~(2/3)*(1 + a)*d~(1/3)))]1)/(6*%c~(2/3)*d~(1/3))

Rule 2438

Int[Log[(c_.)*((d.) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)xexx"nl/n, x] /; FreeQl[{c, d, e, n}, x] && EqQlc*d, 1]

Rule 2440

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))]*x(b_.))/((£f_.) + (g_.)*(x_)), x_
Symbol] :> Dist[1/g, Subst[Int[(a + bxLogl[l + cxex(x/g)])/x, x], x, £ + g*x
1, x1 /; FreeQ[{a, b, c, d, e, f, g}, x] && NeQ[exf - dxg, 0] && EqQlg + c*
(exf - dxg), 0]

Rule 2441

Int[((a_.) + Logl(c_.)*((d_ ) + (e_.)*(x_)) " (n_.)I*(b_.))/((£f_.) + (g_.)*(x_
)), x_Symbol] :> Simp[Loglex((f + g*x)/(exf - d*g))]1*((a + b*xLoglc*(d + exx
)"nl)/g), x] - Dist[bxex(n/g), Int[Logl(ex(f + gxx))/(exf - dxg)]/(d + ex*x)
, x], x] /; FreeQ[{a, b, c, d, e, f, g, n}, x] & NeQ[exf - dxg, 0]

Rule 2456

Int[((a_.) + Logl(c_.)*((d.) + (e_)*(x)) " (n_.)I*(b_.)0)"(p_.)*x((£f_) + (g_.
)*¥(x_)~(r_))~(q_.), x_Symbol] :> Int[ExpandIntegrand[(a + b*Logl[cx(d + e*x)
“n])"p, (f + gxx"r)°q, x], x] /; FreeQ[{a, b, ¢, d, e, f, g, n, r}, x] & I
GtQlp, 0] && IntegerQ[ql && (GtQlq, 0] || (IntegerQlr] && NeQ[r, 11))

Rule 6250

Int[ArcTanh[(c_) + (d_.)*(x_)1/((e ) + (f_.)*(x_)"(n_.)), x_Symbol] :> Dist
[1/2, Int[Log[l + ¢ + d*x]/(e + f*x"n), x], x] - Dist[1/2, Int[Logl[l - c -
d*x]/(e + fxx"n), x], x] /; FreeQl{c, d, e, £}, x] && RationalQ[n]

Rubi steps
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-1 _ _
/tanh (a + bx) dp — _(l/log(l a — bx) dx) +1/log(1+a+bx) i

c+dz? 2 c+ dx3 2 c+ dx3

__[1 / ~ logl—a—bz) log(1 — a — bx) ~ log(1
2 3c2/3 <_\3/* _Ydx ) 3¢2/3 <_\3/g +\7T€/Ex> 502/3 (_\3/3

f _log(l—a=ba) . i log(1—a—bz) f log(1—a—bx) f log(1-rar+
Ve Vda T e+ R P T /PR [
6c2/3 6c2/3 6c2/3 6c2/3
log(1 — a — bx) log ( f+f ) log(1 + a + bx) log (M)
b/C +(1-a)Vd b/ —(1+a)Vd
- 6c2/3/d 6c2/3v/d
log(1 — a — bzx) log ( f+ﬁx> ) log(1 + a + bz) log ( (f+ﬁx) )
b/c +(1-a)Vd b/c —(1+a)Vd
T 6c2/3v/d 6c2/3v/d
log(1 — a — bz) log ( +Wm ) log(1 4 a + bx) log ( (W+ﬁx) )
b/C +(1—-a)Vd b/C —(1+a)Vd
6c2/3d 6c2/3v/d

Mathematica [A]
time = 0.53, size = 623, normalized size = 0.80

i kﬁ\w~ [ [C) B ’f‘i—\:?‘) 1t + - b g 4 ‘“"} D e B e B e o = B e B e e )

Antiderivative was successfully verified.

[In] Integrate[ArcTanh[a + b*x]/(c + d*x~3),x]

[Out] (-(Log[l - a - b*x]*Log[(b*(c~(1/3) + d~(1/3)*x))/(b*c~(1/3) - (-1 + a)*d~(
1/3))1) + Logll + a + b*x]*Log[(b*(c~(1/3) + d~(1/3)*x))/(bxc~(1/3) - (1 +

a)*d~(1/3))] - (-1)"(2/3)*Logl[1 - a - b*x]*Log[(b*(c~(1/3) - (-1)~(1/3)*d"(
1/3)*x))/(bxc~(1/3) + (-1)~(1/3)*(-1 + a)*d~(1/3))] + (-1)~(2/3)*Logl[l + a

+ bxx]*Log[(b*(c~(1/3) - (-1)~(1/3)*d~(1/3)*x))/(b*c~(1/3) + (-1)~(1/3)*(1

+ a)*d~(1/3))] + (-1)"(1/3)*Log[l - a - b*x]*Logl[(b*(c~(1/3) + (-1)"(2/3)*d
~(1/3)*x))/ (b*xc~(1/3) - (-1)~(2/3)*(-1 + a)*d~(1/3))] - (-1)~(1/3)*Logl1 +

a + b*x]*Log[(b*(c~(1/3) + (-1)7(2/3)*d~(1/3)*x))/(bxc~(1/3) - (-1)"(2/3)*(

1 + a)*xd~(1/3))] - PolyLogl[2, -((d"(1/3)*(-1 + a + b*x))/(b*c~(1/3) - (-1 +
a)*d~(1/3)))] - (-1)~(2/3)*PolyLogl[2, ((-1)~(1/3)*d~(1/3)*(-1 + a + b*x))/
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(bxc™(1/3) + (-1)7(1/3)*(-1 + a)*d~(1/3))] + (-1)~(1/3)*PolyLog[2, ((-1)~(2
/3)*d~(1/3)*(-1 + a + b*x))/(-(b*xc™(1/3)) + (-1)7(2/3)*(-1 + a)*d~(1/3))] +
PolyLog[2, -((d~(1/3)*(1 + a + bxx))/(bxc~(1/3) - (1 + a)*d~(1/3)))] + (-1
)~(2/3)*PolyLog[2, ((-1)7(1/3)*d~(1/3)*(1 + a + b*x))/(b*c~(1/3) + (-1)~(1/
3)*(1 + a)*d~(1/3))] - (-1)~(1/3)*PolyLogl[2, ((-1)~(2/3)*d~(1/3)*(1 + a + b
*x))/(=(bxc~(1/3)) + (-1)7(2/3)*(1 + a)*d~(1/3))1)/(6%c~(2/3)*d"~(1/3))

Maple [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 5.96, size = 743, normalized size = 0.95 Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arctanh(b*x+a)/(d*x~3+c),x,method=_RETURNVERBOSE)

[Out] 1/b*(-1/3*%b~3/d*sum(1/(-_R~2+2* R*a-a~2)*1ln(b*x- R+a), R=Root0f( _Z~3*d-3*_Z
~2%axd+3*_Z*a~2*d-a~3*d+b~3*c) ) *arctanh (b*x+a)+1/3*b~3/d* (arctanh (b*x+a) *su
m(1/(-_R"2+2*%_R*a-a~2)*1ln(b*x-_R+a),_ R=Root0f (_Z~3*d-3*_Z 2*axd+3*_Z*a~2*d-
a~3*d+b~3%c) ) -3*d*(2/3*xsum(1/(_R174*a~3*d-_R174xb~3*c-3*% R174*a~2*d+3* R174
kaxd+2% R1-2%a~3%d-2% R172%b~3xc- R1~4%d-2% R172%a~2%d-2% R1~2%a*d+a”3*d-b~
3xc+2*_R172xd+a"2xd-a*d-d) * (arctanh (b*x+a) *1n((_R1-(b*x+a+1) /(- (b*x+a) "2+1)
~(1/2))/_R1)+dilog((_R1-(b*x+a+1) /(- (b*x+a)~2+1)~(1/2))/_R1)),_R1=Root0f ((a
~3%d-b~3*c-3*a”~2*d+3*a*d-d) *_Z~6+(3*a"3*d-3*xb"3kc-3*a~2*d-3*a*d+3*d) *_Z 4+(
3*a~3*%d-3%b~3*c+3*a"~2*xd-3*%axd-3*d) *_Z~2+a”~3*d-b~3*c+3*xd*a~2+3*d*a+d) ) +2/3*s
um(_R172/(_R174*a"3*d-_R174%b~3*c-3*_R174*a~2xd+3*_R1"4*a*xd+2*x_R172*a”3*d-2
* R172%b~3xc— R174%d-2% R172%a~2xd-2% R1~2%a*d+a”~3*d-b~3xc+2% R1~2*d+a”2%d-
a*d-d) * (arctanh (b*x+a) *1n((_R1-(b*x+a+1) /(- (b*x+a)~2+1)~(1/2))/_R1)+dilog((
_R1-(b*x+a+1) /(- (b*x+a)"2+1)~(1/2))/_R1)), _R1=Root0f ((a~3*d-b~3*c-3*a~2*d+3
xaxd-d) *_Z~6+(3*a~3*d-3*%b~3xc-3*a"2*d-3*a*xd+3*d) *_Z 4+ (3*a"3*%d-3*b"3*c+3*a"”
2xd-3*axd-3*d) *_Z~2+a~3*d-b~3*c+3*xd*a~2+3*d*a+d)))))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)/(d*x"3+c),x, algorithm="maxima")
[Out] integrate(arctanh(b*x + a)/(d*x"3 + c), x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)/(d*x"3+c),x, algorithm="fricas")



[Out] integral(arctanh(b*x + a)/(d*x"3 + c), x)

Sympy [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atanh(b*x+a)/(d*x**3+c),x)
[Out] Timed out

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)/(d*x~3+c),x, algorithm="giac")

[Out] sageO*x

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ atanh(a + bx) s
dzd+c

Verification of antiderivative is not currently implemented for this CAS.

[In] int(atanh(a + b*x)/(c + d*x"3),x)
[Out] int(atanh(a + b*x)/(c + d*x"3), x)
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354 [umien g,

Optimal. Leaf size=481

g —a—beytog [ L7V gt assaion [ 7SI} gt o))
og(l —a — bzx)log YR og(1+ a+ bzx)log Y og(l —a — bzx)log
_|_

4v/=c'Vd 4v/=c'Vd 44/~

[Out] -1/4%1n(-b*x-a+1)*1n(b*((-c)~(1/2)-x*d~(1/2))/(b*(-c)~(1/2)-(1-a)*d~(1/2)))
/(-c)~(1/2)/d"~ (1/2)+1/4*1n(b*x+a+1) *1n(b*x ((-c) " (1/2)-x*d~ (1/2)) / (bx(-c)~(1/
2)+(1+a)*d~(1/2)))/(-c)~(1/2) /d~ (1/2)+1/4%1n(-bxx-a+1) *1n (b* ((-c) ~(1/2) +x*d
~(1/2))/(bx(-c)~(1/2)+(1-a)*d~(1/2))) /(-c)~(1/2) /d~(1/2)-1/4*1n(b*x+a+1) *1n
(b*x((-c)~(1/2)+x*d~(1/2))/(bx(-c)~(1/2)-(1+a)*d~(1/2)))/(-c)~(1/2) /d~(1/2) -
1/4*polylog(2,-(-b*x-a+1)*d~(1/2)/(bx(-c)~(1/2)-(1-a)*d~(1/2)))/(-c)~(1/2)/
d~(1/2)+1/4*polylog(2, (-b*x-a+1)*d~(1/2)/(b*(-c)~(1/2)+(1-a)*d~(1/2)))/(-c)
~(1/2)/d"(1/2)-1/4*polylog(2,-(b*x+a+1)*d~(1/2) /(b*(-c)~(1/2)-(1+a)*d~(1/2)
))/(-c)~(1/2)/d" (1/2)+1/4*polylog(2, (bkxx+a+1)*d~(1/2) / (b*(-c)~(1/2)+(1+a) *d
~(1/2)))/(-c)~(1/2)/d~(1/2)

Rubi [A]

time = 0.44, antiderivative size = 481, normalized size of antiderivative = 1.00, number of

number of rules _ 3719
' integrand size ’

_+_

steps used = 17, number of rules used = 5, integrand size = 16
Rules used = {6250, 2456, 2441, 2440, 2438}

u(ﬁ—ﬁr)) (w:mm) <w:+ m) (a(\/:ﬂ/z,]>

VA oty VA (ambrit) i VA (wsren) i (=Y sty log(—a — bz +1)log ( log(a+ bz +1)log - log(—a — ba +1)log . log(a+ bz + 1) log .

() f"(ﬁu,a,w:) ,L’( ) +Lz(ma+w\/:.) B WV V=) vV ) W eVE
1= Vd 4y/=cVd 4/=cVd 1= Vd =V 1= Vd 1= Vd 1= Vd

Antiderivative was successfully verified.
[In] Int[ArcTanh[a + b*x]/(c + d*x~2),x]

[Out] -1/4%(Logl[l - a - b*x]*Log[(b*(Sqrt[-c] - Sqrt[d]l#*x))/(bxSqrt[-c] - (1 - a)
*xSqrt[d])])/(Sqrt[-cl*Sqrt[d]) + (Logl[l + a + b*x]*Log[(b*(Sqrt[-c] - Sqrtl
dl*x))/(b*Sqrt[-c] + (1 + a)*Sqrt[d])])/(4+Sqrt[-c]l*Sqrt[d]) + (Log[l - a -
bxx] *Log [ (b*(Sqrt [-c] + Sqrt[d]l*x))/(b*Sqrt[-c] + (1 - a)*Sqrt([d])])/(4*Sq
rt[-c]*Sqrt[d]) - (Logl[l + a + b*x]*Logl[(b*(Sqrt[-c] + Sqrt[d]*x))/(b*Sqrt(
-c] - (1 + a)*Sqrt[d])])/(4xSqrt[-c]l*Sqrt[d]) - PolyLogl[2, -((Sqrt[d]l*(1 -
a - bxx))/(b*Sqrt[-c] - (1 - a)*Sqrt[d]))]/(4xSqrt[-c]*Sqrt[d]) + PolyLogl[2
, (Sqrt[dl*(1 - a - b*x))/(b*Sqrt[-c] + (1 - a)*Sqrt[d])]/(4*Sqrt[-c]*Sqrt[
d]) - PolyLog[2, -((Sqrt[d]l*(1 + a + b*x))/(bxSqrt[-c] - (1 + a)*Sqrt[d]))]
/ (4xSqrt [-c]*Sqrt[d]) + PolyLogl[2, (Sqrtl[d]*(1 + a + bx*x))/(b*Sqrt[-c] + (1
+ a)*Sqrt [d])]/ (4xSqrt [-c]*Sqrt[d])

Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[c*d, 1]
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Rule 2440

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*x(x_))]*x(b_.))/((£f_.) + (g_.)*(x_)), x_
Symbol] :> Dist[1/g, Subst[Int[(a + bxLogl[l + cxex(x/g)])/x, x], x, £ + g*x
1, x] /; FreeQ[{a, b, c, d, e, f, g}, x] && NeQ[exf - d*g, 0] && EqQlg + c*
(exf - dxg), 0]

Rule 2441

Int[((a_.) + Logl(c_.)*((d_ ) + (e_.)*(x_)) " (n_.)I*(b_.0)/((£f_.) + (g_.)*(x_
)), x_Symbol] :> Simp[Loglex((f + g*x)/(exf - d*xg))]1*((a + b*xLoglcx(d + exx
)°nl)/g), x] - Dist[bxex(n/g), Int[Logl[(ex(f + gxx))/(exf - dxg)]/(d + ex*x)
, x]1, x]1 /; FreeQ[{a, b, ¢, d, e, f, g, n}, x] && NeQ[exf - dxg, 0]

Rule 2456

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*x(x_)) " (n_.)]*(b_.))"(p_.)*((f_) + (g_.
)*(x_)~(r_))"(q_.), x_Symbol] :> Int[ExpandIntegrand[(a + b*Logl[cx(d + e*x)
“nl])"p, (f + gxx"r)"q, x], x] /; FreeQ[{a, b, c, d, e, f, g, n, r}, x] & I
GtQlp, 0] && IntegerQ[ql && (GtQlq, 0] || (IntegerQlr] && NeQ[r, 1]))

Rule 6250

Int[ArcTanh[(c_) + (d_.)*(x_)1/((e ) + (f_.)*(x_)"(n_.)), x_Symbol] :> Dist
[1/2, Int[Log[l + c + d*x]/(e + £*x"n), x], x] - Dist[1/2, Int[Logl[l - c -
d*x]/(e + fxx"n), x], x] /; FreeQl{c, d, e, £}, x] && RationalQ[n]

Rubi steps



tanh ™' (a + bz) 1 [log(l—a—bzx) 1

log(1 + a + bz)
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dz

dx:‘(zf

/ o)1)

c+dz? c+ dz?

v—c log(1 — a — bx)

c + dz?

1 V—c

2
\/jlog(l—a,—bx)ﬂ_
20(\/:—\/(7310)

:-(;/ [

2c<\/:+\/(7x>

)

AR

4\/3 4@ 4\/: 4‘/:
| (v=c-Vd2) (Ve
og(l —a — bx)log (b\/: - f) log(1+ a + bx) log /—C +(1+a) Ve
4/=cVd 4=cVd
1 \/: Vd ) b(\/: —Vd x
og(l —a — bzx)log (b\/: - f) log(1 + a + bz) log /¢ (1) Ve
W iVr 4/—=c' Vd
1 \/: Vd ) b(\/: —Vd x
og(l —a — bzx)log (b\/: - f) log(1 + a + bz) log /¢ (1) Ve
Av—c Vd 4/=c' Vd
Mathematica [A]
time = 0.22, size = 365, normalized size = 0.76

Antiderivative was successfully verified.

[In] Integrate[ArcTanh[a + b*x]/(c + d*x~2),x]

[Out] (-(Logl[l - a - bxx]*Log[(bx(Sqrt[-c] - Sqrtl[d]*x))/(bxSqrt[-c] + (-1 + a)*S

qrt[d])]) + Log[l + a + b*x]*Log[(b*(Sqrt[-c] - Sqrt
1 + a)*Sqrt[d])] + Logl[l - a - b*x]*Log[(b*(Sqrt[-c]

[d]*x))/(b*Sqrt[-c] + (
+ Sqrt[d]*x))/(b*Sqrt[

-c] - (-1 + a)*Sqrt[d])] - Logl[l + a + bxx]*Log[(b*(Sqrt[-c] + Sqrt[d]l*x))/

(bxSqrt[-c] - (1 + a)*Sqrt[d])] + PolyLogl[2, -((Sqrt
Sqrt[-c] - (-1 + a)*Sqrt[d]))] - PolyLogl2,
t[-c] + (-1 + a)*Sqrt[d])] - PolyLogl[2,
c] - (1 + a)xSqrt[d]))] + PolyLogl2,

(1 + a)*Sqrt[d])])/(4xSqrt[-c]l*Sqrt[d])

[dl*(-1 + a + bx*x))/(b*

(Sqrt[d]l*(-1 + a + b*x))/(b*Sqr
-((Sqrt[d]*(1 + a + b*x))/(b*Sqrt[-
(Sqrt[d]*(1 + a + bx*x))/(b*Sqrt[-c] +
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Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 1288 vs.
2(377) = 754.
time = 4.04, size = 1289, normalized size = 2.68

method result

b\/—dc‘—da-&-d b\/—dc‘+da—d

In(—bz—a+1) ln(b\/ —dc —d(—ba:—a+1)_da+d> In(—bz—a+1) ln<b\/ —dc +d(—bz—a+1)+da—d

> dilog < LA

+

risch

4/—dc B 4/—dc

derivativedivides | Expression too large to display

default Expression too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arctanh(b*x+a)/(d*x~2+c) ,x,method=_RETURNVERBOSE)

[Out] 1/bx(1/2*%(-d*c*xb~2)~(1/2)/c*x1n(1-(a~2*d+b~2xc-2%axd+d) *x (b*xx+a+1) "2/ (- (b*x+a

)"2+1) / (-d*a”~2-b"2*c-2* (-d*c*b~2) ~(1/2)+d) ) *a~2*arctanh (b*x+a) / (d*a~2+b~2*c
+2*% (=d*xc*xb~2) ~(1/2)-d)+1/2*% (-=d*c*b~2) ~(1/2) *b~2/d*1n (1-(a~2*d+b~2*c-2*a*xd+d
)% (bxx+a+1) "2/ (- (b*x+a) ~2+1) / (-d*a~2-b~2%c-2* (-d*c*b~2) ~(1/2) +d) ) *arctanh (b
*x+a) / (d*a~2+b~2kc+2* (-d*xcxb~2) ~(1/2)-d) -1/2*% (-d*c*b~2) ~(1/2) /c*xa~2*arctanh
(bxx+a) "2/ (d*a”2+b~2*c+2* (-d*c*b~2) ~(1/2)-d)-1/2*(-d*c*b~2) ~(1/2) ¥b~2/d*arc
tanh (b*x+a) “2/ (d*a~2+b~2*c+2* (—d*c*b~2) ~(1/2)-d) +1/4* (-d*c*b~2) " (1/2) /c*pol
ylog(2, (a”2*d+b~2*c-2*a*d+d) * (bxx+a+1) “2/ (- (b*x+a) "2+1) / (-d*a~2-b~2*c-2* (-d
*cxb”~2) " (1/2)+d) ) *a"2/ (d*a~2+b~2*c+2* (-d*c*b~2) ~(1/2)-d) +1/4* (-d*c*b~2) ~(1/
2)*b~2/d*polylog(2, (a~2*d+b~2*c-2xaxd+d) * (bxx+a+1) ~2/ (- (b*x+a) ~2+1) /(-d*a~2
-b~2%c-2*% (-d*xc*xb~2) ~(1/2)+d) )/ (d*a~2+b~2*xc+2x (-d*c*xb~2) " (1/2)-d) -b~2/ (d*a"2
+b"2%c+2x (=d*c*b~2) ~(1/2) -d) *1n (1-(a"2*d+b~2xc—-2*a*d+d) * (bxx+a+1) ~2/ (- (b*xx+
a)~2+1)/(-d*a~2-b~2*c-2* (-d*c*xb~2) ~(1/2) +d) ) *arctanh (b*xx+a)-1/2* (-d*c*b~2)~
(1/2) /c*1n(1-(a~2*d+b~2*xc-2*a*xd+d) * (b*xx+a+1) "2/ (- (b*x+a) "2+1) / (-d*a~2-b"2*c
-2x(=d*c*b~2) " (1/2)+d) ) *arctanh (b*x+a) / (d*a”~2+b~2*kc+2x (-d*c*b~2) ~(1/2)-d) +b
=2/ (d*a~2+b"2*c+2* (-d*xc*xb~2) ~(1/2) -d) *arctanh (b*xx+a) ~2+1/2* (-d*c*b~2) ~(1/2)
/c*xarctanh (b*x+a) ~2/ (d*a~2+b~2*xc+2* (~d*cxb~2) ~(1/2)-d) -1/2%b~2/ (d*a~2+b"2*c
+2% (-d*cxb~2) ~(1/2)-d) *polylog(2, (a~2*d+b~2*c-2*a*d+d) * (bxx+a+1) “2/ (- (b*x+a
)"2+1) / (-d*a~2-b~2*c-2% (-d*c*b~2) ~(1/2)+d) ) -1/4* (-d*c*b~2) ~(1/2) /c*polylog(
2, (a”2*d+b~2*c-2*a*xd+d) * (b*x+a+1) “2/ (- (b*x+a) "2+1) / (-d*a~2-b~2*c-2* (-d*c*b~
2)"(1/2)+d)) / (d*a~2+b~2*c+2* (-d*c*b~2) ~(1/2) -d) -1/2* (-d*c*b~2) ~(1/2) /c/d*ar
ctanh (b*x+a)*1n(1-(a"2*d+b~2*c-2*a*d+d) * (bxx+a+1) ~2/ (- (b*x+a) ~2+1) / (-d*a~2-
b~ 2%c+2* (—d*xc*xb~2) ~(1/2)+d) ) +1/2* (-d*c*b~2) ~(1/2) /c/d*arctanh (b*x+a) ~2-1/4%*
(-d*c*b~2)~(1/2) /c/d*polylog(2, (a~2*d+b~2*c-2*a*xd+d) * (b*xx+a+1) ~2/ (- (b*x+a) ~
2+1) / (-d*a~2-b"2*c+2* (-d*c*xb~2) ~(1/2)+d)))

Maxima [C] Result contains complex when optimal does not.
time = 0.59, size = 591, normalized size = 1.23

rrrrrrr (o)) (oo (2505 ) o (S50 o) a2 s () o () (L) (22 pt) i (ot VD) (i) (ot T sttt )

Vel Vil
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)/(d*x"2+c),x, algorithm="maxima")

[Out] arctan(d*x/sqrt(c*d))*arctanh(b*x + a)/sqrt(c*d) + 1/4x((arctan2((b"2*x + (
a + 1)*b)*sqrt(c)*sqrt(d)/(b"2xc + (2”2 + 2*a + 1)*d), ((a + 1)*bxd*x + (a~
2 + 2xa + 1)*d)/(b"2xc + (a”2 + 2%a + 1)*d)) - arctan2((b”2*x + (a - 1)*b)*
sqrt(c)*sqrt(d)/(b™2xc + (a”2 - 2*xa + 1)*d), ((a - 1)*b*d*x + (a”2 - 2*a +
1)*d)/(b~2%c + (2”2 - 2xa + 1)*d)))*log(d*x~2 + c) - arctan(sqrt(d)*x/sqrt(
c))*log((b~2xd*x"2 + 2x(a + 1)*bxd*x + (2”2 + 2*%a + 1)*d)/(b"2*%c + (a"2 + 2
*a + 1)xd)) + arctan(sqrt(d)*x/sqrt(c))*1log((b~2*d*x"2 + 2*(a - 1)*b*d*x +
(a2 - 2%a + 1)*d)/(b™2*%c + (2”2 - 2xa + 1)*d)) - Ixdilog(((a - 1)*bxd*x +
b~2%c + (I*b~2*x + (-I*a + I)*b)*sqrt(c)*sqrt(d))/(b"2*c + 2% (-Ixa + I)*b*s
qrt(c)*sqrt(d) - (2”2 - 2*a + 1)*d)) + Ixdilog(((a - 1)*bxd*x + b~ 2xc - (I*
b~2%x + (-Ixa + I)*b)*sqrt(c)*sqrt(d))/(b"2xc - 2*%(-I*a + I)*b*sqrt(c)*sqrt
(d) - (@72 - 2xa + 1)*d)) + Ixdilog(((a + 1)*bxd*x + b~2xc + (Ix*b~2*x + (-I
xa — I)xb)*sqrt(c)*sqrt(d))/(b"2xc + 2*%(-I*a - I)*b*sqrt(c)*sqrt(d) - (a~2
+ 2%a + 1)*d)) - Ixdilog(((a + 1)*b*d*x + b™2%c - (I*b~2*x + (-I*a - I)*b)x*
sqrt(c)*sqrt(d))/(b™2%c - 2+ (-I*a - I)*b*sqrt(c)*sqrt(d) - (a~2 + 2*xa + 1)*
d)))/sqrt(c*d)

Fricas [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)/(d*x"2+c),x, algorithm="fricas")
[Out] integral(arctanh(b*x + a)/(d*x"2 + c), x)

Sympy [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atanh(b*x+a)/(d*x**2+c),x)
[Out] Timed out

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.



[In] integrate(arctanh(b*x+a)/(d*x"2+c),x, algorithm="giac")
[Out] integrate(arctanh(b*x + a)/(d*x"2 + c), x)
Mupad [F]

time = 0.00, size = -1, normalized size = -0.00

/ atanh(a + bx) d

dx?+c
Verification of antiderivative is not currently implemented for this CAS.

[In] int(atanh(a + b*x)/(c + d*x"2),x)
[Out] int(atanh(a + b*x)/(c + d*x~2), x)
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3.55 f tanhc_iglc;-i—bx) dx

Optimal. Leaf size=120

2b(c+dz)

tanh™" (a + bz) log (724 ) +tanh_1(a + bz) log ((bc+d—ad)(1+a+bw)) +PolyLog (2,1 — 24) FPolyLog

d d 2d

[Out] -arctanh(b*x+a)*1n(2/(b*x+a+1))/d+arctanh(b*x+a)*1n(2*b* (d*x+c)/(-a*d+b*c+d
)/ (b*x+a+1))/d+1/2*polylog(2,1-2/ (bxx+a+1))/d-1/2*polylog(2,1-2*b* (d*x+c)/(
—axd+bxc+d) / (bxx+a+1))/d

Rubi [A]

time = 0.09, antiderivative size = 120, normalized size of antiderivative = 1.00, number of

number of rules _ 0.357,
integrand size

steps used = 5, number of rules used = 5, integrand size = 14,
Rules used = {6246, 6057, 2449, 2352, 2497}

: 2b(c+dz) -1 2b(c+dz) . _
Liy (1 - m) tanh™ (a + bz) log (m) Lip(1— 2+5) log (;52:7) tanh™'(a + bx)
B 2d + d 2d B d

Antiderivative was successfully verified.
[In] Int[ArcTanh[a + b*x]/(c + d*x),x]

[Out] -((ArcTanh[a + b*x]*Log[2/(1 + a + b*x)])/d) + (ArcTanh[a + b*x]*Log[(2*b*(
c + d*x))/((b*c + d - axd)*(1 + a + b*x))])/d + PolylLog[2, 1 - 2/(1 + a + Db
*x)]/(2xd) - PolyLogl[2, 1 - (2xb*x(c + d*x))/((bxc + d - axd)*(1 + a + b*x))
1/(2%d)

Rule 2352

Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQ[{c, d, e}, x] && EqQle + c*d, 0]

Rule 2449

Int[Logl(c_.)/((d_ ) + (e_.)*(x_))1/((£_) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Logl[2*d*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] && EqQ[c, 2*d] && EqQ[e~2xf + d~2*g, 0]

Rule 2497

Int[Loglu_J*(Pq_ )~ (m_.), x_Symbol] :> With[{C = FullSimplify[Pq m*((1 - u)/
D[u, x]1)]1}, Simp[C*PolyLogl[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &%
PolyQ[Pq, x] &% RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
x] [[2]], Expon[Pq, x]]

Rule 6057
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Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> S
imp[(-(a + b*ArcTanh[c*x]))*(Log[2/(1 + c*x)]/e), x] + (Dist[b*(c/e), Int[L
ogl2/(1 + c*x)]1/(1 - c™2%x72), x], x] - Dist[b*(c/e), Int[Log[2*c*((d + e*x
)/((c*xd + e)*(1 + c*xx)))]/(1 - c”2*%x"2), x], x] + Simp[(a + b*ArcTanh[c*x])
*(Log[2%cx((d + e*xx)/((cxd + e)*(1 + c*x)))]/e), x]) /; FreeQ[{a, b, c, d,
e}, x] && NeQ[c™2%d"2 - e~2, 0]

Rule 6246

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)I*(b_.))"(p_.)*((e_.) + (f_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[((d*e - cxf)/d + f*(x/d)) " m*x(a + bxA
rcTanh[x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGt
Qlp, 0]

Rubi steps

ta,nh_l(x)
/ tanh ™" (a + bx) dp — Subst (f bo—ad | ds dz,z,a + bz)
c+dx o b

tanh ™' (a + bz) log (724 ) tanh ™" (a + bz) log ((bc+d2-b(£§;rg?a+bm)) Subst (f
= - - + ; +

tanh_l(a + bx) log (1 +a2+bx) tanh_l(a + bx) log <(bc+d2—b¢£;;-((ﬁ—)a+bg;)) Liy (1 -
_ tanh™'(a + bz) log (1320 ) N tanh™" (a + bz) log ((bc+d2—b(£$_(clk-vl-)a+bw)) N Liz (1 —
B d d 2d

Mathematica [A]
time = 0.01, size = 138, normalized size = 1.15

log(1 — a — bx) log (— 7:6(?{1‘12) d) log(1 + a + bz) log < bffc(ﬁ?) d) PolyLog (2, —‘ﬁ;“;ﬁ) PolyLog (2, ‘ﬁ:ﬁ#ﬁ)
- 5 * 2d - 2d * 5

Antiderivative was successfully verified.

[In] Integrate[ArcTanh[a + b*x]/(c + d*x),x]

[Out] -1/2%(Logl[l - a - bxx]*Log[-((b*(c + d*x))/(-(b*c) - (1 - a)*d))]1)/d + (Log
[1 + a + b*x]*Log[(b*(c + d*x))/(b*c - (1 + a)*d)]1)/(2xd) - PolyLogl[2, -((d

*(1 - a - b*x))/(-(b*c) - d + axd))]/(2xd) + PolyLogl[2, (d*(1 + a + b*x))/(
—(b*c) + d + axd)]/(2xd)
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Maple [A]
time = 12.58, size = 184, normalized size = 1.53
method result
' dilog(d(—bz—dz;-ﬁ-_lb):_dda—bc—d) In(—bz—a+1) ln<d(—bz—daa-|-_1b)c-s-_d;—bc—d) d110g<d(bz+f;_;j_;ffzbc_d)
risch — - — 5d + 24

( (dilog ( %) +In(da—bc—d(bz+a)) In ( %) ) d (dilog ( __dg;ﬁ;‘;)_}
b —_
2

bln(da—bc—d(bz+a)) arctanh(bz+a) +
d d2

derivativedivides

. —d(bz+a)+d —d(bz+a)+d . —d(bz+a)—
b( (dllog(m)+ln(da7bcfd(bz+a)) ID<W d dilog —datbc—d
5 —

bln(da—bc—d(bz+a)) arctanh(bz+a) +
d d2

default 5

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arctanh(b*x+a)/(d*x+c),x,method=_RETURNVERBOSE)

[Out] 1/b*(b*1ln(d*a-b*c-d*(b*x+a))/d*arctanh(b*x+a)+b/d~2*(1/2*(dilog((-d* (b*x+a)
+d) / (-a*d+b*c+d) ) +1n (d*a-b*c-d* (b*x+a) ) *1n ((-d* (b*x+a) +d) / (-a*d+b*c+d) ) ) *d-
1/2%(dilog((-d* (b*x+a)-d) / (-a*d+b*c-d) ) +1n(d*a-b*xc-d* (b*x+a) ) *1n((-d* (b*x+a

)-d) / (~a*d+b*c-d)))*d))

Maxima [A]
time = 0.26, size = 192, normalized size = 1.60

. . . log(bz+a+1] log(bz+a—1)
1 <log (bz +a—1)log (”ﬁ”jﬁlfdd + 1) + le(fbff_tl‘:l‘:_dd) B log (bz + a + 1) log (bg‘r’_t::i‘{:ld + 1) + Ll;( "f_‘;‘:idjid ) B b(iog( rb tl) _ loglbota-1) ’b i ) log (dz + c) + artanh (bz + a) log (dz + c)
bd bd 2d d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)/(d*x+c),x, algorithm="maxima")

[Out] -1/2%b*((log(b*x + a - 1)*log((b*d*x + a*d - d)/(b*c - axd + d) + 1) + dilo
g(-(b*d*x + a*xd - d)/(bxc - a*d + d)))/(bxd) - (log(b*x + a + 1)*log((b*d*x

+ axd + d)/(bxc - a*d - d) + 1) + dilog(-(b*d*x + a*d + d)/(b*c - axd - d)
))/(b*d)) - 1/2*%b*(log(b*x + a + 1)/b - log(b*x + a - 1)/b)*log(d*x + c)/d

+ arctanh(b*x + a)*log(d*x + c)/d

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)/(d*x+c),x, algorithm="fricas")

[Out] integral(arctanh(b*x + a)/(d*x + c), x)



Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ atanh (a + bx) s

c+dx
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atanh(b*x+a)/(d*x+c),x)
[Out] Integral(atanh(a + b*x)/(c + d*x), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)/(d*x+c),x, algorithm="giac")

[Out] integrate(arctanh(b*x + a)/(d*x + c), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ atanh(a + bx) s
c+dzx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(atanh(a + b*x)/(c + d*x),x)
[Out] int(atanh(a + b*x)/(c + d*x), x)

336
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3.56 f tanh_l(s-i—bx) dx

C+E
Optimal. Leaf size=186
b(d+-cx)
(1 —a—bzx)log(l —a—bx) N (1+ a+ bz)log(l + a + bx) _dlog(l +a + bz)log (_c-q-at—bd) +dlog(1 ¢
2bc 2bc 2¢?

[Out] 1/2*(-b*x-a+1)*1n(-b*x-a+1)/b/c+1/2x(b*x+a+1)*1n(b*x+a+1)/b/c-1/2*d*1n(b*xx+
a+1)*1n(-b* (c*x+d)/(a*c-b*d+c))/c”2+1/2*xd*1n (-b*x-a+1) *1n (b* (c*xx+d) / (-a*c+b
*xd+c))/c"2+1/2*d*polylog (2, c* (-b*x-a+1) /(—a*c+b*xd+c))/c~2-1/2*d*polylog(2,c

* (bxx+a+1) /(axc-bxd+c))/c”2

Rubi [A]

time = 0.17, antiderivative size = 186, normalized size of antiderivative = 1.00, number of

number of rules _ j 439
integrand size ’

steps used = 15, number of rules used = 7, integrand size = 16,
Rules used = {6250, 2456, 2436, 2332, 2441, 2440, 2438}

;[ e(—a—bx+1) [ clatbz+1) b(cz+d) b(ca+d)
dLl?( —actetbd ) _ dLl2( acte—bd ) + dlog(—a —bz +1)log (—ac+bd+c) B dlog(a + be +1) log (*m) N (—a—bz +1)log(—a — bz +1) 4 (a+ bz +1)log(a+ bz + 1)
2¢? pre 2¢? 2¢? 2bc 2bc

Antiderivative was successfully verified.
[In] Int[ArcTanh[a + b*x]/(c + d/x),x]

[Out] ((1 - a - b*x)*Logl[l - a - b*x])/(2%bxc) + ((1 + a + b*x)*Log[l + a + b*x])
/(2xbxc) - (d*Logl[l + a + b*x]*Log[-((b*(d + c*x))/(c + axc - b*d))])/(2xc~

2) + (d*Logl[l - a - b*x]*Log[(b*(d + c*x))/(c - axc + b*d)])/(2%c”2) + (d*P
olyLog[2, (c*(1 - a - b*x))/(c - a*c + bxd)])/(2*c”2) - (d*PolyLog[2, (c*(1

+ a + b*x))/(c + axc - b*xd)])/(2xc"2)

Rule 2332

Int[Logl(c_.)*(x_)"(n_.)], x_Symbol] :> Simp[x*Loglc*x~n], x] - Simp[n*x, x
1 /; FreeQ[{c, n}, x]

Rule 2436

Int[((a_.) + Logl(c_.)*((d_ ) + (e_.)*(x_))"(n_.)]1*(b_.))"(p_.), x_Symbol]
> Dist[1/e, Subst[Int[(a + b*Loglc*x™n])~p, x], x, d + e*x], x] /; FreeQ[{a
, b, c, d, e, n, p}, x]

Rule 2438
Int[Logl(c_.)*((d)) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)xexx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[cxd, 1]

Rule 2440



338

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*x(x_))]*x(b_.))/((£f_.) + (g_.)*(x_)), x_
Symbol] :> Dist[1/g, Subst[Int[(a + bxLogl[l + cxex(x/g)])/x, x], x, £ + g*x
1, x] /; FreeQ[{a, b, c, d, e, f, g}, x] && NeQ[exf - d*g, 0] && EqQlg + c*
(exf - dxg), 0]

Rule 2441

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))"(n_.)I*(b_.))/((f_.) + (g_.)*(x_
)), x_Symbol] :> Simp[Loglex((f + g*x)/(exf - d*xg))]1*((a + b*Loglcx(d + exx
)°nl)/g), x] - Dist[bxex(n/g), Int[Logl(ex(f + g*x))/(exf - d*g)]/(d + e*x)
, x]1, x]1 /; FreeQ[{a, b, ¢, d, e, f, g, n}, x] && NeQ[exf - dxg, 0]

Rule 2456

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_)) " (n_.)1*(b_.))"(p_)*x((f_) + (g_.
)*(x_)~(r_))~"(q_.), x_Symbol] :> Int[ExpandIntegrand[(a + b*Logl[cx(d + e*x)
“nl])"p, (f + gxx"r)"q, x], x] /; FreeQ[{a, b, c, d, e, f, g, n, 1}, x] & I
GtQlp, 0] && IntegerQ[ql && (GtQlq, 0] || (IntegerQlr] && NeQ[r, 11))

Rule 6250
Int[ArcTanh([(c_) + (d_.)*(x_)1/((e ) + (f_.)*(x_)"(n_.)), x_Symbol] :> Dist

[1/2, Int[Log[l + c + d*x]/(e + f*x"n), x], x] - Dist[1/2, Int[Logl[l - c -
dxx]/(e + fxx"n), x], x] /; FreeQl{c, d, e, £}, x] && RationalQ[n]

Rubi steps

-1 _ _
/tanh (ad—i- bx) dp — — l/log(l ad bx) i +1/log(1 +ad—|- bx) i
c+ 2 c+ 2 c+ ¢

_ 1/ log(l1—a—bz) dlog(l—a—bz) log(l+a+bz) d
2 c c(d+ cx) c

[log(1—a—bx)d f log(1+a+bz)d f 1°g(§+iz ™ da

4

log(1+a+bz)
T dter

2c 2c 2c

2c

b(d+cx (d+cz
leg(l +a+ bIE) IOg <_c—$—ac—b31> n leg(l —a-—= bIE) lOg (c ac-l—b21> n S'llet(f IOg

2c2 2c2

_ (1—a—bx)log(l —a—bx) N (1+a+bz)log(l+a+ba) dlog(1 + a + br) log

2bc 2bc

2c2

_ (1—a—bx)log(l —a—bx) N (I1+a+bz)log(l+a+bz) dlog(1 + a + bz)log

2bc 2bc

2c2
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Mathematica [C] Result contains complex when optimal does not.
time = 3.16, size = 759, normalized size = 4.08

Antiderivative was successfully verified.

[In] Integrate[ArcTanh[a + bxx]/(c + d/x),x]

[Out] (-2%a~2*%c~2*xArcTanh[a + b*x] + 2%axbxckdxArcTanh[a + b*x] + I*axbkxcxd*PixAr

cTanh[a + b*x] - Ixb~2%d"2*Pi*ArcTanh[a + b*x] - 2%a*b*c™2*x*ArcTanh[a + bx
x] + 2xb~2*ckd*x*ArcTanh[a + b*x] - 2%a*bkcxdxArcTanh[a - (b*d)/c]*ArcTanh[
a + b*x] + 2xb~2xd"2xArcTanh[a - (b*d)/c]l*ArcTanh[a + b*x] - b*c*kd*ArcTanh[
a + bxx]~2 - axb*cxdxArcTanh[a + b*x]~2 + b~2*d~2*ArcTanh[a + b*x]~2 + b*c*
d*Sqrt[1 - a~2 + (2*%a*b*d)/c - (b"2*%d"2)/c~2]*E~ArcTanh[a - (b*d)/c]*ArcTan
h[a + b*x]~2 - 2xaxb*c*d*ArcTanh[a - (b*d)/c]*Log[l - E~(2*(ArcTanh[a - (b*
d)/c] - ArcTanh[a + b*x]))] + 2¥b~2xd~2*ArcTanh[a - (b*d)/c]l*Logl[l - E~(2*(
ArcTanh[a - (b*d)/c] - ArcTanh[a + b*x]))] + 2*axbxc*d*ArcTanh[a + b*x]*Log
[1 - E7(2*x(ArcTanh[a - (b*d)/c] - ArcTanh[a + b*x]))] - 2*%b~2*d~2*ArcTanh[a
+ bxx]*Log[1 - E~(2*(ArcTanh[a - (b*d)/c] - ArcTanh[a + bx*x]))] - 2*axb*c*
dxArcTanh[a + b*x]*Log[l + E~(-2%ArcTanh[a + b*x])] + 2%xb~2*%d~2*ArcTanh[a +
b*x]*Log[1 + E~(-2%ArcTanh[a + b*x])] - I*axb*c*d*Pi*Log[1l + E~(2xArcTanh[
a + bxx])] + I*b~2xd"2+PixLog[l + E~(2*ArcTanh[a + b*x])] + 2%a*xc™2xLog[1/S
qrt[1 - (a + b*x)~2]] - 2xbxc*d*Log[1/Sqrt[1 - (a + b*x)~2]] + Ixa*b*c*kd*Pi
xLog[1/Sqrt[1 - (a + bxx)~2]] - I*b~2xd"2+PixLog[1/Sqrt[1 - (a + bxx)~2]] +
2xaxbxc*d*¥ArcTanh[a - (b*d)/c]*Log[(-I)*Sinh[ArcTanh[a - (b*d)/c] - ArcTan
hfa + b*x]]] - 2xb~2*%d"2*ArcTanh[a - (b*d)/c]*Log[(-I)*Sinh[ArcTanh[a - (b*
d)/c] - ArcTanh[a + b*x]]] + bxd*(-(a*c) + b*d)*PolyLog[2, E~(2*(ArcTanh[a
- (b*d)/c] - ArcTanh[a + b*x]))] + b*d*(a*c - bxd)*PolyLog[2, -E~(-2*ArcTan
hla + b*x])]1)/(2¥b*c™2*(-(axc) + bxd))

Maple [A]
time = 8.19, size = 305, normalized size = 1.64

method result
. c(—=bz—a+1)+ac—db—c
risch __In(=bz—a+1)z _ In(—bz—a+l)a + In(—bz—a+1) 1 dd110g< ac—db—c ) dln(—-bz—a+1
2¢c 2bc 2bc be 2c2
bd In(ac—db—c(bz+a)) In ( %) bd dilog ( %
arctanh(bz+a)(bz+a) _ arctanh(bz+a)dbln(ac—db—c(bz+a)) + - ¢ - ¢
derivativedivides . =
bd In(ac—db—c(ba+a)) In (%) bd dilog(%
arctanh(bz+a)(bz+a)  arctanh(bz+a)dbln(ac—db—c(bz+a)) + - P - 5C
default - =

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arctanh(b*x+a)/(c+d/x),x,method=_RETURNVERBOSE)
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[Out] 1/b*x(arctanh(b*x+a)/c*(b*x+a)-arctanh(b*x+a)*d*b/c”2*1n(a*c-d*b-c*(b*xx+a))+
1/c*(-1/2xb*d/c*1n(a*xc—d*b-c* (b*x+a)) *1n((-cx(b*x+a)+c)/(-a*xc+b*d+c))-1/2%b
*d/c*dilog((-c*(bxx+a)+c)/(-axc+b*d+c))+1/2+b*d/cx1ln(a*xc-d*b-c* (b*x+a))*1n(
(—c*x(b*x+a)-c) / (—a*c+b*d-c) ) +1/2*bxd/c*dilog ((—c* (b*xx+a)-c)/(-a*xc+b*d-c))+1
/2*%1n(a"2*xc”2-2xbxaxd*c+d~2*%b"2-2*axc* (axc—d*xb—c* (b*xx+a) ) +2*%b*d* (a*c—-d*xb-cx*
(bxx+a))-c~2+(a*c-dxb-c*x(bxx+a))~2)))

Maxima [A]
time = 0.27, size = 192, normalized size = 1.03

1/ 4 d) log (Leztbd | 1) 4 Liy (= beztbd )\ g (] 4 d)log (Letbd | 1) 4 Ly (— beztbd }) g Dl 1 _ 1)1 1 ; 1 :
§b<( og (cz +d) log (acfbds:c/z ) i unszﬂ»c)) _ (log (cz + d) log (ap.fbdfbp.cz ) iy (— L) + (a+1) Ogbg:”*‘l* ) (a-1) 03[)2?*“ ) + (% _ dlog (;Ter)) artanh (bz + @)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)/(c+d/x),x, algorithm="maxima")

[Out] 1/2*%bx((log(c*x + d)*log((bxc*x + b*d)/(a*c - bxd + c) + 1) + dilog(-(bxc*x
+ bxd)/(a*c - bxd + c)))*d/(b*c”2) - (log(c*x + d)*log((bxc*xx + b*xd)/(axc

- bxd - c) + 1) + dilog(-(bxc*x + b*d)/(a*c - bxd - c)))*d/(b*c”2) + (a + 1
)*¥log(b*x + a + 1)/(b"2%c) - (a - 1)*log(b*x + a - 1)/(b"2%c)) + (x/c - dx*l
og(c*x + d)/c”2)*arctanh(b*x + a)

Fricas [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)/(c+d/x),x, algorithm="fricas")
[Out] integral(x*arctanh(b*x + a)/(c*x + d), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00
/ z atanh (a + bx) s
cr+d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atanh(b*x+a)/(c+d/x),x)
[Out] Integral(x*atanh(a + b*x)/(c*x + d), x)
Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)/(c+d/x),x, algorithm="giac")

[Out] integrate(arctanh(b*x + a)/(c + d/x), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

h
/atan (a:il—bx) s
C+;

Verification of antiderivative is not currently implemented for this CAS.

[In] int(atanh(a + b*x)/(c + d/x),x)
[Out] int(atanh(a + b*x)/(c + d/x), x)
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3.57 f tanh_l(a—l—bx) dx

c#—j%

Optimal. Leaf size=545

o _b(ﬁ-ﬁw)
\/chog(l a bx)log( o

(1—a—bx)log(l —a—bx)+(1+a+bx)log(1+a+bx)+

2bc 2bc 4(—c)3/?

[Out] 1/2*(-b*x-a+1)*1n(-b*x-a+1)/b/c+1/2*(b*x+a+1)*1n(b*x+a+1)/b/c+1/4*1n(-b*x-a
+1)*1n(-b* (-x*x(-c)~(1/2)+d~(1/2))/((1-a)*(-c)~(1/2)-b*d~(1/2)))*d~(1/2) /(-c
)~ (3/2)+1/4*1n(b*x+a+1) *1n(-b* (x*(-c) ~(1/2)+d~(1/2))/((1+a) *(-c) ~(1/2) -b*d"
(1/2)))*d~(1/2)/(-c)~(3/2)-1/4*1n(-b*x-a+1) *1n(b* (x*x(-c) ~(1/2)+d~(1/2))/((1
—a)*(-c)~(1/2)+b*xd~(1/2)))*d~(1/2)/(-c)~(3/2)-1/4*1n(b*x+a+1) *1n (b* (-x* (-c)
~(1/2)+d"(1/2))/((1+a)*(-c)~(1/2)+b*d~ (1/2)) ) *d~ (1/2) / (-c) ~(3/2) +1/4*polylo
g(2, (-b*x-a+1)*(-c)~(1/2)/((-c)~(1/2)-a*(-c)~(1/2)-bxd~(1/2)))*d~(1/2)/(-c)
~(3/2)+1/4*polylog(2, (b*x+a+1)*(-c)~(1/2)/((1+a)*(-c)~(1/2)-bxd~(1/2)))*d"(
1/2)/(-c)~(3/2)-1/4xpolylog(2, (-b*x-a+1)*(-c)~(1/2)/((1-a)*(-c) "~ (1/2) +b*d"~(
1/2)))*d~(1/2)/(-c)~(3/2)-1/4*polylog(2, (b*x+a+1)*(-c)~(1/2)/((1+a)*(-c)~ (1
/2)+b*d~(1/2)))*d~(1/2)/(-c)~(3/2)

Rubi [A]
time = 0.65, antiderivative size = 545, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.438,

steps used = 25, number of rules used = 7, integrand size = 16
Rules used = {6250, 2456, 2436, 2332, 2441, 2440, 2438}

= \ ( \ ( \ VA log(-a bz 4 1) ( L)V ogt-a- b+ g | 2 ﬂ) I ogla + b 4 1) ( ) VA tog(a+ b+ 1) (%‘ i
(Ve (e | (e | gy (e | VA log(-a — br-+ 1log [ - T tog(-a o+ iog VN gt 1y10g (A0 T tog(a-+ b+ 1) log -
i L"’(w?,,.\:,m,l - T Jofete) V(e ) VLG =) v ) V) Ve d COVENT ) oot Yog(-a—be 1) (ot ot Dloglas o+ 1)
o o o o Fe — o 5 p e

Antiderivative was successfully verified.
[In] Int[ArcTanh[a + b*x]/(c + d/x72),x]

[Out] ((1 - a - b*x)*Logl[l - a - b*x])/(2¥bxc) + ((1 + a + b*x)*Log[l + a + b*x])
/(2xbxc) + (Sqrt[d]l*Log[l - a - b*x]*Log[-((b*x(Sqrt[d] - Sqrt[-cl*x))/((1 -
a)*Sqrt[-c] - bxSqrt[d]))])/(4x(-c)~(3/2)) - (Sqrt[d]l*Log[l + a + b*x]*Log
[(bx(Sqrt[d] - Sqrt[-cl*x))/((1 + a)*Sqrt[-c] + b*Sqrtl[d])])/(4*x(-c)~(3/2))
+ (Sqrt[dl*Log[1l + a + b*x]*Log[-((bx(Sqrt[d] + Sqrt[-cl*x))/((1 + a)*Sqrt
[-c] - bxSqrt([d]))])/(4x(-c)~(3/2)) - (Sqrtl[d]l*Log[l - a - b*x]*Log[(b*(Sqr
t[d] + Sqrtl-cl*x))/((1 - a)*Sqrt[-c] + b*Sqrt[d])])/(4x(-c)~(3/2)) + (Sqrt
[d]*PolyLog[2, (Sqrt[-cl*(1 - a - b*x))/(Sqrt[-c] - a*Sqrt[-c] - b*Sqrt[d])
1)/(4x(-c)~(3/2)) - (Sqrtl[d]*PolyLog[2, (Sqrt[-cl*(1 - a - b*x))/((1 - a)*S
qrt[-c] + b*Sqrt[d])])/(4x(-c)~(3/2)) + (Sqrt[d]*PolyLog[2, (Sqrt[-c]*(1 +
a + bxx))/((1 + a)*Sqrt[-c] - b*Sqrt[d])])/(4x(-c)~(3/2)) - (Sqrt[d]*PolyLo
gl2, (Sqrtl-cl*(1 + a + b*xx))/((1 + a)*Sqrt[-c] + b*Sqrt[d])])/(4*x(-c)~(3/2
)
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Rule 2332

Int[Logl(c_.)*(x_)"(n_.)], x_Symbol] :> Simp[x*Loglc*x”n], x] - Simp[n*x, x
1 /; FreeQ[{c, n}, x]

Rule 2436

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))"(n_.)]1*(b_.))"(p_.), x_Symbol] :
> Dist[1/e, Subst[Int[(a + b*Loglc*x™n])~p, x], x, d + e*x], x] /; FreeQ[{a
» b, c,d, e, n, p}, x]

Rule 2438

Int[Log[(c_.)*((d)) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*e*x"nl/n, x] /; FreeQl[{c, d, e, n}, x] &% EqQlc*d, 1]

Rule 2440

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))]*x(b_.))/((£f_.) + (g_.)*(x_)), x_
Symbol] :> Dist[1/g, Subst[Int[(a + bxLogl[l + cxex(x/g)])/x, x], x, £ + g*x
1, x] /; FreeQ[{a, b, c, d, e, £, g}, x] && NeQ[exf - d*g, 0] && EqQlg + c*
(exf - dxg), 0]

Rule 2441

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))"(n_)I*(b_.))/((£f_.) + (g_.)*(x_
)), x_Symbol] :> Simp[Loglex((f + g*x)/(exf - d*xg))]1*((a + b*Loglcx(d + exx
)°nl)/g), x] - Dist[bxex(n/g), Int[Logl(ex(f + g*x))/(exf - d*g)]/(d + e*x)
, x1, x]1 /; FreeQ[{a, b, ¢, d, e, f, g, n}, x] && NeQ[exf - dxg, 0]

Rule 2456

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_)) " (n_.)1*x(b_.))"(p_)*x((f_) + (g_.
)*(x_)~(r_))~(q_.), x_Symbol] :> Int[ExpandIntegrand[(a + b*Logl[cx(d + e*x)
“nl])p, (f + gxx"r)°q, x], x] /; FreeQ[{a, b, c, d, e, f, g, n, 1}, x] & I
GtQlp, 0] && IntegerQ[ql && (GtQlq, 0] || (IntegerQlr] && NeQ[r, 1]))

Rule 6250

Int[ArcTanh([(c_) + (d_.)*(x_)1/((e ) + (f_.)*(x_)"(n_.)), x_Symbol] :> Dist
[1/2, Int[Log[l + c + d*x]/(e + f*x"n), x], x] - Dist[1/2, Int[Logl[l - c -
dxx]/(e + fxx"n), x], x] /; FreeQl{c, d, e, £}, x] && RationalQ[n]

Rubi steps
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-1 _ _
/tanh (ad—i- bx) dp — — l/log(l ad bx) i +1/log(1 —l—ad+ bx) i
(e 2 c+ = 2 c+ =

_ (%/ (log(l —ca —bz) dlo;gg(lj;cczx;)bz)> dac) N %/ <log(1 —|—Ca +bz) d

_ [log(1 —a—bz)d f log(1+a+bzx)d d / log((ll_’_ct;sz) dr  d / loggl:c(;tbw)
2c 2c 2c 2c

_ Subst( [ log(z) dz,z,1 — a — bx) N Subst( [ log(z) dz,z,1 + a + bx) N (2\/67

2bc 2bc
\/CT f _log(1—a—bzx)
(1—a—bx)log(l1—a—bx) (1+a+bx)log(l+a+ bx) Vd-—y=ca V_C””
= + +
2bc 2bc 4c

Vd log(1 —a — bz)
_ (I—a—bzx)log(l —a— bx) N (14 a+ bx)log(l+ a+ bx) 4
B 2bc 2bc 4

Vd log(l —a — bx)
(1—a—-0bzx)log(l—a—0bzx) (1+a+bzx)log(l+a+bx)
= + +
2bc 2bc 4

Vd log(l —a — bx)
(1—a—-bzx)log(l—a—0bzx) (1+a+bzx)log(l+a+bx)
= + +
2bc 2bc 4

Mathematica [C] Result contains complex when optimal does not.
time = 20.08, size = 1456, normalized size = 2.67

Warning: Unable to verify antiderivative.

[In] Integrate[ArcTanh[a + b*x]/(c + d/x72),x]

[Out] ((a + b*x)*ArcTanh[a + b*x] - Logl[1/Sqrt[l - (a + b*x)~2]]1)/(b*c) + (Sqrtld
1% ((2*I)*Sqrt [c]*ArcTan[((-1 + a)*Sqrt[c])/(b*Sqrt[d])]*ArcTan[(Sqrt[c]*x)/
Sqrt[d]] - (2xI)*a~2xSqrt[c]l*ArcTan[((-1 + a)*Sqrt[c])/(b*Sqrt[d])]*ArcTan[
(Sqrt [c]l*x)/Sqrt[d]] - (2*I)*Sqrtlc]*ArcTan[((1 + a)*Sqrtl[cl)/(b*Sqrt[d])]x*
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ArcTan[(Sqrt[c]*x)/Sqrt[d]] + (2*I)*a~2*Sqrt[c]*ArcTan[((1 + a)*Sqrtl[cl)/(b
*Sqrt [d])]*ArcTan[(Sqrt [c]*x) /Sqrt[d]] - 2*bxSqrt[d]*ArcTan[(Sqrt[c]#*x)/Sqr
t[d]]1°2 + (b*Sqrt[d]*Sqrt[((-1 + a)~2*c + b~2*d)/(b~2*d)]*ArcTan[(Sqrt [c]*x
)/Sqrt[d]]~2)/E~(I*ArcTan[((-1 + a)*Sqrt[c])/(b*Sqrt[d])]) + (a*bxSqrt[d]*S
qrt[((-1 + a)~2xc + b~2*xd)/(b~2*d)]*ArcTan[(Sqrt [c]*x)/Sqrt[d]]~2)/E~ (I*Arc
Tan[((-1 + a)*Sqrt([c]l)/(b*Sqrt[d])]) + (b*Sqrt[dl*Sqrt[((1 + a)~2xc + b~2*d
)/ (b~2%d) ] *ArcTan[(Sqrt [c]*x)/Sqrt [d]]~2) /E~(I*ArcTan[((1 + a)*Sqrt[c])/(b*
Sqrt[d])]) - (a*b*Sqrt[d]l*Sqrt[((1 + a)~2*c + b~2%d)/(b~2*d)]*ArcTan[(Sqrt[
cl*x)/Sqrt[d]]1~2)/E~(I*ArcTan[((1 + a)*Sqrt[c]l)/(b*Sqrt[d])]) - 4x(-1 + a~2
)*Sqrt [c]*ArcTan[(Sqrt [c]*x)/Sqrt [d]]*ArcTanh[a + b*x] + 2*Sqrt[c]*ArcTan[(
(-1 + a)*Sqrt[cl)/(b*Sqrt[d])]*Logll - E~((-2*I)*(ArcTan[((-1 + a)*Sqrt[c])
/(bxSqrt[d])] + ArcTan[(Sqrt[cl*x)/Sqrtl[d]]))] - 2*a~2xSqrt([c]*ArcTan[((-1

+ a)*Sqrt[cl)/(bxSqrt[d])]*Logl[l - E~((-2*I)*(ArcTan[((-1 + a)*Sqrt[c])/(b*
Sqrt[d])] + ArcTan[(Sqrt[c]l*x)/Sqrtl[d]l]))] + 2*Sqrt[c]l*ArcTan[(Sqrt[c]l*x)/S
qrt[d]]1*Log[1l - E~((-2*I)*(ArcTan[((-1 + a)*Sqrt[c])/(b*Sqrt[d])] + ArcTan[
(Sqrt[c]l*x)/Sqrt[d]]))] - 2*xa~2xSqrt[c]*ArcTan[(Sqrt[c]*x)/Sqrt[d]]*Logl[l -
E~((-2*I)*(ArcTan[((-1 + a)*Sqrtlc])/(b*Sqrt[d])] + ArcTan[(Sqrt[c]*x)/Sqr
t[d]1))] - 2*Sqrtlcl*ArcTan[((1 + a)*Sqrt[cl)/(b*Sqrt[d])]*Logl[l - E~((-2*I
)*(ArcTan[((1 + a)*Sqrt[c])/(b*Sqrt[d])] + ArcTan[(Sqrt[cl*x)/Sqrt[d]l]))] +
2*%a~2*Sqrt [c] *ArcTan[((1 + a)*Sqrt[c])/(b*Sqrt[d])]*Logll - E~((-2*I)*(Arc
Tan[((1 + a)*Sqrt[c])/(bxSqrt[d])] + ArcTan[(Sqrt[cl*x)/Sqrt[d]]))] - 2xSqr
t [c]*ArcTan[(Sqrt [c]*x)/Sqrt[d]]*Log[l - E~((-2*I)*(ArcTan[((1 + a)*Sqrt[c]
)/ (bxSqrt[d])] + ArcTan[(Sqrt[cl*x)/Sqrt[d]]))] + 2xa~2+Sqrt[c]*ArcTan[(Sqr
t[c]*x)/Sqrt[d]]*Log[1 - E~((-2*I)*(ArcTan[((1 + a)*Sqrt[cl)/(b*Sqrt[d])] +
ArcTan[(Sqrt[c]l*x)/Sqrt[d]]))] - 2xSqrtl[cl*ArcTan[((-1 + a)*Sqrt[c])/(b*Sq
rt[d])]*Log[-Sin[ArcTan[((-1 + a)*Sqrt[c]l)/(b*Sqrt[d])] + ArcTan[(Sqrt[c]*x
)/Sqrt[d]]]] + 2%a~2*Sqrt[cl*ArcTan[((-1 + a)*Sqrt[c])/(b*Sqrt[d])]*Log[-Si
n[ArcTan[((-1 + a)*Sqrtlc])/(b*Sqrt[d])] + ArcTan[(Sqrt[c]*x)/Sqrt[d]]]] +

2xSqrt [c] *ArcTan[((1 + a)*Sqrt[cl)/(b*Sqrt[d])]*Log[-Sin[ArcTan[((1 + a)*Sq
rt[c])/(b*Sqrt[d]l)] + ArcTan[(Sqrtlcl*x)/Sqrt[d]]]] - 2*a~2*Sqrt[c]*ArcTan[
((1 + a)*Sqrtlcl)/(bxSqrt[d])]*Log[-Sin[ArcTan[((1 + a)*Sqrt[c])/(b*Sqrt [d]
)] + ArcTan[(Sqrt[cl*x)/Sqrtl[d]]]] - Ix(-1 + a~2)*Sqrt[c]l*PolyLog[2, E~((-2
*I)*(ArcTan[((-1 + a)*Sqrt[c])/(b*Sqrt[d])] + ArcTan[(Sqrt[c]*x)/Sqrtl[d]l]))
1 + Ix(-1 + a~2)*Sqrt[c]l*PolyLog[2, E~((-2*I)*(ArcTan[((1 + a)*Sqrt[c])/(b*
Sqrt[d])] + ArcTan[(Sqrt[cl*x)/Sqrtld]l]))]))/(4x(-1 + a~2)*c~2)

Maple [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 2.90, size = 10288, normalized size = 18.88

method result
dln(—bz—a+1) ll’l(b V —dC —c(—b‘z—a+1)—ac+c
. In(—bz—a+1)z In(—bz—a+1)a In(—bz—a+1) 1 b\/—dC —acte ,
risch - 2c - 2bc + 2bc T be '
4c\/—dC
derivativedivides | Expression too large to display



346

‘ default Expression too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arctanh(b*x+a)/(c+d/x"2),x,method=_RETURNVERBOSE)
[Out] result too large to display

Maxima [C] Result contains complex when optimal does not.
time = 0.55, size = 651, normalized size = 1.19

'LA"" J‘ 20+ Uelog b 0+ a1+ (bt () g (St

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)/(c+d/x"2),x, algorithm="maxima")

[Out] -(d*arctan(c*x/sqrt(c*d))/(sqrt(c*d)*c) - x/c)*arctanh(b*x + a) + 1/4x(2*(a
+ 1)*cxlog(b*x + a + 1) - 2x(a - 1)*cxlog(b*x + a - 1) + (b*arctan(sqrt(c)
*x/sqrt(d) ) *1log((b"2*c*xx"2 + 2x(a + 1)*bkcxx + (a”2 + 2*%a + 1)*c)/(b"2*d +
(™2 + 2xa + 1)*c)) - bxarctan(sqrt(c)*x/sqrt(d))*log((b~2%c*x"2 + 2x(a - 1
)*¥b*ckx + (2”2 - 2%a + 1)*c)/(b"2xd + (2”2 - 2*a + 1)*c)) + Ixbxdilog(((a -
1)*bxc*xx + b"2xd + (Ixb~2*x + (-Ixa + I)*b)*sqrt(c)*sqrt(d))/(2x(-I*a + I)
*xbxsqrt(c)*sqrt(d) + b™2xd - (a2 - 2*a + 1)*c)) - Ixbxdilog(-((a - 1)*Db*cx*
X + b72%d - (I*b"2*x + (-I*a + I)*b)*sqrt(c)*sqrt(d))/(2*(-I*a + I)*b*sqrt(
c)xsqrt(d) - b™2xd + (2”2 - 2%a + 1)*c)) - I*b*dilog(((a + 1)*bxcxx + b~2xd
+ (I*b~2*x + (-I*a - I)#*b)*sqrt(c)*sqrt(d))/(2*(-Ixa - I)*b*sqrt(c)*sqrt(d
) + b72xd - (a”2 + 2%a + 1)*c)) + I*b*xdilog(-((a + 1)*b*c*x + b~2xd - (I*b~
2xx + (-I*a - I)*b)*sqrt(c)*sqrt(d))/(2*«(-I*a - I)*bxsqrt(c)*sqrt(d) - b~2x
d + (272 + 2%a + 1)*c)) - (b*arctan2((b"2*x + (a + 1)*b)*sqrt(c)*sqrt(d)/(b
~2xd + (a”2 + 2*a + 1)*c), ((a + 1)*bxc*x + (a”2 + 2%xa + 1)*c)/(b"2xd + (a~
2 + 2%a + 1)*c)) - bxarctan2((b"2*x + (a - 1)*b)*sqrt(c)*sqrt(d)/(b~2+d + (
a”2 - 2%a + 1)*c), ((a - 1)*bxcxx + (2”2 - 2%a + 1)*c)/(b™2%d + (a"2 - 2*a
+ 1)*c)))*log(c*x~2 + d))*sqrt(c)*sqrt(d))/(bxc~2)

Fricas [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)/(c+d/x"2),x, algorithm="fricas")
[Out] integral(x~2*arctanh(b*x + a)/(c*x"2 + d), x)

Sympy [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atanh(b*x+a)/(c+d/x**2),x)
[Out] Timed out

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)/(c+d/x"2),x, algorithm="giac")
[Out] integrate(arctanh(b*x + a)/(c + d/x"2), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ atanh(a + bx) d

d
C+x—2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(atanh(a + b*x)/(c + d/x"2),x)
[Out] int(atanh(a + b*x)/(c + d/x"2), x)
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3.58 f tanh ! (a+bx) dx

c#—j%

Optimal. Leaf size=832

b \?’/E—l—%x
Vd log(1+ a+ bz)log —(3—\3/2
(1—a—bx)log(l—a— bx)+(1 +a+ bzx)log(l + a + bx) B (1+a)¥/c -V d N
2bc 2bc 6c4/3

[Out] 1/2*(-b*x-a+1)*1n(-b*x-a+1)/b/c+1/2x(b*x+a+1)*1n(b*x+a+1)/b/c-1/6%d~(1/3)*1
n(bxx+a+1)*1n(-b*(d~(1/3)+c”(1/3)*x)/((1+a)*c~(1/3)-b*d~(1/3)))/c~(4/3)+1/6
*d~ (1/3) *1n(-b*x-a+1)*1n(b*x(d~ (1/3)+c~(1/3)*x) /((1-a)*c~(1/3)+b*d~(1/3))) /c
~(4/3)+1/6x(-1)"(2/3)*d" (1/3) *1n(-b*x-a+1) *1n(-b*(d~(1/3)-(-1)~(1/3) *c~(1/3
)*x) /((-1)~(1/3)*(1-a)*c~(1/3)-b*d~(1/3)))/c~(4/3)-1/6%(-1)~(2/3)*d~(1/3) *1
n(bxx+a+1)*1n(b*x(d~(1/3)-(-1)"(1/3)*c~(1/3)*x) / ((-1)~(1/3) *(1+a) *c~ (1/3) +b*
d~(1/3)))/c~(4/3)+1/6%(-1)~(1/3)*d~ (1/3) *1n(b*x+a+1) *1In(-b*x (d~(1/3)+(-1)~ (2
/3)*c~(1/3)*x) /((-1)~(2/3)*(1+a)*c~(1/3)-b*xd~(1/3)))/c~(4/3)-1/6*%(-1)~(1/3)
*d~(1/3)*1n(-b*x-a+1) *1n(b*(d~(1/3)+(-1)~(2/3)*c~(1/3)*x) / ((-1)~(2/3)*(1-a)
*c™(1/3)+b*d~(1/3))) /c~(4/3)+1/6%(-1)~(2/3)*d~ (1/3) *polylog(2, (-1)~(1/3) *c~
(1/3)*(-bxx-a+1) /((-1)~(1/3)*(1-a)*c~(1/3)-b*xd~(1/3))) /c~(4/3)+1/6xd~(1/3) *
polylog(2,c~(1/3)*(-bxx-a+1)/((1-a)*c~(1/3)+b*d~(1/3)))/c~(4/3)-1/6%(-1)"(1
/3)*d~ (1/3)*polylog(2, (-1)~(2/3)*c~(1/3)*(-b*x-a+1) /((-1)~(2/3)*(1-a)*c~(1/
3)+bxd~(1/3)))/c~(4/3)-1/6%d" (1/3)*polylog(2,c” (1/3)* (bxx+a+1)/((1+a)*c~(1/
3)-b*d~(1/3)))/c~(4/3)+1/6%(-1)~(1/3)*d"~ (1/3) *polylog(2, (-1)~(2/3) *c~(1/3) *
(b*xx+a+1)/((-1)~(2/3)*(1+a)*c~(1/3)-b*d~(1/3)))/c~(4/3)-1/6%(-1)"(2/3)*d~ (1
/3)*polylog(2, (-1)~(1/3)*c~(1/3) *(bxx+a+1) /((-1)~(1/3) *(1+a) *c~ (1/3) +b*d~ (1
/3)))/c~(4/3)

Rubi [A]
time = 1.10, antiderivative size = 832, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.438,

steps used = 31, number of rules used = 7, integrand size = 16
Rules used = {6250, 2456, 2436, 2332, 2441, 2440, 2438}

Antiderivative was successfully verified.
[In] Int[ArcTanh[a + b*x]/(c + d4/x"3),x]

[Out] ((1 - a - b*x)*Logl[l - a - b*x])/(2*bxc) + ((1 + a + bxx)*Log[l + a + b*x])
/(2%b*xc) - (d7(1/3)*Logl[l + a + bxx]*Log[-((bx(d~(1/3) + c~(1/3)*x))/((1 +
a)*c™(1/3) - bxd~(1/3)))1)/(6%c™(4/3)) + (d~(1/3)*Logl[1l - a - b*x]*Log[(b*(
d~(1/3) + c~(1/3)*x))/((1 - a)*c™(1/3) + bxd~(1/3))]1)/(6xc~(4/3)) + ((-1)~(
2/3)*d”~(1/3)*Logl[1l - a - bxx]*Log[-((b*(d~(1/3) - (-1)7(1/3)*c~(1/3)*x))/((
-1)7(1/3)*(1 - a)*c™(1/3) - b*d~(1/3)))1)/(6%c~(4/3)) - ((-1)7(2/3)*d~(1/3)
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*xLog[1 + a + b*x]*Log[(b*(d~(1/3) - (-1)~(1/3)*c”~(1/3)*x))/((-1)~(1/3)*(1 +
a)*xc~(1/3) + b*d~(1/3))1)/(6xc~(4/3)) + ((-1)"(1/3)*d~(1/3)*Logl[1l + a + bx
x]*Log[-((b*(d~(1/3) + (-1)7(2/3)*c~(1/3)*x))/((-1)~(2/3)*(1 + a)*c~(1/3) -
b*d~(1/3)))]1)/(6%c~(4/3)) - ((-1)~(1/3)*d~(1/3)*Log[1 - a - bxx]*Log[(bx(d
~(1/3) + (-1)7(2/3)*c~(1/3)*x))/((-1)~(2/3)*(1 - a)*c~(1/3) + bxd~(1/3))1)/
(6%c~(4/3)) + ((-1)"(2/3)*d"~(1/3)*PolyLog[2, ((-1)~(1/3)*c~(1/3)*(1 - a - b
*x))/((-1)~(1/3)*(1 - a)*c~(1/3) - b*d~(1/3))]1)/(6%c~(4/3)) + (d~(1/3)*Poly
Log[2, (c™(1/3)*(1 - a - b*x))/((1 - a)*c™(1/3) + b*d~(1/3))1)/(6%c~(4/3))
- ((-1)~(1/3)*d~(1/3)*PolyLog[2, ((-1)7(2/3)*c~(1/3)*(1 - a - bx*x))/((-1)"(
2/3)*%(1 - a)*c~(1/3) + b*d~(1/3))1)/(6%c~(4/3)) - (d~(1/3)*PolyLogl[2, (c~(1
/3)%(1 + a + bxx))/((1 + a)*c~(1/3) - b*d~(1/3))1)/(6%c~(4/3)) + ((-1)~(1/3
)*d~(1/3)*PolyLog[2, ((-1)~(2/3)*c~(1/3)*(1 + a + b*x))/((-1)~(2/3)*(1 + a)
*c~(1/3) - bxd~(1/3))1)/(6%c~(4/3)) - ((-1)~(2/3)*d~(1/3)*PolyLogl[2, ((-1)~
(1/3)*c~(1/3)*(1 + a + b*x))/((-1)~(1/3)*(1 + a)*c~(1/3) + b*d~(1/3))1)/ (6%
c~(4/3))

Rule 2332

Int[Logl(c_.)*(x_)"(n_.)], x_Symbol] :> Simp[x*Loglc*x~n], x] - Simp[n*x, x
1 /; FreeQ[{c, n}, x]

Rule 2436

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))"(n_.)]*(b_.))"(p_.), x_Symbol] :
> Dist[1/e, Subst[Int[(a + b*Loglc*x™nl)"p, x], x, d + exx], x] /; FreeQ[{a
» b, c,d, e, n, p}, x]

Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)xexx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[cxd, 1]

Rule 2440

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*x(x_))]*x(b_.))/((£f_.) + (g_.)*(x_)), x_
Symbol] :> Dist[1/g, Subst[Int[(a + bxLogl[l + cxex(x/g)])/x, x], x, £ + g*x
1, x] /; FreeQ[{a, b, c, 4, e, f, g}, x] && NeQ[exf - dxg, 0] && EqQlg + c*
(exf - dxg), 0]

Rule 2441

Int[((a_.) + Logl(c_.)*((d_) + (e_)*x(x_)) " (n_.)I*x(b_.))/((f_.) + (g_.)*(x_
)), x_Symbol] :> Simp[Logle*x((f + gxx)/(exf - d*g))]*((a + b*Loglcx(d + e*x
)°nl)/g), x] - Dist[bxex(n/g), Int[Logl(ex(f + g*x))/(exf - d*g)]/(d + e*x)
, x], x] /; FreeQ[{a, b, c, d, e, f, g, n}, x] && NeQ[exf - dxg, 0]

Rule 2456



350

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*x(x_)) " (n_.)]*(b_.))"(p_.)*x((f_) + (g_.
)*¥(x_)~(r_))"(q_.), x_Symbol] :> Int[ExpandIntegrand[(a + b*Logl[cx(d + e*x)
“n])"p, (f + gxx"r)"q, x], x] /; FreeQ[{a, b, c, d, e, f, g, n, r}, x] & I
GtQlp, 0] && IntegerQ[ql && (GtQlq, 0] || (IntegerQ[r] && NeQ[r, 1]))

Rule 6250
Int[ArcTanh([(c_) + (d_.)*(x_)1/((e ) + (f_.)*(x_)"(n_.)), x_Symbol] :> Dist

[1/2, Int[Log[l + c + d*x]/(e + £*x"n), x], x] - Dist[1/2, Int[Logl[l - c -
d*x]/(e + f*x"n), x], x] /; FreeQ[{c, d, e, £}, x] && RationalQ[n]

Rubi steps

-1 _ _
/ tanh (ad—l— bx) dp = — 1 / log(1 ad bx) iz | + 1 / log(1 + ad+ bx) s
c+ e 2 c+ e 2 c+ =3

_ (% / (log(l “o- br) dlo;g& - Zw;)bz)) dw) . % / <log(1 bas br) d

[log(1 —a —bz)dz N [log(1+ a+ bx)dz df log(lerc‘;be) dx df loggiccgbw)
2c 2c 2c 2c

d
_ Subst( [ log(z) dz, 2,1 — a — bx) 4 Subst( [ log(z) dz,z,1+ a + bx) N ( 3d?/

2bc 2bc
f f _log(1—a—bz) d

(1-a—bz)log(l—a—bzr) (1+a+bz)log(l+a+bz) Vd -¥c«
= +
2bc 2bc 6c
Vd log(1+ a+ bz)

(1—a—-0bzx)log(l—a—0bzx) (1+a+bzx)log(l+a+ bx)
= —+ —
2bc 2bc 1

Vd log(1 + a + br)
(1—a—-bzx)log(l—a—0bzx) (1+a+bzx)log(l+a+bx)
- + —
2bc 2bc 1

Vd log(1 + a + bz)

(1—a—bz)log(l—a—bzx) (1+4+a+bzx)log(l+a+ bx)
= —+ —
2bc 2bc 1

Mathematica [C] Result contains higher order function than in optimal. Order 9 vs. order
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4 in optimal.
time = 4.66, size = 917, normalized size = 1.10

Antiderivative was successfully verified.

[In] Integrate[ArcTanh[a + bx*x]/(c + d/x73),x]

[Out] -1/6%(-6*(a + b*x)*ArcTanh[a + bxx] + 6%Log[1/Sqrt[1l - (a + b*x)~2]] + b~3x
d*xRootSum[c + 3*a*c + 3*a~2%c + a"3*c - b"3*xd - 3kck#l - 3kakck#l + 3xa"2*c
*#1 + 3%a”3kck#l - 3xkb"3kd*#1 + 3kcHk#172 - Jkakck#1T2 - 3xa"2xcx#172 + 3*a”
3kcx#172 — 3*b73xd*#172 - ck#173 + 3kakck#173 - 3xka"2*kcx#173 + a"3kcx#173 -
b~3xd*x#1°3 & , ((-I)*Pik*ArcTanh[a + b*x] - 2*ArcTanh[a + b*x]~2 - 2xArcTan
h[a + b*x]*ArcTanh[(1 - #1)/(1 + #1)] + IxPi*Log[l + E~(2*ArcTanh[a + b*x])
] - 2xArcTanh[a + b*x]*Log[l - E~(-2%(ArcTanh[a + b*x] + ArcTanh[(1 - #1)/(
1 + #1)]1))] - 2%ArcTanh[(1 - #1)/(1 + #1)]*Log[1l - E~(-2*%(ArcTanh[a + b*x]
+ ArcTanh[(1 - #1)/(1 + #1)]))] - IxPixLog[1/Sqrt[1l - (a + b*x)~2]] + 2*Arc
Tanh[(1 - #1)/(1 + #1)]*Log[I*Sinh[ArcTanh[a + b*x] + ArcTanh[(1 - #1)/(1 +
#1)11]1 + PolyLog[2, E~(-2x(ArcTanh[a + b*x] + ArcTanh[(1 - #1)/(1 + #1)]1))
] - 2xArcTanh[a + b*x]~2*#1 + I*PikArcTanh[a + bxx]*#172 + 2*%ArcTanh[a + b*
x]*ArcTanh[(1 - #1)/(1 + #1)]*#172 - IxPi*Log[l + E~(2*ArcTanh[a + b*x])]*#
172 + 2*%ArcTanh[a + b*x]*Log[l - E~(-2x(ArcTanh[a + b*x] + ArcTanh[(1 - #1)
/(1 + #1)]1))1*#1°2 + 2%ArcTanh[(1 - #1)/(1 + #1)]*Log[1l - E~(-2*(ArcTanh[a
+ bxx] + ArcTanh[(1 - #1)/(1 + #1)]))]1*#1°2 + IxPixLog[1/Sqrt[1 - (a + b*x)
~2]]*#172 - 2%ArcTanh[(1 - #1)/(1 + #1)]*Log[I*Sinh[ArcTanh[a + b*x] + ArcT
anh[(1 - #1)/(1 + #1)]1]1*#172 - PolyLog[2, E~(-2*%(ArcTanh[a + b*x] + ArcTan
h[(1 - #1)/(1 + #1)]1))]1*#1°2 + (2*ArcTanh[a + b*x] 2*Sqrt[#1/(1 + #1)"2])/E
“ArcTanh[(1 - #1)/(1 + #1)] + (4xArcTanh[a + b*x] 2x#1xSqrt[#1/(1 + #1)72])
/E"ArcTanh[(1 - #1)/(1 + #1)] + (2%ArcTanh[a + b*x] ~2*#1~2*Sqrt [#1/(1 + #1)
~2])/E"ArcTanh[(1 - #1)/(1 + #1)])/(axc + 2xa"2xc + a"3*c - b~3*d - 2*axc*#
1 + 2%a”3*cx#l — 2%xb " 3kd*#1 + akxcx#172 — 2%a~2kc*x#172 + a"3*cx#172 - bT3xd*
#172) & 1)/(bxc)

Maple [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 1.98, size = 638, normalized size = 0.77 Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arctanh(b*x+a)/(c+d/x"3),x,method=_RETURNVERBOSE)

[Out] 1/b*(arctanh(b*x+a)/c*(b*x+a)+1/2/c*1ln(b*x+a-1)+1/2/cx1n(b*x+a+1)+2/3/c*d*b
~3*sum(_R172/(_R174x*a"3xc-_R174*b~3*d-3*_R174*a”2xc+3*_R1"4xa*c+2*_R172*a"3
*C—2%_R172%b~3%d-_R174*c-2% R172%a~2%c-2% R1~2kakc+a~3*kc-b~3%d+2%_R1~2xc+a”
2xc-a*xc-c) * (arctanh (b*x+a) *1n ((_R1-(b*x+a+1) /(- (b*x+a)~2+1)~(1/2))/_R1)+dil
og((_R1-(bxx+a+1)/(-(b*x+a)~2+1)~(1/2))/_R1)),_R1=Root0f ((a~3*c-b~3*d-3*a"2
xCc+3*axc—c)*_Z~6+(3*a”~3xc-3*b~3*kd-3*a”2xc-3*a*c+3xc)*_Z 4+ (3*a~3*c-3*b"3xd+
3xa~2kc-3*axc-3*c)*_Z"2+a”3xc-b~3*d+3*a"2xc+3*axc+c))+2/3/c*xd*b~3*sum(1/(_R
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174*a~3%c-_R174*b~3*%d-3%_R174*a~2%c+3*_R174*axc+2*%_R172%a~3%c-2*_R172%b~3*d
- _R174%c-2%_R172%a"2xc-2*_R172xa*c+a~3*c-b~3*d+2*_R172*c+a”~2xc-a*c-c)*(arct
anh (b*x+a) *1n((_R1-(b*x+a+1)/(-(b*x+a)~2+1)~(1/2))/_R1)+dilog((_R1-(b*x+a+1
)/ (=(bxx+a)"2+1)~(1/2))/_R1)), _R1=Root0f ((a"3*c-b~3*d-3*a”2xc+3*axc-c)* _Z~6
+(3*a”3*c—-3*b"3*d-3*%a~2xc-3*axc+3*c) * _Z"4+(3*a"3*xc-3*b"3*kd+3*a”2xc-3*axc-3*
C)*_Z"2+a"3*c-b~3*d+3*a~2*c+3*a*c+c)))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)/(c+d/x"3),x, algorithm="maxima")
[Out] integrate(arctanh(b*x + a)/(c + d/x"3), x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)/(c+d/x"3),x, algorithm="fricas")
[Out] integral(x~3*arctanh(b*x + a)/(c*x~3 + d), x)

Sympy [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atanh(b*x+a)/(c+d/x**3),x)
[Out] Timed out

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)/(c+d/x"3),x, algorithm="giac")
[Out] sageO*x



Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ atanh(a :1'_ bx) da
c+ 3

Verification of antiderivative is not currently implemented for this CAS.

[In] int(atanh(a + b*x)/(c + d/x73),x)
[Out] int(atanh(a + b*x)/(c + d/x"3), x)
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3.59 f tanh™ a—l—bx)

c+d \/—

Optimal. Leaf size=585

d(\/—l —a —\/l?\/a?>
2\/1+—aArcTan<%) _QM tanh~? (\/f:/f) +010g ( Jrod a4 log (¢ + dv/
vbd Vb d iz

[Out] c*1n(-b*x-a+1)*1n(c+d*x~(1/2))/d"2-c*1n(b*x+a+1)*1n(c+d*x~(1/2))/d"2+c*1n(c
+d*x~ (1/2))*1n(d*((-1-a) ~(1/2)-b~ (1/2)*x~(1/2)) / (d* (-1-a) ~(1/2) +c*b~(1/2)))
/d~2-cx1n(c+d*x~(1/2)) *1n(d*((1-a)~(1/2)-b~(1/2)*x~(1/2)) /(d*(1-a) ~(1/2) +c*
b~(1/2)))/d"2+cx1ln(c+d*x~(1/2) ) *1n(-d* ((-1-a)~(1/2)+b~(1/2) *x~(1/2)) / (-d* (-
1-a)~(1/2)+c*b~(1/2)) ) /d"2-c*x1n(c+d*x~(1/2) ) *1n(-d* ((1-a) ~(1/2)+b~(1/2) *x~ (
1/2))/(-d*x(1-a)~(1/2)+c*b~(1/2))) /d"2+c*polylog(2,b” (1/2) *(c+d*x~(1/2))/(-d
*x(-1-a)~(1/2)+c*b~(1/2)))/d"2+c*polylog(2,b~(1/2) * (c+d*x~(1/2)) / (d*(-1-a) ~(
1/2)+c*b~(1/2)))/d"2-c*polylog(2,b~ (1/2) *(c+d*x~(1/2))/(-d*(1-a) "~ (1/2) +cxb~
(1/2)))/d"2-c*polylog(2,b~(1/2) *(c+d*x~(1/2))/(d*(1-a) ~(1/2)+c*b~(1/2)))/d~
2-2*xarctanh (b~ (1/2)*x~(1/2)/(1-a)~(1/2))*(1-a)~(1/2)/d/b~(1/2)+2*xarctan (b~ (
1/2)*x~(1/2)/(1+a)~(1/2))*(1+a)~(1/2) /d/b~ (1/2) -1n(-b*x-a+1) *x~ (1/2) /d+1n(b
xx+a+1)*x~(1/2) /4

Rubi [A]

time = 0.87, antiderivative size = 585, normalized size of antiderivative = 1.00, number of

steps used = 31, number of rules used = 13, integrand size = 18, number of rules = 0.722,
integrand size

Rules used = {6250, 2455, 2516, 2498, 327, 211, 2512, 266, 2463, 2441, 2440, 2438, 214}

Antiderivative was successfully verified.
[In] Int[ArcTanh[a + b*x]/(c + d*Sqrt[x]),x]

[Out] (2+Sqrt[1 + al*ArcTan[(Sqrt[b]l*Sqrt[x])/Sqrt[1 + all)/(Sqrt[bl*d) - (2*Sqrt
[1 - al*ArcTanh[(Sqrt[b]l*Sqrt[x])/Sqrt[1 - all)/(Sqrt[bl*d) + (c*Logl(d*(Sq
rt[-1 - a] - Sqrt[bl*Sqrt[x]))/(Sqrt[bl*c + Sqrt[-1 - al*d)I*Loglc + d*Sqrt
[x11)/d"2 - (cxLogl[(d*(Sqrt[1 - al - Sqrt[bl*Sqrt[x]))/(Sqrt[bl*c + Sqrt[1
- al*d)]*Loglc + d*Sqrt[x]])/d~2 + (cxLog[-((d*(Sqrt[-1 - a] + Sqrt[b]*Sqrt
[x]1))/(Sqrt[bl*c - Sqrt[-1 - al*d))]*Loglc + d*Sqrt[x]]1)/d"2 - (c*xLog[-((d*
(Sqrt[1 - a] + Sqrt[bl*Sqrt[x]))/(Sqrt[bl*c - Sqrt[1 - al*d))]*Loglc + d*Sq
rt[x]]1)/d"2 - (Sqrt[x]*Log[l - a - bxx])/d + (c*Loglc + d*Sqrt[x]]*Logl[l -
a - bxx])/d"2 + (Sqrt[x]*Log[l + a + bxx])/d - (c*Loglc + d*Sqrt[x]]*Logl[1
+ a + b*x])/d"2 + (c*PolyLog[2, (Sqrt[b]l*(c + d*Sqrt[x]))/(Sqrt[b]l*c - Sqrt
[-1 - a]*d)])/d"2 + (c*PolyLogl[2, (Sqrt[bl*(c + d*Sqrt[x]))/(Sqrt[bl*c + Sq
rt[-1 - al*d)])/d"2 - (c*PolyLog[2, (Sqrt[bl*(c + d*Sqrt[x]))/(Sqrt[bl*c -
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Sqrt[1 - al*d)])/d"2 - (c*PolyLogl[2, (Sqrt[bl*(c + d*Sqrt[x]))/(Sqrt[bl*c +
Sqrt[1 - al*d)])/d"2

Rule 211

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 214

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/bl]

Rule 266

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
t[a + bxx"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 327

Int [((c_.)*(x_))"(m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[c~(n

- D*(c*x)"(m - n + D*((a + b*xx"n)"(p + 1)/(b*(m + n*p + 1))), x] - Dist[
axcnk((m - n + 1)/(bx(m + n¥p + 1))), Int[(c*x)"(m - n)*(a + b*x"n) p, x],
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] & IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 2438

Int[Log[(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQl[{c, d, e, n}, x] && EqQlcxd, 1]

Rule 2440

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))I*(b_.))/((f_.) + (g_.)*(x_)), x_
Symbol] :> Dist[1/g, Subst[Int[(a + bxLogl[l + cxex(x/g)])/x, x], x, £ + g*x
1, x1 /; FreeQ[{a, b, c, d, e, £, g}, x] && NeQ[exf - dxg, 0] && EqQlg + c*
(exf - dxg), 0]

Rule 2441

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))"(n_.)]*x(b_.))/((f_.) + (g_.)*(x_
)), x_Symbol] :> Simp[Loglex((f + g*x)/(exf - d*xg))]l*((a + b*xLoglc*x(d + exx
)°nl)/g), x] - Dist[bxex(n/g), Int[Logl(ex(f + gkx))/(exf - d*g)]/(d + e*x)
, xJ, x] /; FreeQ[{a, b, ¢, d, e, £, g, n}, x] & NeQ[exf - dxg, 0]

Rule 2455
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Int[((a_.) + Logl(c_.)*((d_ ) + (e_.)*(x_)) " (n_.)I*(b_.))"(p_.)*x((f_.) + (g_
D*(x_)~(r_))"(q_.), x_Symbol] :> With[{k = Denominator[r]}, Dist[k, Subst[
Int[x~(k - 1)*(f + g*x~(k*r))~g*x(a + b*Loglcx(d + exx"k)"n])"p, x], x, x~(1
/)1, x1]1 /; FreeQ[{a, b, c, d, e, f, g, n, p, q}, x] && FractionQ[r] && IG
tQ[p, 0]

Rule 2463

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*x(x_))"(n_.)I*(b_.))"(p_.)*((h_.)*(x_))
“(m_.)*((£) + (g_.)*(x_)"(r_.))"(q_.), x_Symbol] :> Int[ExpandIntegrand[(a
+ bxLoglcx(d + exx)"n])"p, (h*x) m*(f + g*x"r)~q, x], x] /; FreeQ[{a, b, ¢
,d, e, f, g, h, m, n, p, q, r}, x] & IntegerQ[m] &% IntegerQ[q]

Rule 2498

Int[Logl(c_.)*((d_ ) + (e_.)*(x_)"(n_))"(p_.)], x_Symbol]l :> Simpl[x*Log[cx(d
+ exx™n)"pl, x] - Dist[e*n*p, Int[x"n/(d + e*x"n), x], x] /; FreeQ[{c, d,
e, n, p}, x]

Rule 2512

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_)"(m_))~(p_.)1*(b_.))/((£f_.) + (g_.
)*(x_)), x_Symbol] :> Simp[Logl[f + gxx]*((a + b*Loglcx(d + e*x"n)"pl)/g), x
] - Dist[bxexn*(p/g), Int[x"(n - 1)*(Loglf + g*x]/(d + exx"n)), x], x] /; F
reeQ[{a, b, c, d, e, f, g, n, p}, x] & RationalQ[n]

Rule 2516

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_)"(mn_))"(p_.)1*(b_.))"(q_.)*(x_)"(m
_Ox((f_) + (g_)*(x_))"(r_.), x_Symbol] :> Int[ExpandIntegrand[(a + bx*Log
[cx(d + exx"n)"pl)~q, x"m*x(f + g*x)°r, x], x] /; FreeQl[{a, b, c, d, e, f, g
, n, p, q}, x] && IntegerQ[m] && IntegerQ[r]

Rule 6250

Int[ArcTanh[(c_) + (d_.)*(x_)1/((e ) + (f_.)*(x_)"(n_.)), x_Symbol] :> Dist
[1/2, Int[Log[l + c + d*x]/(e + f*x"n), x], x] - Dist[1/2, Int[Logl[l - c -
dxx]/(e + fxx"n), x], x] /; FreeQl{c, d, e, £}, x] && RationalQ[n]

Rubi steps
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/ tanh™'(a + bx) dp — — (1 / log(1 — a — bx) dx) N 1 / log(1 + a + bx) i

c+dz 2 c+dz 2 c+dx
—_q—br2 2
:—Subst(/gvlog(1 a4 bx)dw,a:,\/f>+Subst(/z10g(1+a+bz)dac,a:,
c+dz c+dz

s (P )

Subst( [ log (1 — a — bz?) dz,z, V) N Subst( [ log (1 + a + bz?) dz, z, /z")
_ - . |

V' log(l—a—bz) clog(c+dyz')log(l—a—bz) +/z log(l+a+br)
- d * iz * d

_ Wz log(l —a—bx) clog (¢ + dv/z") log(1 — a — bz) N vz log(l + a + bx)

i 2
_ 2v1+a t:n_l (%) B 2mdtanh_l (%) r 101(1 o
Vb'd o :
- 2mta3j (\/f-\i-/f) ~ 2\/Eta1\1;1;1 (\/fl/f) ) clog (d(\/%
bd ~
2v1+a tan™ (‘/f;/f ) 2yI—a tanh™! (x/;? _@) clog (d(\/%
) vbd - o .
= PVIT et (\/f-\i-/f) ~ 2v/1—a tanh™ (\/fl/f) ) clog (d(\/%
vb'd o

Mathematica [A]
time = 0.38, size = 549, normalized size = 0.94
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Antiderivative was successfully verified.

[In] Integrate[ArcTanh[a + b*x]/(c + d*Sqrt[x]),x]

[Out] ((2*Sqrt[1 + al*dxArcTan[(Sqrt[b]l*Sqrt[x])/Sqrt[1 + all)/Sqrtlb] - (2*Sqrtl

1 - al*d*ArcTanh[(Sqrt[b]l*Sqrt[x])/Sqrt[1 - all)/Sqrt[b] + cxLogl(d*(Sqrt[-
1 - a] - Sqrt[bl*Sqrt[x]))/(Sqrt[bl*c + Sqrt[-1 - al*d)]*Loglc + d*Sqrt[x]]
- cxLog[(d*(Sqrt[1 - a] - Sqrt[bl*Sqrt[x]))/(Sqrt[bl*c + Sqrt[1 - alxd)]*L
oglc + d*Sqrt[x]] + c*Logl(d*(Sqrt[-1 - al + Sqrt[bl*Sqrt([x]))/(-(Sqrt[bl*c
) + Sqrt[-1 - al*d)]*Loglc + d*Sqrt[x]] - cxLogl[(d*(Sqrt[1 - a] + Sqrt[b]l*S
qrt[x]))/(-(Sqrt[bl*c) + Sqrt[l - al*d)]*Loglc + d*Sqrt[x]] - d*Sqrt[x]*Log
[1 - a - b*x] + c*xLoglc + d*Sqrt[x]]*Log[l - a - bxx] + d*Sqrt[x]*Log[l + a
+ b*x] - cxLoglc + d*Sqrt[x]]*Logl[l + a + b*x] + c*PolyLog[2, (Sqrt([b]x*(c
+ d*Sqrt[x]))/(Sqrt[bl*c - Sqrt[-1 - al*d)] + c*PolyLog[2, (Sqrt[bl*(c + d*
Sqrt[x]))/(Sqrt[bl*c + Sqrt[-1 - al*d)] - c*PolyLog[2, (Sqrt[bl*(c + d*Sqrt
[x]1))/(Sqrt[bl*c - Sqrt[1 - al*d)] - c*PolyLogl[2, (Sqrt[b]l*(c + d*Sqrtl[x]))

/(Sqrt[bl*c + Sqrt[1 - al*d)])/d"~2

Maple [A]
time = 2.07, size = 773, normalized size = 1.32

method result

—2bc+2b (c-&-d\ /T >

d? arctan (
4b| —

2vabd? + d?b

—2b
a d?arctan| —
2V

2arctanh(bz+a)/X _ 2 arctanh(bz+a)cln <c+d\/ x ) _

2b\/ab d? + de‘ 26/ ab
arctanh(bx+a 2 arctanh(bz+a)cln(c+dA/T
derivativedivides | 2> h(l; +a)y/x _ 2arctanh(be “d)zc (c+dy/z) _

—2bc+2b<c+d\/m—> —2b

d? arctan - |a d? arctan| —

v/abd® + &% o

4b| — : _
2b\/ab d? + d?b 2b\/(%

default 7 e

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arctanh(b*x+a)/(c+d*x~(1/2)),x,method=_RETURNVERBOSE)

[Out] 2%arctanh(b*x+a)/d*x~(1/2)-2*arctanh(b*x+a)*c/d"2*1n(c+d*x"(1/2))-4*b/d~2*(

-1/2*xd"~2/b/ (a*b*d~2+b*d~2) ~(1/2) *arctan (1/2* (-2*b*c+2xb* (c+d*x~(1/2)) )/ (a*b
*d~2+b*d"2) " (1/2)) *a-1/2*xd"2/b/ (a*b*d~2+b*d~2) ~(1/2) *arctan (1/2* (-2*b*c+2*b
*(c+d*x~(1/2)))/ (axb*xd~2+b*xd~2) ~(1/2))+1/2*d"2/b/ (a*xb*xd~2-b*d~2) ~(1/2) *arct
an(1/2% (-2xb*c+2*b* (c+d*x~(1/2))) / (a*xb*d~2-b*d~2) ~(1/2))*a-1/2*d"2/b/ (a*b*xd
~2-b*xd~2) " (1/2) *arctan (1/2* (-2xb*xc+2xb* (c+d*xx~(1/2)) )/ (axb*d~2-b*d~2) ~(1/2)
)-1/4%c/b*1n(c+d*x~ (1/2) ) *1n((b*c-b* (c+d*x~ (1/2) ) +(—a*b*d~2-b*d~2)~(1/2))/(
bxc+(—a*b*xd~2-b*d~2)~(1/2)))-1/4*c/b*1n(c+d*x~(1/2)) *1n((-b*c+b* (c+d*x~(1/2
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))+(—axb*d~2-b*d~2) ~(1/2) )/ (-b*c+(-a*xb*d~2-b*xd~2) ~(1/2)))-1/4*c/b*dilog ((b*
c-b*(c+d*x~ (1/2) ) +(-a*xb*d~2-b*d~2) ~(1/2)) / (b*c+(-a*b*d~2-b*d~2)~(1/2)))-1/4
*c/bxdilog ((-bxc+b* (c+d*x~(1/2))+(-a*b*d~2-b*d~2) ~(1/2) )/ (-bxc+(-axb*d~2-b*
d~2)"(1/2)))+1/4*c/b*1n(c+d*x~ (1/2) ) *1n( (bxc-b* (c+d*x~ (1/2))+(-axb*d~2+b*d~
2)7(1/2))/ (b*c+(-axb*d~2+b*d~2) = (1/2)) ) +1/4*c/b*1n(c+d*x~ (1/2) ) *1n ((-bxc+bx*
(c+d*x~(1/2) ) +(-a*b*d~2+b*d~2) ~(1/2) ) / (-bxc+(-a*b*d~2+b*d~2) ~(1/2) ) ) +1/4*c/
b*dilog((b*c-b* (c+d*x~(1/2))+(-axb*d~2+b*d~2)~(1/2))/ (b*c+(-a*xb*d~2+b*xd~2)~
(1/2)))+1/4%c/b*dilog((~bkxc+b* (c+d*x™ (1/2) )+ (-a*b*d~2+b*d~2) ~(1/2) )/ (~bxc+(
—axbxd~2+b*xd~2)~(1/2))))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)/(c+d*x~(1/2)),x, algorithm="maxima")
[Out] integrate(arctanh(b*x + a)/(d*sqrt(x) + c), x)
Fricas [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)/(c+d*x~(1/2)),x, algorithm="fricas")

[Out] integral((d*sqrt(x)*arctanh(b*x + a) - c*arctanh(b*x + a))/(d"2*x - c72), x
)

Sympy [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atanh(bxx+a)/(c+d*x**(1/2)),x)
[Out] Timed out

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.



360

[In] integrate(arctanh(b*x+a)/(c+d*x~(1/2)),x, algorithm="giac")

[Out] integrate(arctanh(b*x + a)/(d*sqrt(x) + c), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ atanh(a + bx)
dz
c+dzx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(atanh(a + b*x)/(c + d*x~(1/2)),x)
[Out] int(atanh(a + b*x)/(c + d*x~(1/2)), x)



361

3.60 f tanh ™1 (s—l—bx) dx

c+ ‘
i
Optimal. Leaf size=661
. (e VR V)
ZJH—adArcTan(\/l{_i_—\/f) 2v/1 —a dtanh™ (\/117:/27) d*log ( =2 ) log (.«
) Vo' " Vb ¢ - c3

[Out] 1/2*%(-b*x-a+1)*1n(-b*x-a+1)/b/c+1/2*(b*x+a+1)*1n(b*x+a+1)/b/c-d"2*x1n(-b*x-a
+1)*1n(d+c*x~(1/2))/c”~3+d"2*1n(b*x+a+1) *1n(d+c*x~(1/2))/c~3-d"2*x1n(d+c*x~ (1
/2))*1n(c*((-1-a)~(1/2)-b~(1/2)*x~(1/2)) / (c*x(-1-a) ~(1/2)+d*b~(1/2))) /c~3+d~
2x1n (d+cxx~(1/2))*1n(cx((1-a) " (1/2)-b~(1/2)*x~(1/2))/(c*(1-a) ~(1/2)+d*b~(1/
2)))/c”3-d"2*1n(d+c*x~(1/2))*1n(c*((-1-a) " (1/2)+b~(1/2)*x~(1/2) )/ (c*(-1-a)~
(1/2)-d*b~(1/2)))/c~3+d"2*1n(d+c*xx~(1/2) ) *1n(c*x((1-a) ~(1/2)+b~(1/2)*x~(1/2)
)/ (c*x(1-a)~(1/2)-d*b~(1/2)))/c”3-d"2*polylog(2,-b~ (1/2) * (d+c*x~(1/2)) / (c* (-
1-a)~(1/2)-d*b~(1/2)))/c~3+d"2*polylog(2,-b~ (1/2) *(d+c*xx~(1/2))/(c*x(1-a)~ (1
/2)-d*b~(1/2)))/c~3-d"2*polylog(2,b~ (1/2) *(d+c*x~(1/2))/(c*(-1-a)~(1/2)+d*b
~(1/2)))/c~3+d"2*polylog(2,b” (1/2) *(d+cxx~(1/2) )/ (c*x(1-a)~ (1/2)+d*b~(1/2)))
/c”3+2xd*xarctanh (b~ (1/2)*x~(1/2)/(1-a)~(1/2))*(1-a)~(1/2)/c~2/b~ (1/2) -2*d*a
rctan(b~(1/2)*x~(1/2)/(1+a)~(1/2))*(1+a)~(1/2)/c~2/b~(1/2) +d*1n(-b*x-a+1) *x
~(1/2)/c”2-d*1n(b*x+a+1)*x~(1/2) /c~2

Rubi [A]
time = 0.79, antiderivative size = 661, normalized size of antiderivative = 1.00, number of

steps used = 37, number of rules used = 16, integrand size = 18, number of rules _ ) ggq
integrand size

Rules used = {6250, 2455, 2526, 2498, 327, 211, 2504, 2436, 2332, 2512, 266, 2463, 2441,
2440, 2438, 214}

Antiderivative was successfully verified.
[In] Int[ArcTanh[a + b*x]/(c + d/Sqrt[x]),x]

[Out] (-2xSqrt[1 + al*d*ArcTan[(Sqrt[b]l*Sqrt[x])/Sqrtl[l + all)/(Sqrt[bl*c~2) + (2
*xSqrt [1 - a]l*d*ArcTanh[(Sqrt[b]l*Sqrt[x])/Sqrt[1 - all)/(Sqrt[bl*c~2) - (d~2
*xLog[(cx(Sqrt[-1 - al] - Sqrt[bl*Sqrt(x]))/(Sqrt[-1 - al*c + Sqrt[bl*d)]*Log

[d + cxSqrt[x]])/c”3 + (d"2*Logl[(c*(Sqrt[1 - al] - Sqrt[bl*Sqrt(x]))/(Sqrt[1

- al*c + Sqrt[b]l*d)]*Logld + c*Sqrt[x]])/c”3 - (d"2xLog[(c*(Sqrt[-1 - a] +

Sqrt [b]*Sqrt[x]))/(Sqrt[-1 - al*c - Sqrt[b]l*d)]*Logld + c*Sqrt[x]1])/c"3 +
(d~2*Log[(c*(Sqrt[1 - a] + Sqrt[bl*Sqrt([x]))/(Sqrt[1 - al*c - Sqrt[b]l*d)]*L

ogld + cxSqrt[x]])/c”3 + (d*Sqrtlx]*Logll - a - b*x])/c”2 + ((1 - a - b*x)*
Logl[l - a - bxx])/(2*b*c) - (d"2#Logld + c*Sqrt([x]]*Log[l - a - b*x])/c"3 -
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(dxSqrt [x]*Log[1 + a + b*x])/c™2 + ((1 + a + bxx)*Log[l + a + bxx])/(2%b*c
) + (d"2*Logl[d + c*Sqrt[x]]*Log[l + a + bxx])/c"3 - (d"2xPolyLog[2, -((Sqrt
[bl*(d + c*Sqrt[x]))/(Sqrt[-1 - al*c - Sqrt[bl*d))])/c"3 + (d"2*PolyLogl[2,
-((Sqrt[b]*(d + c*Sqrt[x]))/(Sqrt[1l - al*c - Sqrt[bl*d))])/c"3 - (d"2*PolyL
ogl2, (Sqrtlbl*(d + c*Sqrt[x]))/(Sqrt[-1 - al*c + Sqrtlbl*d)])/c”3 + (d"2xP
olyLog[2, (Sqrt([bl*(d + cxSqrt[x]))/(Sqrt[l - al*c + Sqrt[bl*d)])/c~3

Rule 211

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 214

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/bl]

Rule 266

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
t[a + bxx"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 327

Int[((c_.)*(x_))"(@m_ )*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[c~(n
- D)*(c*x)"(m - n + D*((a + bxx"n)"(p + 1)/(b*x(m + n*p + 1))), x] - Dist[
axcnk((m - n + 1)/(bx(m + nxp + 1))), Int[(c*x)"(m - n)*(a + b*x"n) p, x],
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, O] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] & IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 2332

Int[Logl(c_.)*(x_)"(n_.)], x_Symbol] :> Simp[x*Loglc*x"n], x] - Simp[n*x, x
1 /; FreeQl{c, n}, x]

Rule 2436

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))"(n_.)1*(b_.))"(p_.), x_Symbol] :
> Dist[1/e, Subst[Int[(a + b*Loglc*x~n])"p, x], x, d + exx], x] /; FreeQ[{a
,» b, c,d, e, n, p}, x]

Rule 2438
Int[Log[(c_.)*((d)) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2

, (-c)xexx"nl/n, x] /; FreeQl[{c, d, e, n}, x] && EqQlc*d, 1]

Rule 2440
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Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))]*x(b_.))/((£f_.) + (g_.)*(x_)), x_
Symbol] :> Dist[1/g, Subst[Int[(a + bxLogl[l + cxex(x/g)])/x, x], x, £ + g*x
1, x] /; FreeQ[{a, b, c, d, e, f, g}, x] && NeQ[exf - d*g, 0] && EqQlg + c*
(exf - dxg), 0]

Rule 2441

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*x(x_))"(n_.)I*x(b_.))/((f_.) + (g_.)*(x_
)), x_Symbol] :> Simp[Loglex((f + g*x)/(exf - d*xg))]1*((a + b*xLoglcx(d + exx
)"nl)/g), x] - Dist[bxex(n/g), Int[Logl[(ex(f + gxx))/(exf - d*xg)]/(d + ex*x)
, x]1, x]1 /; FreeQ[{a, b, ¢, d, e, f, g, n}, x] && NeQ[exf - dxg, 0]

Rule 2455

Int[((a_.) + Logl(c_.)*((d_ ) + (e_.)*(x_)) " (n_.)I*(b_.))"(p_.)*x((f_.) + (g_
D*x(x_)"(r_))"(q_.), x_Symbol] :> With[{k = Denominator[r]}, Dist[k, Subst[
Int[x~(k - 1)*(f + g*x~(k*r))~gx(a + b*Loglcx(d + exx"k)"n])"p, x], x, x~(1
/k)1, x11 /; FreeQ[{a, b, c, d, e, f, g, n, p, q}, x] && FractionQ[r] && IG
tQlp, 0]

Rule 2463

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*x(x_))"(n_.)I*(b_.))"(p_.)*((h_.)*(x_))
“(m_.)*((£) + (g_.)*(x_)"(r_.))"(q_.), x_Symbol] :> Int[ExpandIntegrand[(a
+ bxLog[c*x(d + e*x)"n])"p, (h*x) m*(f + g*x"r)~q, x], x] /; FreeQ[{a, b, ¢
,d, e, f, g, h, m, n, p, q, r}, x] & IntegerQ[m] &% IntegerQ[q]

Rule 2498

Int[Logl[(c_.)*((d.) + (e_.)*x(x_)"(n_))"(p_.)], x_Symbol] :> Simp[x*Log[c*(d
+ exx™n)"pl, x] - Dist[e*n*p, Int[x"n/(d + e*x"n), x], x] /; FreeQ[{c, 4d,
e, n, p}, x]

Rule 2504

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_)"(m_))"(p_.)1*(b_.))"(q_.)*(x_)"(m

_.), x_Symbol] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + bxLo

glex(d + exx)”"pl)~q, x], x, x"nl], x] /; FreeQl[{a, b, ¢, d, e, m, n, p, q},

x] &% IntegerQ[Simplify[(m + 1)/n]] && (GtQ[(m + 1)/n, 0] || IGtQLq, 0]) &&
| (EqQ[q, 1] & ILtQ[n, 0] && IGtQ[m, 01)

Rule 2512

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_)"(_))~(p_.)1*(b_.))/((£f_.) + (g_.
)*(x_)), x_Symbol] :> Simp[Logl[f + g*x]*((a + bxLoglcx(d + e*x"n)~pl)/g), x
1 - Dist[bxe*n*(p/g), Int[x~(n - 1)*(Log[f + g*x]/(d + e*xx"n)), x], x] /; F
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reeQ[{a, b, c, d, e, f, g, n, p}, x] & RationalQ[n]

Rule 2526

Int[((a_.) + Logl(c_.)*((d_) + (e_)*x(x_)"(@)) " (p_.)1*(_.))"(q_.)*(x_)"(m
_Ox((f) + (g_)*(x_)"(s_))"(r_.), x_Symbol] :> Int[ExpandIntegrand[(a + b
*Log[cx(d + exx™n)"pl)~q, x"m*(f + g*x~s)"r, x], x] /; FreeQ[{a, b, c, d, e
, f, g, m, n, p, q, r, s}, x] && IGtQ[q, O] && IntegerQ[m] && IntegerQ[r] &
& IntegerQ[s]

Rule 6250

Int[ArcTanh[(c_) + (d_.)*(x_)1/((e_ ) + (£_.)*(x_)"(n_.)), x_Symbol] :> Dist
[1/2, Int[Logl[l + c + d*x]/(e + f*x"n), x], x] - Dist[1/2, Int[Logl[l - ¢ -
d*x]/(e + £fxx"n), x], x] /; FreeQl{c, d, e, £}, x] && RationalQ[n]

Rubi steps
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-1 _ _
/tanh (a+ bx) dp = (%/log(l a— bx) dm) +%/log(1+a—|-bav) i

_d_ _d_ _d_
c+ N c+ e c+ VT
—q—br2 2
= —Subst (/ zlog (1 C(Lz be )dx,a:, \/ﬂ?> —I-Subst(/ zlog (1 +(Z+bx ) dz,z,
¢ty c+
a2 o pa2 2 B2
 _Subst / _dlog (1 —a—bz?) N zlog (1 —a — bx?) N d*log (1 — a — bx?) ‘
c? c 2(d+ cx)
Subst( [ zlog (1 — a — ba?) dz,z, vz ') N Subst( [ zlog (1 + a + bz?) dz,z, v/2
B c c
_dyz'log(l—a—bz) d’log(d+cyz)log(l—a—br) dyz log(l+a+ba
N c? B c3 B c?

_dvz log(l—a—bx) d*log (d+ cv/z ) log(l — a — bz) _ dvz' log(l1+a+ba

) _2\/1+—adtan—1 (%) . 2v/1—a dtanh™ (%) . 07 log(1 —
Vb 2 Vi ¢ 2

) _2mdtan—1 (@ﬁ) . 2v/1 —a dtanh™ <\/117:/§) ) d?log ((‘\[/
Vb 2 Vb 2

) _2mdtan—1 (‘fﬁ) . 2v/1 —a'dtanh™ (\/117:/93) ) d?log ((‘\[/
Vb 2 Vb 2

) _2mdtan‘1 (@ﬁ) X 2v/1 —a'dtanh™ <\/117:/§) ) d?log ((‘\[/
Vb 2 Vb 2

Mathematica [A]
time = 0.44, size = 598, normalized size = 0.90
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Antiderivative was successfully verified.

[In] Integrate[ArcTanh[a + b*x]/(c + d/Sqrt[x]),x]

[Out] (4xc*d*(Sqrt[x] - (Sqrt[1 + al*ArcTan[(Sqrt[b]*Sqrt(x])/Sqrt[1 + all)/Sqrtl
bl) - 4xcxd*(Sqrt[x] - (Sqrt[l - al*ArcTanh[(Sqrt[b]l*Sqrt([x])/Sqrt[l - all)
/Sqrt[b]) + 2%cxd*Sqrt[x]*Log[l - a - b*x] - (c"2*%(-1 + a + b*x)*Log[l - a
- b*x])/b - 2+¥d"2xLogl[d + c*Sqrt[x]]*Logl[l - a - b*x] - 2*c*d*Sqrt[x]*Log[1
+ a + b*x] + (c”2*%(1 + a + bxx)*Log[l + a + bxx])/b + 2xd"2+Logl[d + c*Sqrt
[x]1*Log[1 + a + bxx] - 2%d"2*((Log[(c*(Sqrt[-1 - a] - Sqrt[bl*Sqrt[x]))/(S
qrt[-1 - al*c + Sqrt[bl*d)] + Logl[(c*(Sqrt[-1 - al + Sqrt[bl*Sqrt[x]))/(Sqr
t[-1 - al*c - Sqrt[bl*d)])*Logld + c*Sqrt[x]] + PolyLog[2, (Sqrt[bl*(d + cx*
Sqrt[x1))/(-(Sqrt[-1 - al*c) + Sqrt[bl*d)] + PolyLogl[2, (Sqrt[bl*(d + c*Sqr
t[x]))/(Sqrt[-1 - al*c + Sqrt[bl*d)]) + 2*d~2x((Logl[(c*(Sqrt[1 - a] - Sqrtl
bl*Sqrt[x]))/(Sqrt[1 - al*c + Sqrt[bl*d)] + Logl[(c*(Sqrt[1 - a] + Sqrt[b]l*S
qrt[x]))/(Sqrt[1 - al*c - Sqrt[bl*d)])*Logld + c*Sqrt[x]] + PolyLog[2, (Sqr
t[bl*(d + c*Sqrt[x]))/(-(Sqrt[1 - alxc) + Sqrt[bl*d)] + PolyLog[2, (Sqrtl[b]
*(d + c*Sqrt[x]))/(Sqrt[1 - al*c + Sqrt[bl*d)]))/(2%c~3)

Maple [A]
time = 1.60, size = 1001, normalized size = 1.51 Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arctanh(b*x+a)/(c+d/x~(1/2)) ,x,method=_RETURNVERBOSE)

[Out] arctanh(b*x+a)/c*x-2*arctanh(b*x+a)/c~2*xd*x~(1/2)+2*arctanh(b*x+a)*d~2/c~3*
In(d+c*x~(1/2))-4*xb/c"2*x(1/4/c*d"2/b*1n(d+c*x” (1/2) ) *1n ((d*b-b* (d+c*x~(1/2)
)+(—axb*c~2-b*c~2) ~(1/2) )/ (d*b+(-a*xb*xc™2-b*c~2) ~(1/2)))+1/4/c*xd"2/b*1n(d+c*
x~(1/2) ) *1n((—d*b+b* (d+c*x~ (1/2) ) +(—a*b*c~2-b*xc~2) ~(1/2) ) / (-d*b+(-a*xb*xc~2-b
*c~2)~(1/2)))+1/4/c*d"2/b*dilog((d*xb-b* (d+c*x~(1/2))+(-axb*c~2-b*c~2)~(1/2)
)/ (dxb+(~a*bxc~2-b*c~2) ~(1/2)))+1/4/c*d"2/b*dilog ((-d*b+b* (d+c*x~(1/2))+(-a
*b*c”2-b*c"2) " (1/2)) / (-d*b+(-a*xb*xc™2-b*c"2) " (1/2)))-1/4/c*d"2/b*1n(d+c*x~ (1
/2)) *1n((d*b-b* (d+c*x~(1/2) )+ (—axb*c~2+b*c~2) ~(1/2) )/ (d*b+(-a*b*c " 2+b*c~2)~
(1/2)))-1/4/c*d"2/b*1n(d+c*x”(1/2) ) *1n ( (-d*b+b* (d+c*x~ (1/2) )+ (—a*xb*xc~2+b*c”
2)~(1/2))/ (-d*b+(-a*b*c~2+b*xc~2)~(1/2)))-1/4/c*d"2/bxdilog ((d*b-b* (d+c*x~ (1
/2))+(—axb*c™2+bxc”2) ~(1/2) )/ (d*b+(—a*xbxc~2+b*c~2)~(1/2)))-1/4/c*xd"2/b*dilo
g ((~d*b+b* (d+c*x~ (1/2) ) +(-a*xb*c~2+b*xc~2) ~(1/2)) / (-d*b+(-a*xb*c~2+b*c~2) ~(1/2
)))-1/8*c/b"2*a*x1ln(a*xc~2+d"2*b-2*bxd* (d+c*x~(1/2) ) +b* (d+c*x~(1/2)) "2+c~2)+1
/2*c/bxa*xd/ (a*xbxc~2+b*c~2) ~(1/2) *arctan (1/2* (-2*d*b+2xb* (d+c*x~(1/2)) )/ (a*b
*C"2+b*c”2) " (1/2))-1/8*c/b~2*x1n(a*c™2+d"2*b-2*b*d* (d+c*x~ (1/2) ) +b* (d+c*x~ (1
/2))"2+c”2)+1/2*c/b*xd/ (a*xb*c~2+b*c”2) ~(1/2) *arctan (1/2* (-2*d*b+2xb* (d+c*x~ (
1/2)))/ (a*xbxc™2+b*c"2) ~(1/2) ) +1/8*c/b"2*ax1n (a*xc”2+d~2*%b-2*b*d* (d+c*xx~(1/2)
)+b* (d+c*x~(1/2)) ~2-c~2)-1/2*c/b*xaxd/ (a*xb*xc~2-bxc~2) ~ (1/2) *arctan (1/2* (-2*d
*b+2xb* (d+c*x~(1/2)) )/ (a*xb*xc™2-b*c~2) ~(1/2))-1/8*c/b~2%1n (a*xc~2+d~2*%b-2xb*d
*(d+c*x”(1/2) ) +bx (d+cxx~(1/2)) "2-¢c~2)+1/2*c/b*d/ (axbxc~2-bxc~2) ~(1/2) *arcta
n(1/2% (-2xd*xb+2*b* (d+c*xx~(1/2)) )/ (axb*c™2-b*xc~2)~(1/2)))
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Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)/(c+d/x~(1/2)),x, algorithm="maxima")
[Out] integrate(arctanh(b*x + a)/(c + d/sqrt(x)), x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)/(c+d/x~(1/2)),x, algorithm="fricas")

[Out] integral((c*x*arctanh(b*x + a) - dxsqrt(x)*arctanh(b*x + a))/(c”™2*x - d72),
x)

Sympy [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atanh(b*x+a)/(c+d/x**(1/2)),x)
[Out] Timed out

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)/(c+d/x~(1/2)),x, algorithm="giac")
[Out] integrate(arctanh(b*x + a)/(c + d/sqrt(x)), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

h
/ atan+(ci bzx) d
c /5

Verification of antiderivative is not currently implemented for this CAS.

[In] int(atanh(a + b*x)/(c + d/x~(1/2)),x)
[Out] int(atanh(a + b*x)/(c + d/x~(1/2)), x)
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361 [l do

Optimal. Leaf size=335

tanh™*(d + ex) log ( - <b_ V'~ dac +2cx> ) tanh™*(d + ex) log ( - (b+ Vdac +2w)
(2c(1—d)+ (b— Vb2 — dac >e> (1+d+e) <2c(1—d)+ <b+ Vb2 — dac )e) (
Vb2 — 4ac B Vb2 — 4ac

[Out] arctanh(exx+d)*1n(2*xe* (b+2*cxx-(-4*a*xc+b™2)~(1/2))/ (e*x+d+1)/(2*cx(1-d)+e*(
b-(-4*a*xc+b~2)~(1/2))) )/ (-4*axc+b~2) " (1/2)-arctanh (exx+d) *1n (2xe* (b+2*c*x+(
-4xa*xc+b”2)~(1/2) )/ (exx+d+1) / (2*c*x (1-d) +e* (b+(-4*a*xc+b~2)~(1/2))) )/ (-4*axc+
b~2)~(1/2)-1/2*polylog(2,1+2* (2xc*xd-2*c* (e*x+d) —e* (b-(-4*a*xc+b~2)~(1/2)))/(
exx+d+1) / (2%c-2xc*d+b*e—ex (—4*a*xc+b~2)~(1/2)))/(-4*axc+b~2)~(1/2)+1/2*polyl
0g(2,1+2x (2kcxd-2*c* (exx+d) —e* (b+(-4*a*xc+b~2) " (1/2)) )/ (e*xx+d+1) / (2*c*(1-d) +

ex (b+(-4*xaxc+b~2)~(1/2))))/(-4*a*xc+b~2)~(1/2)

Rubi [A]

time = 0.52, antiderivative size = 335, normalized size of antiderivative = 1.00, number of

number of rules _ j 491
integrand size ’

steps used = 12, number of rules used = 8, integrand size = 19,
Rules used = {632, 212, 6860, 6246, 6057, 2449, 2352, 2497}

2(2cd— (b—va — 4ac )n—zcwﬂ»z)) 7(2cd— <b+\/l72 — 4dac )c—;c(dﬂx)) o 26(—\/17'1 — 4dac +b+2cz> .
Lip +1 Liy +1 tanh™ (d + ez) log - tanh™ (d + ez) log -
( ( ) ) ( (2:(174)+ (b+ b2 — dac )e)(d+r2+l] ) ((dﬂu])(e(m b2 — dac )+2::(]—:i)) ) ([d+ez+])(e( b2 — dac +1,) +2(:(]7:[]) )
+ _

+
2Vb? — dac 2vVb? — dac b2 — dac b? — dac

—2det2c+be— Vb2 — dac e)(d+rzz+]

Antiderivative was successfully verified.
[In] Int[ArcTanh[d + e*x]/(a + b*x + c*x~2),x]

[Out] (ArcTanh[d + e*x]*Logl[(2*e*(b - Sqrt[b~2 - 4xaxc] + 2%c*x))/((2*c*(1 - d) +
(b - Sqrt[b~2 - 4xaxc])*e)*(1 + d + e*x))])/Sqrt[b~2 - 4*xaxc] - (ArcTanh[d

+ exx]*Log[(2*ex(b + Sqrt[b~™2 - 4*a*xc] + 2xc*x))/((2%cx(1 - d) + (b + Sqrt

[b72 - 4xaxc])*e)*x(1 + d + e*x))])/Sqrt[b~2 - 4*xaxc] - PolyLogl[2, 1 + (2%(2

xckd - (b - Sqrt[b~2 - 4*axc])*e - 2xc*(d + e*x)))/((2%c - 2*cxd + b*xe - Sq
rt[b™2 - 4xa*xcl*e)*(1 + d + e*x))]/(2+%Sqrt[b~2 - 4xaxc]) + PolyLogl[2, 1 + (
2x(2%cxd - (b + Sqrt[b~2 - 4*axc])*e - 2xcx(d + exx)))/((2*cx(1 - d) + (b +
Sqrt[b~2 - 4xaxc])*e)*(1 + d + exx))]/(2xSqrt[b~2 - 4xaxc])

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rtla, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4%a*c - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
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x] && NeQ[b~2 - 4x*axc, 0]

Rule 2352

Int[Logl(c_.)*(x_)1/((d)) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQ[{c, 4, e}, x] && EqQle + cx*d, 0]

Rule 2449

Int[Logl(c_.)/((d_) + (e_.)*(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Log[2*d*x]/(1 - 2%d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] && EqQ[c, 2*d] && EqQle~2xf + d~2*g, 0]

Rule 2497

Int[Loglu_]*(Pq_ )~ (m_.), x_Symbol] :> With[{C = FullSimplify[Pq m*((1 - u)/

D[u, x])1}, Simp[C*PolyLogl[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&

PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
x] [[2]], Expon[Pq, x]]

Rule 6057

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> S
imp[(-(a + b*ArcTanh[c*x]))*(Log[2/(1 + c*x)]/e), x] + (Dist[b*(c/e), Int[L
ogl2/(1 + c*x)]1/(1 - c~2%x72), x], x] - Dist[b*(c/e), Int[Log[2*c*x((d + e*x
)/((cxd + e)*x(1 + c*x)))]1/(1 - c"2*x~2), x], x] + Simp[(a + b*ArcTanh[c*x])
*(Log[2*c*x((d + e*x)/((cxd + e)*(1 + c*x)))]/e), x]1) /; FreeQ[{a, b, c, d,

e}, x] && NeQ[c™2xd~2 - e~2, 0]

Rule 6246

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)I*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[((d*e - cxf)/d + f*(x/d)) m*x(a + bxA
rcTanh([x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, 4, e, f, m}, x] && IGt
Qlp, 0]

Rule 6860

Int[(u_)/((a_.) + (b_)*(x_)"(n_.) + (c_.)*(x_)"(n2_.)), x_Symbol] :> With[
{v = RationalFunctionExpand[u/(a + b*x™n + c*x~(2%n)), x]}, Int[v, x] /; Su
mQ[v]] /; FreeQ[{a, b, c}, x] && EqQ[n2, 2*n] && IGtQ[n, 0]

Rubi steps
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/ tanh ™' (d + ex) dp — / 2ctanh™!(d + ex) B 2ctanh™!(d + ex)
a+bz + ca’ Vb? — dac <b—\/b2—4ac +20a:> Vb? — dac (b-l— Vb2 —4dac +2ca:)

2C tanh™ d+em) dz % tanh—1 (d—}-ea‘:) dx
2] b-Vb2 —dac 42z ( )fb+\/b2 — 4ac +2ce

Vb2 — 4ac b? — 4ac

2c)Subst tanh 1 (2) dz,z,d + ex 2¢)Subst | [ —tan
( ) f —2cd+ (b—\/ b2 —4dac )e ( ) f —2cd+ <b+\/ﬁ
4 2cz

e e

B Vb2 —4ace N

2 (b— Vb2 — dac’ +2ca:>

tanh™'(d + ex) lo ‘ tanh™'(d + ex) lo
( ) & ( (26—2cd+be— \/b2 — 4dac e) (l—l—d—}-em)) ( ) 8 (2c(ﬁ

B Vb2 — dac V
2e (b_m +2c:l:)

tanh™(d + ex)1 ‘ tanh ™1 (d + ex) 1
anh™ (d + ex) log ((25_20 e VB — dac e) ( 1+d+m)> anh™" (d + ex) log (26(:

- b? — 4ac v

Mathematica [C] Result contains complex when optimal does not.
time = 27.37, size = 1208, normalized size = 3.61

Warning: Unable to verify antiderivative.

[In] Integrate[ArcTanh[d + exx]/(a + b*x + c*x72),x]

[Out] (2*Sqrt[b~2 - 4*axc]*e*E~(-ArcTanh[(2*c*(-1 + d) - bxe)/(Sqrt[b~2 - 4xaxc]*
e)] - ArcTanh[(2*cx(1 + d) - bxe)/(Sqrt[b~2 - 4*a*xc]*e)])*(b*ex(Sqrt [-((c*(
cx(1 + d)72 + ex(-(b*x(1 + d)) + axe)))/((b™2 - 4*axc)*e”2))]*E"ArcTanh[(2*c
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x(-1 + d) - b*xe)/(Sqrt[b~2 - 4*axc]l*e)] - Sqrt[-((cx(cx(-1 + d)~2 + ex(b -
bxd + axe)))/((b~2 - 4*axc)*e~2))]*E~ArcTanh[(2*c*(1 + d) - bxe)/(Sqrt[b~2
- 4xaxc]xe)]) - 2*c*k((-1 + d)*Sqrt[-((c*x(cx(1 + d)~2 + ex(-(bx(1 + d)) + ax
e)))/((b™2 - 4*a*xc)*e”2))]1*E~ArcTanh[(2*c*(-1 + d) - b*e)/(Sqrt[b~2 - 4xaxc
1xe)] - (1 + d)*Sqrt[-((cx(cx(-1 + d)"2 + ex(b - bxd + axe)))/((b™2 - 4xaxc
)*e~2))1*#E"ArcTanh[(2*c*(1 + d) - b*e)/(Sqrt[b~2 - 4*a*xcl*e)] + E~(ArcTanh[
(2xc*x(-1 + d) - bxe)/(Sqrt[b~2 - 4xaxc]l*e)] + ArcTanh[(2xc*(1 + d) - bxe)/(
Sqrt[b~2 - 4xaxc]*e)])))*ArcTanh[(b + 2%c*x)/Sqrt[b~2 - 4xaxc]]~2 - 2x(4*c”
2x(-1 + d”2) - 4*bkxcxd*e + b~2xe"2)*ArcTanh[(b + 2%c*x)/Sqrt[b~2 - 4*axc]]*
(ArcTanh[(2%c*(-1 + d) - bxe)/(Sqrt[b~2 - 4*a*cl*e)] - ArcTanh[(2*c*(1 + d)
- bxe)/(Sqrt[b~2 - 4xaxc]*e)] + 2*%ArcTanh[d + exx] + Logl[l - E~(-2x(ArcTan
h[(2xcx(-1 + d) - bxe)/(Sqrt[b~2 - 4*xaxc]*e)] + ArcTanh[(b + 2*c*x)/Sqrt[b”
2 - 4xaxc]]))] - Logl[l - E~(-2x(ArcTanh[(2*c*(1 + d) - b*e)/(Sqrt[b~2 - 4x*a
xc]*e)] + ArcTanh[(b + 2%c*x)/Sqrt[b~2 - 4*axc]]))]) - 2%(4xc™2*(-1 + d72)
- 4xbxcxd*e + b~2xe"2)*(ArcTanh[(2*c*(-1 + d) - bxe)/(Sqrt[b~2 - 4xaxc]xe)]
*(Log[1 - E~(-2*(ArcTanh[(2*cx(-1 + d) - b*e)/(Sqrt[b~2 - 4*axc]*e)] + ArcT
anh[(b + 2xc*x)/Sqrt[b~2 - 4*axc]]))] - Logl[I*Sinh[ArcTanh[(2*c*(-1 + d) -
bxe) /(Sqrt[b"2 - 4xa*c]*e)] + ArcTanh[(b + 2*c*x)/Sqrt[b~2 - 4*a*xc]]]]) + A
rcTanh[(2*c*(1 + d) - b*e)/(Sqrt[b~2 - 4xaxcl*e)]*(-Log[l - E~(-2*(ArcTanh[
(2xc*x(1 + d) - b*e)/(Sqrt[b~2 - 4*a*xcl*e)] + ArcTanh[(b + 2*c*x)/Sqrt[b~2 -
4*axc]]))] + Log[I*Sinh[ArcTanh[(2*c*(1 + d) - b*e)/(Sqrt[b~2 - 4xaxc]xe)]
+ ArcTanh[(b + 2%c*x)/Sqrt[b~2 - 4*a*xc]]]])) + (4*c™2x(-1 + d~2) - 4*bxcxd
xe + b~2*e"2)*PolyLog[2, E~(-2*(ArcTanh[(2*cx(-1 + d) - b*e)/(Sqrt[b~2 - 4x*
axc]xe)] + ArcTanh[(b + 2%c#*x)/Sqrt[b~2 - 4xaxc]]))] - (4xc™2x(-1 + 472) -
4xbxckd*e + b~ 2xe~2)*PolyLog[2, E~(-2*(ArcTanh[(2*c*(1 + d) - b*e)/(Sqrt[b”
2 - 4*axc]*e)] + ArcTanh[(b + 2*c*x)/Sqrt[b~2 - 4*axc]]))])/(2*%Sqrt[b~2 - 4
kakxc] *(-2%c*x (-1 + d) + bxe)*(-2%cx(1 + d) + b*e))

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 2131 vs.

2(307) = 614.
time = 5.38, size = 2132, normalized size = 6.36

method result

be—2det2e+\/ —4ace? + b2e?

— 2 2,2
e ln(_ew_d+1) In < _2C(_5$—d+1)+b€—2dc+\/ 4GC e + b e +2C> e ln(—ew—d+1) In <2c(—ez—d+1)—be+2d(

—be+2dc+ \/:

risch : —
2v/—4ace? + b2e?

derivativedivides | Expression too large to display
default Expression too large to display

24/ —4ace? |

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arctanh(e*x+d)/(c*x~2+b*x+a),x,method=_RETURNVERBOSE)

[Out] 1/ex((e~2x(-4xa*xc+b~2)) " (1/2)*e”2/(4*axc-b~2)*1n(1-(a*xe”2-b*d*e+c*d~2+b*xe-2

xckd+c) * (exx+d+1) "2/ (- (exx+d) "2+1) / (—axe~2+bxd*e-c*xd~2- (-e~2* (4*xaxc-b~2) ) ~(
1/2)+c) ) *a*arctanh (exx+d) / (a*xe”~2-bxd*e+cxd~2+ (e~ 2% (-4*xa*c+b~2)) ~(1/2)-c)-(e
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~2x (—4*a*c+b~2)) " (1/2)*e/ (4xa*xc-b~2) *1n(1-(a*e”2-b*d*e+c*d " 2+bxe—-2*c*d+c) * (
exx+d+1) "2/ (- (exx+d) "2+1) / (—a*xe”2+b*d*e-c*xd~2-(—e~2x (4d*a*c-b"2) ) ~(1/2)+c) ) *
bxd*arctanh (e*xx+d) / (axe~2-b*d*e+cxd~2+(e 2% (-4*axc+b~2) )~ (1/2)-c)+ (e~ 2x (-4x*
axc+b”2)) " (1/2)/ (4*xaxc-b~2) *1n(1-(a*e”2-bxd*e+c*xd~2+b*e-2*c*d+c) * (exx+d+1)~
2/ (- (exx+d) ~2+1) / (—axe~2+b*d*e-c*d~2- (e~ 2x (4xaxc-b"2) )~ (1/2) +c) ) xcxd~2*arc
tanh (exx+d) / (a*xe~2-b*d*e+c*d”~2+ (e~ 2% (-4*xaxc+b~2) )~ (1/2)-c) - (e~ 2% (-4*a*xc+b~2
))~(1/2)*e"2/ (4*a*xc-b~2) *a*arctanh (exx+d) "2/ (a*e”2-b*xd*e+cxd~2+ (e~ 2* (—4*a*c
+b72)) " (1/2)-c)+(e"2x (—4*a*c+b~2)) " (1/2) *e/ (dxa*c-b~2) *bxd*arctanh (exx+d) "2
/ (a*xe”2-bkxd*xe+cxd~2+(e"2* (—4*a*c+b~2)) " (1/2)-c)-(e"2x (-4*a*xc+b~2))~(1/2) /(4
*a*xc-b~2) *xc*d~2*arctanh (exx+d) ~2/ (a*e~2-b*d*e+cxd~2+ (e~ 2% (-4*a*xc+b~2) )~ (1/2
)-c)+1/2%(e~2* (-4*axc+b~2) )~ (1/2)*e~2/ (4*a*c-b~2) *polylog(2, (a*e~2-b*d*e+c*
d"2+b*xe-2*xc*xd+c) * (exx+d+1) "2/ (- (exx+d) "2+1) / (—a*e”2+bxd*e—c*d~2- (—e”~2* (4*a*
c-b~2)) " (1/2)+c) ) *a/ (a*xe~2-bxd*e+c*d~2+ (e 2% (—4*axc+b~2) )~ (1/2)-c)-1/2*(e"2
*x (—4*axc+b~2) )~ (1/2)*e/ (4*a*xc-b~2) *polylog(2, (a*e~2-b*d*e+cxd”~2+b*xe-2*c*d+c
)% (exx+d+1) "2/ (- (e*x+d) "2+1) / (-a*xe”2+b*d*e-c*d~2-(-e~2* (4d*axc-b~2) ) ~(1/2)+c
)) *b*d/ (a*xe~2-b*d*e+c*xd~2+ (e 2% (—4*axc+b~2) )~ (1/2)-c)+1/2x (e~ 2* (-4*a*xc+b~2)
)~ (1/2)/(4*axc-b~2) *polylog(2, (a*e~2-b*d*e+cxd~2+b*e-2*cxd+c) * (exx+d+1)~2/(
-(exx+d) "2+1) / (—axe”2+b*d*e-c*xd"2-(-e"2x (4*a*c-b"2) ) ~(1/2)+c) ) *cxd~2/ (a*xe”2
-b*d*e+ckxd"2+(e"2x (—4*a*xc+b~2)) " (1/2) -c)-e~2/ (a*xe~2-b*d*e+c*d~2+ (e~ 2k (-4*xax
c+b~2))~(1/2)-c) *1n(1- (a*xe~2-b*d*e+c*d~2+bxe-2*c*d+c) * (exx+d+1) ~2/ (- (e*x+d)
~2+1) /(—a*e~2+bxd*e-c*d~2-(-e~ 2% (4*axc-b~2)) ~(1/2) +c)) *arctanh (exx+d) - (e~2x*
(-4*xa*c+b~2))~(1/2) / (4*axc-b~2) *1n(1-(a*e”2-b*d*e+c*d”2+b*e-2*c*xd+c) * (exx+d
+1) 72/ (- (e*xx+d) "2+1) / (—a*e 2+bxd*e—-c*d~2-(-e”~2* (4*a*c-b~2)) ~(1/2)+c) ) *c*arc
tanh (exx+d) / (a*e”2-bxd*e+c*d~2+ (e~ 2% (-4*a*xc+b~2)) ~(1/2)-c)+e"2/ (axe~2-b*d*e
+cxd"2+(e"2x (-4*a*xc+b~2)) " (1/2) -c) *arctanh (exx+d) ~2+(e"2* (-4*a*c+b~2) ) ~(1/2
)/ (4%axc-b~2)*xc*arctanh (e*xx+d) ~2/ (a*xe~2-b*d*e+ckd~2+ (e~ 2% (—4*xa*xc+b~2)) ~(1/2
)-c)-1/2%e~2/ (a*e~2-bxd*e+c*d~2+(e"2x (—4*a*xc+b~2)) ~(1/2)-c) *polylog(2, (axe”
2-bxd*e+c*d " 2+bxe-2*xc*d+c) * (exx+d+1) "2/ (- (e*xx+d) "2+1) / (-a*e”2+b*xd*e—c*d~2-(
-e" 2% (4*a*xc-b"2)) " (1/2)+c))-1/2* (e~ 2% (-4xaxc+b~2) )~ (1/2) / (4*a*c-b~2) *polylo
g(2, (axe™2-b*d*e+cxd~2+b*e-2xcxd+c) * (exx+d+1) "2/ (- (exx+d) “2+1) / (—a*xe”2+b*xd*
e-c*d~2-(-e”~ 2% (4*a*xc-b"2)) ~(1/2)+c)) *c/ (a*xe~2-bxd*e+cxd "2+ (e~ 2% (-4*a*xc+b~2)
)~ (1/2)-c)-(e"2*%(-4*a*xc+b~2))~(1/2) / (4*xa*xc-b~2) *arctanh (e*xx+d) *1n(1- (a*xe~2-
bxd*e+c*d~2+bxe-2*c*d+c) *x (exx+d+1) "2/ (- (e*x+d) “2+1) / (—a*e~2+b*d*e-c*d~2+(-e
2% (4*a*xc-b"2)) " (1/2)+c) )+ (e~ 2% (-4*a*xc+b~2)) ~(1/2) / (4*xa*xc-b~2) *arctanh (e*xx+
d)"2-1/2x(e"2x(-4*a*xc+b~2))~(1/2) /(4*a*xc-b~2) *polylog(2, (a*e~2-b*d*e+cxd~2+
b*xe-2xc*d+c) * (exx+d+1) "2/ (- (exx+d) “2+1) / (-a*e~2+b*d*e-cxd~2+(-e~2x (4*axc-b~
2))°(1/2)+c)))

Maxima [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(e*x+d)/(c*x~2+b*x+a),x, algorithm="maxima")
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[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the ’assume’ command before evaluation *may* h
elp (example of legal syntax is ’assume(4*a*c-b~2>0)’, see ‘assume?‘ for mo

re deta

Fricas [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(e*x+d)/(c*x~2+b*x+a),x, algorithm="fricas")
[Out] integral(arctanh(x*e + d)/(c*x"2 + b*x + a), x)

Sympy [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atanh(e*x+d)/(c*x**2+b*x+a),x)
[Out] Timed out

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(e*x+d)/(c*x~2+b*x+a),x, algorithm="giac")
[Out] integrate(arctanh(e*x + d)/(c*x"2 + b*x + a), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ atanh(d + ex) s
cx?+bzr+a

Verification of antiderivative is not currently implemented for this CAS.

[In] int(atanh(d + e*x)/(a + b*x + c*x~2),x)

[Out] int(atanh(d + e*xx)/(a + b*x + c*x~2), x)
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f (ce+dex) (a+b tanh_l(C-i—dx)) dr

3.62 1—(ctdz)2

Optimal. Leaf size=83

e(a+ btanh ™' (c+ algv))2 e(a+btanh™'(c+dz))log (;=%) bePolyLog(2, —1tetiz)
2bd * d * 2

[Out] -1/2*ex(a+b*arctanh(d*x+c)) "2/b/d+ex* (at+b*arctanh(d*x+c))*1n(2/(-d*x-c+1))/d
+1/2*%bxexpolylog(2, (-d*x-c-1)/(-d*x-c+1))/d

Rubi [A]
time = 0.18, antiderivative size = 83, normalized size of antiderivative = 1.00, number of

number of rules _ ( 156
’ integrand size ’

steps used = 6, number of rules used = 5, integrand size = 32
Rules used = {12, 6131, 6055, 2449, 2352}

e(a+btanh™ (c+ dgv))2 N elog (=2—) (a+ btanh™' (c + dz)) N beLiz(—%)
2bd d 2d

Antiderivative was successfully verified.
[In] Int[((cxe + dxe*x)*(a + b*ArcTanh[c + d*x]))/(1 - (c + d*x)~2),x]

[Out] -1/2%(ex(a + b*ArcTanh[c + d*x])~2)/(b*d) + (e*(a + b*ArcTanh[c + d*x])=*Log
[2/(1 - ¢ - d*x)])/d + (bxe*PolyLog[2, -((1 + c + d*x)/(1 - ¢ - d*x))])/(2*
d)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
QLu, (b_)*(v_) /; FreeQ[b, x]]

Rule 2352

Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQ[{c, d, e}, x] && EqQle + c*d, 0]

Rule 2449

Int[Logl(c_.)/((d)) + (e_)*x(x_))1/((£f)) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Logl[2*d*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] & EqQ[c, 2*d] && EqQle~2xf + d~2*g, 0]

Rule 6055

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
1 :> Simp[(-(a + b*ArcTanh[c*x]) “p)*(Log[2/(1 + ex(x/d))]1/e), x] + Dist[bx*c
x(p/e), Int[(a + b*ArcTanh[c*x])~(p - 1)*(Log[2/(1 + ex(x/d))]/(1 - c™2%xx~2
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)), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d"2 - e~2,

0]

Rule 6131

Int[(((a_.) + ArcTanh[(c_.)*(x_)I1*(b_.))"(p_.)*(x_))/((d)) + (e_.)*(x_)"2),
x_Symbol] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(bxex(p + 1)), x] + Dist[1/
(c*d), Int[(a + bxArcTanh[c*x])"p/(1 - c*x), x], x] /; FreeQ[{a, b, c, d, e

}, x] && EqQlc™2*d + e, 0] && IGtQ[p, O]

Rubi steps

(ce + dex) (a + btanh ™ (c + dz)) i — 1—22

Subst (f ex(atbtanh”(z)) dz,z,c+ dw)

1 — (c+dz)? d

1—22

B eSubst (f a(atbtant " (z)) dz,z,c+ dz)

d

esubst(f atbtanhM(@) g 0 oy g

11—z

2bd

e(a+btanh™(c+ dx))2 N

e(a+btanh™(c+ dx))2 N

d

e(a+ btanh™ (c + dz)) log (=%

2bd

d
e(a+btanh™" (c + dz)) log (=%

2bd

e(a+btanh™'(c+ d:v))2 N

d
e(a+btanh™"(c + dz)) log (

1—c-

2bd

Mathematica [A]
time = 0.06, size = 76, normalized size = 0.92

e(a+btanh™'(c+ dac))2 N

d

_ -1 -1 —2tanh~!(c+dz) __p—2tanh™(c+dz)
log (1 — dr)? bl —tanh™ (c +dz) (tanh™ (c + dz) + 2log (1 + ¢ + PolyLog( 2, —e
e(_aog< (c+doy) ( ( ) ( )

2d 2d

Antiderivative was successfully verified.

[In] Integrate[((cxe + d*exx)*(a + b*ArcTanh[c + d*x]))/(1 - (c + d*x)~2),x]

[Out] ex(-1/2x(axLogl[l - (c + d*x)~2])/d - (b*(-(ArcTanh[c + d*x]*(ArcTanh[c + dx
x] + 2xLog[1 + E~(-2*ArcTanh[c + d*x])])) + PolyLog[2, -E~(-2*ArcTanh[c + d

*x])1))/(2%d))
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Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 167 vs.
2(81) = 162.
time = 2.03, size = 168, normalized size = 2.02

method result
d: 1 . d 1
. eln(—dz—c+1)%b eln(—dz—c+1) ln<7z+%+§>b edﬂOg(_Tz_% §)b ealn((—dzx—c+1)(—dz—c—1))
risch 8d + 4d - 4d - 2d -

__aeln(dz+c—1) aeln(dz+c+1) bearctanh(dz+c) In(dz+c—1)  bearctanh(dz+-c) In(dz+c+1) + be dilog(%@-k%-}—%) + be In(dz+c
derivativedivides 2 2 2 2 2 v

: d 1
__aeln(dz+c—1) aeln(dz+ct+1) bearctanh(dz+c) In(dz+c—1)  bearctanh(dz+-c) In(dz+c+1) + be dllOg(7}+%+§) + be In(dz+c
2 2 2 2

default 2 <

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*e*x+c*e)*(a+b*arctanh(d*x+c))/(1-(d*x+c)~2),x,method=_RETURNVERBOSE)

[Out] 1/dx(-1/2*a*ex1ln(d*x+c-1)-1/2*%a*ex1n(d*x+c+1)-1/2*b*e*arctanh(d*xx+c)*1n(d*x
+c-1)-1/2%b*exarctanh (d*x+c) *1n(d*x+c+1) +1/2%b*exdilog(1/2*d*x+1/2%c+1/2)+1
/4xbxex1n (d*x+c-1)*1n(1/2*d*x+1/2%c+1/2)-1/8*b*e*x1n(d*x+c-1) "2-1/4*b*e*1n(-
1/2%d*x-1/2*%c+1/2) *1n(d*x+c+1)+1/4*xb*e*1n(-1/2*d*x-1/2*c+1/2) *1n(1/2*xd*x+1/
2%c+1/2)+1/8*b*ex1n(d*x+c+1)~2)

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*e*x+cxe)*(atb*arctanh(d*x+c))/(1-(d*x+c)~2),x, algorithm="maxi
mall)

[Out] 1/2*b*c*(log(d*x + c + 1)/d - log(d*x + ¢ - 1)/d)*arctanh(d*x + c)*e - 1/2%
axd*x((c + 1)*log(d*x + ¢ + 1)/d”2 - (c - 1)*log(d*x + c - 1)/d"2)*e + 1/2*a
xcx(log(d*x + ¢ + 1)/d - log(d*x + c - 1)/d)*e + 1/8%bxd*x((2*(c + 1)*1log(dx*

X + c + 1)*log(-d*x - ¢ + 1) - (c - 1)*log(-d*x - ¢ + 1)72)/d"2 - 4xintegra
te(1/2%(c™2 + (c*d + 3*d)*x + 2%c + 1)*xlog(d*x + c + 1)/(d73*x"2 + 2kc*xd™2x%

X + ¢c™2%d - d), x))*e - 1/8%(log(d*x + c + 1)72 - 2*log(d*x + c + 1)*log(d*

X +c - 1) + log(d*x + ¢ - 1)72)*b*c*e/d

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((d*e*x+cxe)* (at+tb*arctanh(d*x+c))/(1-(d*x+c)~2),x, algorithm="fric
as")

[Out] integral(-((b*xd*x + bkc)*arctanh(d*x + c)*e + (axd*x + axc)*e)/(d"2%x"2 + 2
*ckdxx + ¢72 - 1), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ ac o+ / adz o+ / beatanh (¢ + dx) dz+ / bdz atanh (c + dz) i
€ 2+ 2cdx + d?x% — 1 v 2+ 2cdx + d?x?2 — 1 c + 2cdx + d?z?2 — 1 2 + 2cdx + d?z?2 — 1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*e*x+cxe)*(atbxatanh(d*x+c))/(1-(d*x+c)**2),x)

[Out] -e*(Integral(a*c/(c**2 + 2xcxd*x + d**2*x**2 - 1), x) + Integral(axd*x/(c*x*
2 + 2xckxd*x + dx*k2xxx*2 - 1), x) + Integral(b*cxatanh(c + d*x)/(c**2 + 2xcx

dxx + d*x2%x*x2 - 1), x) + Integral(b*d*x*atanh(c + d*x)/(c**2 + 2%ckd*x +
d*x*2%x*xx2 - 1), x))

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*e*x+c*e)*(at+b*arctanh(d*x+c))/(1-(d*x+c)~2),x, algorithm="giac
n)
[Out] integrate(-(d*exx + c*e)*(b*arctanh(d*x + c) + a)/((d*x + ¢c)"2 - 1), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

dz

/_(ce—l—dem) (a + batanh(c + dx))
(c+dz)’—1

Verification of antiderivative is not currently implemented for this CAS.

[In] int(-((c*xe + d*e*x)*(a + b*atanh(c + d*x)))/((c + d*x)"2 - 1),x)
[Out] int(-((cxe + d*e*x)*(a + b*atanh(c + d*x)))/((c + d*x)"2 - 1), x)
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4.1 Download section

The following zip files contain the raw integrals used in this test.

Mathematica format [Mathematica syntax.zip|

Maple and Mupad format [Maple syntax.zip|

Sympy format SYMPY syntax.zip|

Sage math format SAGE syntax.zip|

4.2 Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.2.1 Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *)
(* Small rewrite of logic in main function to make it*)
(* match Maple's logic. No change in functionality otherwis

(* ::Subsection:: *)

(*GradeAntiderivative[result, optimal]*)

(* ::Text:: *)
(*If result and optimal are mathematical expressions, *)

(* GradeAntiderivative[result,optimal] returns*)
(¥ "F" if the result fails to integrate an expression that*)
(* is integrablex)

(¥ "C" if result involves higher level functions than necessary+*)
(*» "B" if result is more than twice the size of the optimal*)

(* antiderivative*)

(*» "A" if result can be considered optimalx*)

ex)


/my_notes/CAS_integration_tests/reports/summer_2022/input/Mathematica_syntax.zip
/my_notes/CAS_integration_tests/reports/summer_2022/input/Maple_syntax.zip
/my_notes/CAS_integration_tests/reports/summer_2022/input/SYMPY_syntax.zip
/my_notes/CAS_integration_tests/reports/summer_2022/input/SAGE_syntax.zip
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GradeAntiderivative[result_,optimal_] := Module[{expnResult,expnOptimal,leafCount

(* :

expnResult = ExpnType[result];
expnOptimal = ExpnType[optimal];
leafCountResult = LeafCount [result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
If [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez+*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A","none"}

,» (*ELSE*)
finalresult={"B","Both result and optimal contain complex but
]
, (*ELSE*)
finalresult={"C","Result contains complex when optimal does not."
]
, (xELSE*) (*result does not contains complez*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A","none"}
, (*ELSE*)
finalresult={"B","Leaf count is larger than twice the leaf count o
]

]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],
finalresult={"C","Result contains higher order function than in optim

3

finalresult={"F","Contains unresolved integral."}

]
1;
finalresult
:Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)

(*1
(*2
(*3
(%4
(*5
(*6
(*7
(*8

= rational function*)

= algebraic function*)

= elementary function¥)

= special function*)

= hyperpergeometric function*)
= appell function*)

= rootsum function*)

= integrate function*)

Result,leafC

leaf count

f optimal. $

al. Order "<
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(*9 = unknown function*)

ExpnType[expn_] :=
If[AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQ[expn[[2]]1],
ExpnType [expn[[1]]],
If [Head [expn[[2]]]===Rational,
If[IntegerQlexpn[[1]1]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1]],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]1]1,3]11],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
I1f [SpecialFunctionQ[Head [expn]],
Apply [Max,Append [Map [ExpnType,Apply[List,expn]],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],6]1],
If [Head[expn]===RootSum,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],7]1],
If [Head[expn]===Integrate || Head[expn]===Int,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],8]]1,
91111111111

ElementaryFunctionQ[func_] :=
MemberQ[{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ [{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
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ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductLog,
EllipticF, EllipticE, EllipticPi

},func]

HypergeometricFunctionQ[func_] :=
MemberQ [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1}, func]

4.2.2 Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()

# if leaf size is "too large". Set at 500,000
#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions
# see problem 156, file Apostol_Problems

#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf _count_result:=leafcount(result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf count_result > 500000 then
return "B","result has leaf size over 500,000. Avoiding possible recu

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

rsion issues




#
#
#
#
#
#
#
#

If result and optimal are mathematical expressions,
GradeAntiderivative[result,optimal] returns

IIFII

IICII
IIBII

"AII

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then

fi;

if ExpnType_result<=ExpnType_optimal then
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if debug then
print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",ExpnType
fi;

if the result fails to integrate an expression that

is integrable

if result involves higher level functions than necessary
if result is more than twice the size of the optimal
antiderivative

if result can be considered optimal

return "F","Result contains unresolved integral";

if debug then
print ("ExpnType_result<=ExpnType_optimal") ;
fi;
if is_contains_complex(result) then
if is_contains_complex(optimal) then
if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return "A" s nn g

else

return "B",cat("Both result and optimal contain complex but le
convert(leaf_count_result,string)," vs. $2 (",
convert(leaf_count_optimal,string)," ) = ",con
end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C","Result contains complex when optimal does not.";
fi;

optimal) ;

af count of r

vert (2xleaf _c

else # result do not contain complex
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# this assumes optimal do not as well. No check is needed here.
if debug then
print("result do not contain complex, this assumes optimal do not as well"
fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A","";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the leaf count of o
convert(leaf_count_result,string),"$ vs. $2(",
convert(leaf_count_optimal,string),")=",convert(2xleaf_cou
fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;
return "C",cat("Result contains higher order function than in optimal. Order ",
convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves

rational function

= algebraic function

= elementary function

= special function

= hyperpergeometric function

= appell function

= rootsum function

H OH OH H HH HEHH
~NOo O WwN -
|



# 8 = integrate function
# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType, expn) )
elif type(expn, 'sqrt') then
if type(op(1,expn), 'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' " ') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn),'rational') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply (max,map (ExpnType, [op(expn)]1)))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))
elif AppellFunctionQ(op(0,expn)) then
max (6, apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8,apply (max ,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [
exp,log,ln,
sin,cos,tan,cot,sec,csc,
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arcsin,arccos,arctan,arccot,arcsec,arccsc,

sinh,cosh,tanh,coth,sech,csch,

arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])
end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount(u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple
leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:
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4.2.3 Sympy grading function

p

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added *RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

]

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Fi, Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar

]

def is_ hypergeometric_ function(func):
return func in [hyper]

def is_appell function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False




def expnType(expn):
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except AttributeError as error:
return False

debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
returnl
else:
return max(2,expnType(expn.args(0])) #maz(2,EzpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2,ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args(l])) #maz(3,ExpnType(op(1
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' +'') or type(expn,’
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(3,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@Q(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):

,expn)), Expn’

x')

ml = max(map(expnType, list(expn.args))) #Apply/Max, Append[Map[ExpnType, Apply[List,expn]],7]],

return max(7,ml)

elif str(expn).find("Integral") != —1:
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ml = max(map(expnType, list(expn.args)))

return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:

return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result," optimal=",optimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count_optimal=",leaf _count optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if str(result).find("Integral") != —1:

grade = "F"
grade_ annotation =""
else:

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is larger

else: #result contains complex but optimal is not

grade = "C"

grade_ annotation ="Result contains complex when optimal does not."

else: # result do not contain complex, this assumes optimal do not as well

if leaf count_result <= 2+leaf count_optimal:

grade = "A"

grade_ annotation =
else:

grade = "B'

grade__annotation ="Leaf count of result is larger than twice the leaf count of optimal. "+str(lea

else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order "+st

r(ExpnType_ re



#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade_annotation
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4.2.4 SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazxima results.

#Dec 24, 2019. Nasser: Added 'exp integral_e' and 'sng', 'sin__integral’
# 'arctan2’, 'floor','abs', 'log__integral’

#June 4, 2022 Made default grade annotation "none" instead of "" due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_size(expr):
I," nn
Return the tree size of this expression.
nnn

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False




def is_elementary_ function(func):
#debug=False

m = func.name() in ['exp','log','In',
'sin','cos’,'tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',

'arcsinh','arccosh','arctanh','arccoth','arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'

]
if debug:
if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is_special function(func):
#debug=False
if debug:

print ("type(func)=", type(func))

m= func.name() in ['erf')'erfc','erfi','fresnel_sin','fresnel cos','Ei',
'Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__ integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi,zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral]
if debug:
print ("m=",m)
if m:

print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special_function")

return m

def is_ hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U']

def is_appell function(func):
return func.name() in ['hypergeometric']

#[appellfl] can't find this in sagemath
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def is_atom(expn):

#debug=False
if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equivalent—to—atomic—
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ name )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(ezpn.args[0],Rational):

returnl
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args(0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands()[0]) #expnType(expn.args[0])

elif type(expn.operands()[1])==Rational: #isinstance(ezpn.args[1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args/0],Rational)
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return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args(0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maz(3,e
elif expn.operator() == add_ vararg or expn.operator() == mul_ vararg: #isinstance(ezpn,
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(ExpnType(op(1,expn)) max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(4,ml) #maz(4,m1)
elif is_hypergeometric_ function(expn.operator()): #is_hypergeometric_ function(expn.func
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(5,ml) #maz(5,m1)
elifis appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf count_result=", leaf count_result, "leaf count optimal=",leaf count

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

rpn Type(expn. o]
Add) or isinsta

optimal)
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if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnType_

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count of re
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"
grade_ annotation ="none"
else:
grade = "B’
grade_ annotation ="Leaf count of result is larger than twice the leaf count of optims
else:
grade = "C"

grade_annotation ="Result contains higher order function than in optimal. Order "+str(e

print("Before returning. grade=",grade, " grade_annotation=",grade_ annotation)

return grade, grade_ annotation

‘optimal)

ssult is larger t

l. "+str(leaf

xpnType_ rest
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	 (a+b ^-1(c+d x))^3  e+f x  dx
	 (a+b ^-1(c+d x))^3  (e+f x)^2  dx
	 (e+f x)^m (a+b ^-1(c+d x))^3  dx
	 (e+f x)^m (a+b ^-1(c+d x))^2  dx
	 (e+f x)^m (a+b ^-1(c+d x))  dx
	 ^-1(a+b x)  c+d x^3  dx
	 ^-1(a+b x)  c+d x^2  dx
	 ^-1(a+b x)  c+d x  dx
	 ^-1(a+b x)  c+d  x  dx
	 ^-1(a+b x)  c+d  x^2  dx
	 ^-1(a+b x)  c+d  x^3  dx
	 ^-1(a+b x)  c+d x  dx
	 ^-1(a+b x)  c+d  x  dx
	 ^-1(d+e x)  a+b x+c x^2  dx
	 (c e+d e x) (a+b ^-1(c+d x))  1-(c+d x)^2  dx
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